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CHAPTER I 

INTRODUCTION 

A point e in a. topological space X is called an 

end point of X if, given a neighborhood U of e, 

there is an x E U for which 

X-:x:== VUW, e(V, VCU, (vnw)U(VAW)= ¢, 

see [11 . Let (X, T, TT) be a topological transformation 

group, where Tis a cyclic group which leaves an end 

point e of X fixed, and Xis a locally connected non­

trivial Hausdorff continuum. Then Wallace, (8], 

proved that T has a fixed point other thane. Then 

in [9] , Wallace asked the following questions: 

Wallace's first question: Let (X, T,1T) be a 

transformation group, where Xis a non-trivial pea.no 

continuwn and Tis a compact group which leaves an 

end point e of X fixed. Does T have a fixed point 

other than e? 

Wallace's second questien: Let (X, T,lT) be a 

transformation group, where X is a non-trivial pea.no 

continuum and Tis an abelian group which leaves an 

end point e of X fixed. Does T have a fixed point 

other thane? 

1 
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Wang has shown that the answer to Wallace's first 

question is "yes", [11]. Then Chu extended Wang's re­

suJ. t by proving that T leaves infinitely many points 

fixed [2]. Ohu commenced the study of the abelian 

case in ["1, 3] . 

In Chapter IV of this dissertation we will show 

that in general the answer to Wallace's second question 

is "no"; however, in the important special case where 
..., 

Tis a generative group [4] , the answer is "yes". The 

generative group case is covered in Chapter II. In 

Chapter III the ordered spaces which were originally 

intorduced by Wallace, [s], are studied in detail. 

In chapter V we show that if {X, T, 1T) is a topological 

transfom.ation group, where Xis a non-trivial locally 

connected Hausdorff continuum or an arcwise connected 

compact Hausdorff space, and Tis a connected group 

which leaves an end point e of X fixed, then T has 

another fixed point. Finally, in Cb.apter VI we give 

an example of a finitely generated non-abelian group 

which has an end point of a peano continuum as its 

only fixed point. 

Theorem 1.1 below is a restatement of Wallace's 
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theorem [s]. The proof depends on certain results to 

be found in [10] • Since it is difficult to extract 

the necessary results :f'rom. Wallace's paper, we Will 

give two lemmas wbich are needed in the proof of the 

theorem. 

Let X be a Hausdorff continuum. A ~versal ~­

continuum K of Xis a subset of X such that given a 

subcontinuum A of X, K (1 A is a subcontinuum of x. 
Here we regard~ as a continuum. A universal subcon­

tinuum. is a continuum. 

Le.m.m.a 1.1: The intersection of arbitrarily many 

universal subcontinua of Xis again a universal suboon­

tinuum • 

.Proof: Tbis lemma follows from problem 5-F of 

Kelley, [6 J • 
Lemma 1.2: If X is a Hausdorff continuum and 

X - z = UU V, where U and V are non-empty separated 

subsets of X, then K = V U tz} is a universal sub­

oontinuum. 

Proof: Let A be a subcontinuum of X. If ACK 

or An K = ~' we are finished. Otherwise, A n U 4= ¢, 

A('\V t ¢, and since A is connected, it necessarily 

must follow that z t A. Thus A - z = (U f'\ A) U (V (\ A) 
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is a separation of A - z so that (vn A)U{z}=K0A 

is connected, QED. 

Theorem 1.1: Let X be a non-trivial Hausdorff con­

tinuum and t; X ~X be a homeomorphism which leaves 

an end point e of X fixed. Let A and B be subcontinua 

of X such tha. t A n B = { z}, where z -¾ e, e E A and 

X =- AU B. If there exists a point y f B such that 

{ y, t-' y} C B, either tz = z or else one of the fol­

lowing must hold: 
11-( n. 

(a) For each integer n~ O, t A Ct A and 
Yl. C n-1 t B t B. Set 

Then K and L are t-invariant continua and X = K U L. 
-( ,,,_,) n 

( b) For each integer n~ O, t AC t"!'" A and 
_)t -\_')\-l) 

t B Ct B. Set 

~ f> -n. .L 
L = 1 J t t B; n ~ 05 • 

Then K and L a.re t-inva.riant continua and X = K UL. 

In either case, if X is locally connected, Kn L is a 

single point other thane. 

The following two theorems are due to Chu [2J: 

Theorem 1. 2: Let ( X, T, 1f) be a topological 

t1~nsfonn.a.tion group, where Xis an arcwise connected 
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Hausdorff space and T leaves an end point e of X fixed. 

Then if there is a non-empty T-invariant closed subset 

of X which does not contain e, T has a fixed point other 

tha.n e. 

Theorem 1.3: Let (X, T,lT) be a topological trans­

formation group, where Xis a non-trivial arcwise con­

nected Hausdorff space and T is a compact group w.bioh 

leaves an end point e of X fixed. Then T has infinitely 

many fixed points. 

In this paper, if (X, T, Tr) is a topological trans­

formation group, the phase group acts on the left, 1. e. 

if (x, t) t X x T, we write Tr(:x:, t) = tx €. x. 



CF.APTER II 

GENERATIVE GROUl?S 

The main purpose of the present ob.apter is to extend 

two theorems of Chu [1, 3] • 
Theorem 2ol: Let X be a non-trivial arowise oon­

nected compact Hausdorff space and t, , ••••• , tn be com­

muting homeomorphisms: X ~X. Then if each of the t c.· 

leave an end point e of X fixed, the t~ have another 

fixed point in common. 

Proof: The proof for the case where n = 1 is to 

be found in Chu [1] • We proceed by induction. Assume 

the theorem is true for n = k, with k ~ l. Let zj be a 

fixed point common to t, , •• • •• , t ..; _, , t .J. +, , •••• • , t k~ 1 , 

where z ,j =f= e and 1 ~ j ~ k + 1. Set A -== { z, , •• • • • , z k+[ r• 
Since e is an end point and e f A, we .may find sub­

continua A, and B1 of X for which 

X = Al u B' ' e ~ A I ' A C B, ' A I n BI = { xtJ X * e. 

If t,x = x for 1 = 1, ••••• , k + 1, we are through. Other-

wise we may assume without loss of generality that 

t 1x ~ x. Thus t 1 , A1 and B, satisfy the hypothesis of 

theorem 1.1, and we may assume without loss that part 

{a) of Theorem 1.1 is applicable. If 

6 
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Bz.:: n{t~ B 1 ; r~o}, 
then B

2 
is t,- invariant and 

y- , Y--1 > t
1 

B 1 Ct
1 

B1 , r:,.---1• (1) 
Y'" v-

Now z, (; B
1

, and therefore t 1 z, € t, B,; the 

sequence { t~ z
1 

; r ~ OJ contains a convergent sub-

sequence { t 
1
Yj z·, ; j :;: 1} w.bioh converges to a point 

wt X. Because of {l), it is clear that w E BL. 
f", r,. r 

For ea. oh i > l we ha. ve ti t 
1
() z 

1 
= t, ,.J t c: z 

1 
::::. t, ,; z so 

that t,:w = w. Define 

B3 = n{ t:B; r = O, -t l, •••• }. 
y­

BJ is invariant under t, and t:2. and B~-=f= fJ since w = t
2

w 
y-

G t.2. B2.. tor every integer r. By recursion, define 

B · = n { tr:- B · I ; r ::. O, ± l, o ••• 1. , 
J -J-1 J- J 

for j = 3, ••••• , k + 2. Then Bj is invariant under t,, 

••••• , tj_t , and w 6 Bj. Thus B k+.2.. is a closed, non­

empty subset of X w.bioh is invariant under t,, •••• o, t-K+i , 

and e f B 1<:.+ 1... since 

B 1 '::) B2.. ') •. • •. ~ B k-t 2.. • 

By theorem 1.2, the proof is complete. 

In the above theorem, let T denote the cyclic 

group generated by tJ. Then Chu has proved this theorem 

under the hypothesis that the orbit closures under each 
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T. are connected. Thus we have removed this restric­
J 

tion. 

Theorem 2. 2: Let (X, T, 1T) be a topological trans­

formation group, where X satisfies the hypothesis of 

t.b.eore.m 2.1, and T ~ Zn R""', where Z is t.b.e additive 

group of all integers with the discrete topology, and 

R is the additive group of all real numbers with the 

usual topology, and .m and n are non-negative integers. 

Then if T leaves an end point e of X fixed, T has a 

fixed point other thane. 

Proof: There is a subgroup A of T such that 

A~ z>-t x Z~, and a compact subset KC T for which 

T ~ KA. By theorem 2.1 there is a point x EX, with 

x t e, which is fixed under A. Then Tx = KAx = KX is 

closed since K is compact. Furthermore e t Tx. BY 

theorem 1.2, the proof is complete. 

Theorem 2o3: Let (X, T,7r) be a transformation 

group, where Xis a non-trivial peano continuum and 

T ~ KZ n Rm with K compact. Then if T leaves an end 

point e of X fixed, T has a fixed point other than 

e. 

We use the proof in Chu [2] in conjunction with 

theorem 2.2. Chu proved this theorem tor the oases 
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n :: O, 1. 

In the last two theorems we .may, of course, re­
>i. 

place Z by any finitely generated abelian group. 

Theorem 2.4: Let (X, T, 1r) be a topological 

transformation group, where Xis a non-trivial peano 

continuum with a fixed end point e under T, where T 

has a compact subgroup K such that T/K-:: Z >1 RM • Then 

T has a fixed point other than e. 

We use theorem 2.2 and Chu's proof {3] tor the 

eases n = O, 1. 

It is known [5] that a locally connected metric 

continuum (i.e. a peano continuum.) is arcwise con­

nected. However, a locally connected Hausdorff con­

tinuum need not be arcwise connected as the following 

example shows: Let o<_ be the first uncowitable ord­

inal and I be the set of ordinals less than~. Let 

t.b.e set L = U ff> x [0,1) ; 8 E- I} have the usu.al 

order of the transfinite line [5 J , and put X = L U { o<.} • 

Let two elements of L compare in X as they do in Land 

o<... be the largest element ot x. In the order topology 

Xis a locally connected Hausdorff continuum. Since X 

contains only two non-out points, namely the least ele­

ment of X, which we denote by O, and ~ , any arc join-
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ing O and o( would contain every point of X, 1 .e. X 

would be the continuous image of [o, 1] • This would 

make X separable, which is absurd. Thus Xis not are­

wise connected. 

The remainder of this chapter will be devoted to 

proving theorem 2.2 with the hypothesis "Xis a non­

trivial arowise connected com.pa.ct Hausdorff space" re­

placed by "Xis a non-trivial locally connected Haus­

dorff continQ.um". 

Theorem 2.5: Let X be a non-trivial locally con­

nected Hausdorff continuum and t 11 ••••• , t~: X --:7' X 

be commuting homeomorphisms which have an end point e 

0f X as a comm.on fixed point. 

point other thane in co.mm.on. 

Then the t • have a fixed 
L 

Proof: The proof is again based on theorem 1.1. 

By theorem 1.1, we rray find a point xk =j=- e which is 

fixed wider tk fork= l, ••••• ,m. Let F denote the 

set { x, , ••••• ,xh-\} • Since e is an end point of 

X and e ¢ F, we have suboontinua A0 and B0 of X for 

w.bieh 

X =- A 0 U B 0 , e E At; , F C B 0 , A 0 n B 0 ::::.. z 0 r e. 

If for every i -= 1, ••••• ,m we have t.: z 0 = z
0

, we are 



11 

finished. Otherwise assume t, z O =/: z 
O 

• Then t, , A 
0

, and 

B0 satisfy the hypothesis of' theore.m 1.1 and we .may as­

swne with out loss of generality that pa.rt (a) holds. 

Let 

Then A 1 and B 1 are t 1 - invariant continua. withe E A 1 , 

">'\-I )i 'l-\-1 

A\ n B, = z, t e, t,z, '::: z,, ti Bo::> ti BO, ti AC 
\i\ -t 1A 0 and X=- A, U B,. We show t.hat B, contains a fixed 

point oft~ fork= l, ••••• ,.m. 'h )'\ 
Since XI< c; Bo, t, xi< f' t I J3 e. 

'I-'\ n. 
for every n, and tkt,x~ = t,xk. The sequence { t~ x 1c.; n ~ o} 
contains a convergent subsequence which converges to a 

point wk. E x. Clearly w1c.. G B1 and w K is fixed under ti<.. 

Tbis is the desired result. 

Now if tj z 1 -=j: z I for j = l, ••••• ,m, we are finished. 

Otherwise assume t
2
z

1 
t z.. We again apply theorem. lol 

and assume without loss that part (a) holds. Let 

Then A
2 

and B2.. are t,, t 2. - invariant continua withe E A2.., 

A 2 n B .2.. -:: z z. :f:: e , t, z 2 :::: z 2.., t z z .z. = z 2.., e to • As before , 

B contains a fixed point oft fork= l, ••••• ,m. It 

if clear that we have established an inductive procedure 

which yields the desired fixed point. 
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Theorem 2.6: Let (X, T,7T) be a topological trans­

f'or.mation group, where X satisfies the hypothesis of 

theorem 2.5, and T is an abelian separable group whic.b. 

leaves an end point e of X fixed. If there is an x EX 

for which Tx is closed and e f Tx, then T has a fixed 

point other tba.n e. 

NOTE: Aotwa.lly, theorem 2.6 is true without any 

hypothesis on the group T, as will be shown in the next 

chapter. The proof' given below may be extended by 

transfinite induction, but since theorem 2.6 is sut­

f'ioient for t.b.e purpose of this chapter, we .b.ave not 

done so. 

Proof of' the theorem: Let D = { tK} be a count• 

able dense subset at T. Since e is an end point of X 

wbich does not belong to the closed set TX, it is not 

difficult to see that either there is a fixed point 

z t e oo.m.mon to t.b.e elements of D, or else, by succes­

sive applications of' theorem lol, assuming part (a) 

holds in 

{ tk·; .., 

~ (AJ ' 

each ease, we may select a sequence 

j >✓ 1} of elements of' D and a sequence of pairs 

BJ· ) ; J ~ o} of suboontinua of X which satisfy 

the following set of conditions: 



(a) For each integer j ~ 1, 

A j = U { t:JAj_, ; n >, 0} , 

are invariant under tk , ••••• ,tK. 
I ~ 

Aj () B,; =1zA z.; f e. 

( b) For each integer n ~ 1, 

(c) Tx CB for every j ~ o. 
(d) X = A· J u B, 

J 
for every 

(e) k:j is the least integer 

Z.j -1 • 
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B j = n { t: . Bu·_ , ; n ~ 0} 
v 

and furthermore 

Vl- 1 h_ 
tk· Aj-1 C tk,A,,_, • 

.J J 

j ~ o. 

such t.bat tk.( Z u·- I ) =I=-
,I 

(f) Aj_, C Aj and B~· C Bj_, for every j ~ 1, is 

an immediate consequence of {a). 

Now define 

From (d) we obtain X = A UB, and since Xis connected, 

A n B f ¢, for 'l'x C B. By practically the same 

argument as that used by Wallace in the proof of his 

corollary in [s, page 4141 we ay show that A (l B-=-{ z], 

z t e, and it is clear from (a) that tk.z ~ z for every 
v 

j ~ 1. 

Suppose that ti<.~ D and t kt- t.1c;,_; for every j ~ 1. 

By (e) it must follow that for all sufficiently large j, 
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t"'z .i =- zJ. Since X is compact, the sequence { z .i; j ~ o} 
contains a convergent subsequence { zj ; r ~ o}; all ,.. 

but finitely many of the ZJ are fixed under tK, and 
r 

so the limit, w, of this subsequence if fixed under tk 

also. On the other hand, by (a} and (f) we clearly 

.must have w ~ An B, and so w == z. We .b.ave shown 

that z is fixed under every element of D. Since Dis 

dense in T, we have Tz -= z by continuity of Tf. This 

completes the proof. 

Theorem 2. 7: Let (X, T, lr) be a topological 

transformation group, where X satisfies the hypothesis 

of theorem 2.5, and T ~ Z,, R'"" • If T leaves an end 

point e of X fixed, T has another fixed point. 

Proof: We use theorem 2.5 to find a point xE X 

for w.bi oh Tx is closed and e f Tx. An applioa tion of 

theorem 2.6 will complete the proof. 



CHAPTER III 

ORDERED SPACES 

Int.bis chapter we will study the ordered spaces 

introduced by Wallace [8] • We will obtain general­

izations of several of the theorems of Chapter II. 

In addition, we will obtain an analogy of theorem 

1.3 tor these spaces. 

Unless otherwise stated, in this chapter, X will 

denote a compact Hausdorff space of more than two 

points on which a proper order ~ is defined; if 

z E X, let 

L( Z) ::: { X; Z < X} 
M(z):::: {x; x ~ z} 

N( Z) :: \_ X; Z ~ X } • 

We assume that ~ satisfies the following conditions: 

(a) ~ is reflexive and transitive. 

(b) The set L(z) is open, and the sets M(z) and 

H{ z) are closed. 

X has a least element e under ~ • ( C) 

( d) Each set M{z) is a chain, i.e. M(z) is simply 

ordered under ~ • 

(e) Xis directed by ~ in the following sense: 

1; 
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if x, y f X and x :f:. e, y 1= e, then there exists z ;J::. e 

such that z ~ x and z ~ y. 

Wallace [s] has shown 

(f) Each non-void subset of X contains a maxim.al 

element under 

We show 

~ ..... . 

(g} It C is a closed non-void subset of X with 

e (p C, we have z EX, z t e, for which z ~ c for every 

c E c. 
Proof: If for some z EC, z ~ o for every o EC 

we are finished. Otherwise, it x, y t C and x t y, 

choose z"~ :p e satisfying (e): z x;r ~ x, zxl ~ Y• We 

show tbat the collection {L(z~;J); x, y f o, x 'f 1} 
is an open cover of C. If x ~ C, we have y EC for 

which x f y; it follows that x > zxd' and hence :x: E 

L(zxd). Since Xis compact and C is closed in X, 

there is a finite subset { z i , ••••• , z :n ~ of t.b.e set 

{zx;J-; x, y6 O, xt y} forw.biehOC UfL(z3 J; j=s 

1, ••••• , n J ; since z j r e for every j, by ( e) we 

have z €: X for wbich z :/=- e and z ~ zj for j ::: 1, ••••• ,n. 

z is the desired element of X. 

An order isomorphism: X ---7 X is a bijeotien 
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w.b.ich preserves < • If (X, T, 1T ) is a trans:f'or.mation 

group, we will assume that for each t ET the t-tran­

si tion of (X, T, Tr) is an order isomorphism. 

I:f' A C X and B C X, we write A ~ B ~ < B] if 

given a € A and b E B, a ~ b [a < b] • 

Theorem. 3.1: Let (X, T, Tr) be a topological trans­

formation group. If there is a closed non-empty T-invar­

iant subset A C X such that e f- A, then T has a fixed 

point other thane. 

Proof: Let At¢ be any closed subset of X such 

that e 1 A. Define 

M(A) = n{ M(a); a E AJ. 

M(A) is a closed chain and M(A) ==- {z; z ~A}. By (g), 

M(A) does not consist of e alone. By (f) M(A) con­

tains a .maximal element ~(A). Since M(A) is a chain 

and ~ is proper, ~(A) is the largest element of 

M(A). If t:X:--7X is an order isomorphism., then 

t CJ?t (A) -= 1't ( tA). Then if A is T-1nvarian t, ~(A) 

is fixed under T. It is clear that :J-1.. (A) =I= e, so 

tbat the proof is complete. 

Theorem 3.2: Let (X, T, Tf) be a transtomation 

group. If there is a T-invariant chain B C X which 
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is not empty and does not consist of e alone, then T 

has a fixed point other than eo 

Proof: The collection of closed sets<\N(b); b t- B~ 

has the finite intersection property since Bis a chain. 

Hence if 

N( B) =- n { N( b) ; b E BJ , 

then N( B) =/= ¢0 Now N( B) = { x; x ~ Bj , and since 

Bis T-invariant, so is N(B). Because e i N(B), we 

may apply theorem 3.1 to complete the proof. 

Theorem 3. 3: Let t 1 , ••••• , t x be commuting .hom­

eomorphisms: X ~X. Then the t~ have a fixed point 

other than e in common. 

Proof: Let Zo be a maxim.al element of X. If 
{ -1. 

i.:::.l, ••••• ,ns then e f A. A :: Zo' t C: z . BY . ' ' 
(e) we have z, =l=- e, z, ::::: A. For each i, {z,' t. z ~ 

'- I 

C M(z
0
). We let T: be the cyclic group generated 

by ti and T = T1T2 ••• T~• 

chain. 

Then for each i, T. z is a 
(. 

(1) Ifs~ T and t GT such that sz, and tz~ 

both compare to z,, then sz, and tzl compare. 

For if sz, ~ z, and tz, < z, the result follows 

from ( d) • If sz, ):, z , and tz , >✓ z , , the we .may 
- l - \ 

apply the last case to s z
1 

and t z, and use the 
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fact that Tis abelian. The fi.nal ease follows by 

transitivity of f • 

(2) Each element ot Tz, compares to z,. 
K, !Ch 

Let t , • • • t )\ z, E Tz, , where the kc:. are integers. 
I(, 

Then t, z, com.pa.res to z,. We proceed by induction. 
Kl Kj 

It t, • • • t _; z t compares to z i, where 1 ~ j ~ n-1, then 
I<~.... ~, Kj"fl 

since t. z compares to z I also t • • •t. z, v+ I J I .J-fl 

compares to zi. The desired result follows. 

From (1) and (2) it follows that Tz, is a chain. 

Now e f Tz, so that theorem 3.2 applies. The proof 

is complete. 

Theorem. 3.4: Let (X, T, lT) be a transformation 

group, where Tis a generative group. Then T has a 

fixed point other thane. 

Proof: We may use theorems 3.1 and 3.3 here. 

We may also proceed as follows: There exists a 

compact symmetric neighborhood W of the identity i ET 

such that 

, u .( .k. > } T = '7...W , n ,,,,, 0 • ( l) 

Let z be a maximal element of X. Then e ¢ Wz, so 

that we may find x €: X such that x # e and x ~ Wz. 

If w f- W, then since i ~ W, and Wis symmetric, we 
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have x ~ z and wx ~ z, so that the orbit f w ""x; k an 

integer] is a chain for each w f W. We now use an 

argument similar to that of the proof of theorem 

J. 3 to show t.ba t if w I and w z.. are elem.en ts of W, 
k: Q 

then w,x and wLx compare for all integers k and 1. 

By (1) it follows that Tx is a chain. Since e ~ TX, 

theorem J.2 applies, and the proof is complete. 

The following is a strong form of (e): 

(es) Xis strongly directed by~ in the fol­

lowing sense: if x, y EX and x t e, y f e, then 

there is a z c X with z t- e for whi oh z < {x, y} • 
Let X be a space which satisfies (a) - (e) and 

does not satisfy (e
8

). Then it is easy to see t.b&t 

there exists x £. X with x f e such that x ~ y tor 

every y f X with yf e. Then if tis an order 

isomorphism: X---.:, X, we have tx = x. Hence this is 

a trivial case. 

If X satisfies (e 8 ) then 

(gs) If C is a closed non-empty subset of X with 

e ,i C, we have z E X, z t e, for wbi ch z <. O. 

Theorem 3.5: Let (X, T, rr) be a transformation 

group, where X satisfies (e
8

) and Tis compact. Then 
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T has infinitely many fixed points. 

PrQof: Choose z 
O 

:f e. Then Tz O is closed and 

e ¢ Tz
0

• By theorem 3.1, 1Pl(Tz0 ) is fixed under T. 

Choose z 
1 

-=J: e, z, < ?n( Tz 0 ) • Then Tz , < ~ ( Tz C)) and 

e q Tz
1

• Then '?n( Tz
1 

) is fixed under T and ?n( Tz,) 

~ t}fJ ( Tz). By induction we obtain a sequence of 

points ~ ¾( Tz,i) ; n ~ OJ , each of which if fixed 

under T and ~( Tzn.) < ~ ( Tz »-; ) • The proof is complete. 

In what follows, let X be a non-trivial locally 

connected Hausdorff continuum; let e be an end point 

ef X. In all transformation groups we assume that 

the phase group leaves e fixed. Let x Ex. Then 

E(e,x) -= { e, x] uf z; z separates e and x in xjo Then 

if x, y t X define x ~ y if and only if x E E(e,y). 

~ satisfies (a) - (e) and (e
8
). The machinery 

necessary for the proof of this statement is to be found 

in Hocking and Young [5 J • A home omorpbi sm.: X ~ X 

which leaves e fixed is an order isomorphism. Hence 

we have 

Corollary 3.1.1: Let (X, T,7f) be a transformation 

group. If there is a closed non-empty T-invariant 

subset A C :X: such that e cf. A, then T has a fixed point 
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other th.an e. 

Corollary 3 .1. 2: Let (X, T, TT) be a transform&. tion 

group. Then a necessary and sufficient condition that 

T have a fixed point other thane is that the orbit of 

some neighborhood of e be different trom x. 



CHAPTER IV 

THE ANSWER TO WALLACE'S SECOND Q,UESTION 

In this c.b.apter we will construct a transfor­

mation group (X, T, Tr) such that X 1s a non-trivial 

peano continuum and Tis a discrete abelian group 

on a countable number of generators, and the only 

fixed point of Tis an end point of x. 
Define the space X inductively as follows: Let 

a sequence of points {E\_; n >✓- O} lie on a line segment 

L Sllch that P n. lies to the right of P n _ 1 and 

DISTANCE(P>t,P>?-1 ) :::::.1/2h-l • 

Define X as in figure 4.l(a). The segment P,Q
0 

lies 

in a square which lies below Land one or whose sides 

is P0 !\. Then Xi..= Ai..U B2 , where A'"-=- X, U :E\P2.. and 

Bz.. is a replica of A . B 2-lies in a square which lies 
L. ' 

above L and one of whose sides is --P, PL; furthermore 

A 2 n B2- = { P 2 } 

' 
figure 4.l(b). In general, X n+, .::. -A,,,+, U BI'\ t-1 , where An+, -=- X h U l?"' l\+, , and B ~+, is 

a replica of A)\-t-t ; Bl'\+, lies in a square wbich lies 

above or below L according as n is odd or even, and 

one of whose sides is pl) p vi.+1 ; further.more An+\ n B h+ I 

= {p~+,J. Let e denote the limit of the sequence 
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{ Pn.; n >✓ o} • Define 

X = [ u {xi; 1 ~ 1} j U { e f. 
In the plane topology, X is a peano continuum with end 

point e. 

X contains infinitely many subspaces which are 

homeomorphic to X~. Denote these by 

X
(K) - A(I<) u (K.) 

">i. - h B" 
( k:) Bl1'<.) 

where An. and )\ are hotneomorphie to Ah. and B"'-

respectively. 
{I<.) (J<.) n.. 

For each k, A~ and B h. contain 2 

vertices, and there is a .b.Qm.eomorphism fn:X ~X 
(K) Ck) 

which permutes An. and B h for every k while pre-

serving the natural arrangement of the vertices, and 

which leaves all other points of X, including e, fixed. 

To show that the f~ commute, it is sufficient to 

show that fY\. commutes with f..;, j < n, on Xri for every 

n. To do tbi s, we .may write eac.b. f J. as a per.mutation 
Y\ t- I 

on the 2 - 1 vertices of x~. Each f. has period 2, 
J 

2,_ 

i.e. f. = identity, so that f. may be written as the 
J J 

product of disjoint cycles with length ~ 2. Let 

( h
1 

, .b.) be a non-trivial cycle of f ~; then ( fJl h, , fl\ h 2_) 

is also a cycle in f., i < n. Thus 
L 

t, = ••••••• (ht,.b.2.)(f,,h,, f>thl__} •••••• 
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and 

••••• ( h, , f,, h z. ) ( h 
2

, f >'l h , ) • • • • • -= f;. f 'l , i < n. 

All of the fixed points off~ lie to the right of 

the point P~. Henoe if xis a fixed point off~ for 

every n, then x lies to the right of P~ for every n, 

i.e. x = e. Therefore the disorete abelian group 

T generated by the sequenoe { fhJ has no fixed point 

other thane. 



CHAPTER V 

MISCELLAN:E.!OUS RESULTS 

The following theorem covers a trivial case. 

Theorem 5.1: Let (X, T, TT) be a topological 

transformation group, where Xis a non-trivial locally 

connected Hausdorff continuum or an arcwise connected 

non-trivial compact Hausdorff space such that 

{a) Some neighborhood of an end point e contains 

no other non-cut point but e, or 

( b) X has .mere than one end point, but so.me 

neighborhood of an end point e contains only one end 

point. 

Then if T leaves e fixed, T has another fixed point. 

Proof: In either case, the orbit of so.me neigh­

borhood of e is not all of X. Thus we may apply 

theorem 1.2 or corollary 3.1.2 to complete the proof. 

Theorem 5.2: Let (:X:, T, Tr) be a transformation 

group, where :X: is a non-trivial locally connected 

Hausdorff continuum or an arcwise connected non-trivial 

compact Hausdorff space, and Tis an abelian group 

w.bich has an end point e of X for a fixed point. If 

28 
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T has no other fixed points, each element of T leaves 

infinitely rmany points of X fixed. 

Proof: Lett~ T and x f e be a fixed point oft. 

Then Tx cannot be finite. On the other hand, every 

element of Tx is fixed under t since Tis abelian, and 

t has infinitely .many fixed points, as asserted. 

The example of Cbapter VI shows that the above 

theorem is not true if Tis not abelian. 

The remainder of this chapter is devoted to con­

nected groups. 

Theorem 5.3: Let (X, T, Tr) be a transformation 

group, where Xis a non-trivial Hausdorff continuum 

with an end point e and Tis a connected group. If 

Xis locally connected or arowise connected, then T 

leaves at least two points of X fixed. 

Proof: In the first place, T leaves e fixed [1J. 

Since X contains at least two non-out points, [5], 
let x~ e be another non-cut point, and 

X - z = u u V, e c; u, X G V' ( u n V) u ( u n V) :::: ¢. 

Now Tx contains only non-cut points, and so z f TX 

since z is a out point. It follews that Tx CV since 

'I'x is connected. But since V U{z} is closed, we 
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have Tx C V U {z} . We nave found a non-empty closed 

T-invariant subset of X not containing e, and theorem 

1.2 or corollary 3.1.2 applies. 

Theorem 5.4: Let (X, T, 7T) be a transformation 

group, where Xis a non-trivial locally connected 

Hausdorff continuum with end point e and T is a 

connected group. Then either some neighborhood of e 

contains no other non-out points except e, [see 

theorem 5.1] , or else T has infinitely many fixed 

points. 

Proef: If x, y E X, define x ~ y if and only if 

x ~ E(e,y), see Chapter III. Let X 6 be a non-cut 

point of X with x
0 

F e. In the notation of the proof 

of theorem. 3.1, i'>1 ( ii 0 ) is a fixed point different 

from e. Let 

Since e does not belong to the closed set A,, we may 

find z, C:- X for which 

X - z, = u I u v,' e E u,' A, C v, ' (u, n V ) u (U, n v,) 
== f>. 

Suppose every neighborhood of e contains non-out points 

other t.b.tin e. Let x
1 

EU, be such a point. Since z 1 

is a cut point, z
1 
~ Tx 1 so that T:x: 1 C U I U {zt}. Let 
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XE Txl, and suppose that we have y E M(x) n v,. Be-

cause y t z, x, ore, we must have y < x so that 

X - y = w I u wl ' e f-. w, ' JC G- w2.. ' ( w I n w 2..) u ( w I n w 2..) 

= ~-

Because y E V, , we must have u, v{ z} CW, so that 

W2... C V1 • This shows th.at Tx1 nv 1 :j: f6, a contradiction. 

Thu.s if X G- Tx, , then M(x) Cut U {zJ S0 that ~(T.x,) 

C U1 U { z,] • Since '1'1( Tx0 ) r;. V, , ~ ( Tx, ) f ~ ( Tx0 ) • 

Set 

A
2 

-::. Tx 1 U Tx 0 V ~ ( Tx0 ) lJ 'J1t ( Tx 1 ) t 

and proceed as before. We complete the proof by induct­

ion. 

The following theorem is not directly related to 

the present problem, but it appears to be of interest. 

Theorem 5.5: Let (X, T, 11 ) be a transformation 

group, where Xis a non-trivial locally connected 

Hausdorff continuum and Tis a connected group. Then 

if X contains a cut point, T bas a fixed point. 

Proof: Let z be a eut point of X. Then X - z = 

U UV, where U and V are separated subsets of X, each 

of which contains a non-cut point [5] • Let x, E U 

and x2.. E V be non-out points. Then Tx
1 

and TX2- a.re 
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connected sets which consist of non-cut points only. 

Since z is a cut point, T:x: 1 Cu, Tx2.. CV, and hence 

Tx, n T.x: 2 = ~. If q r; T:x:2.. and p E- Tx, we write 
~ o{ 

E(po<,q) =- { po<., ~}U { x; X separates p""- :from qo<. in x}, 
Let ~ o< be the separation order of E(pol ,qo<.). Then 

is a proper, linear, reflexive, and transitive order, 

and E(p ,q) is closed since Xis locally connected. 
o{ o<. 

Define 

K == () { E ( .P 'q ) ; p c; T.x: I and q G- TX 1.. } • 

Now K f ~ since z EK. If some element of Tx, or 

T:x:2.. is fixed under T, we are finished. Therefore we 

may assume that no point of Tx, or Tx 2- is fixed under T. 

First, if x EK, then xis a cut point of x. 
For if p

1 
r;. Tx, and qt E Tx 

2
, then we may choose s, t 

E T such that tpt :;/: p
1 

and sq
1 
t q

1
• Assume that x 

is a non-eut point; then since x f_: E(p ,q ) n E( tp , sq
1 

) , 
I I l 

we have say, x ==- p
1 

, and therefore x -=- sq , • Then 
- I 

q, - s X-=- s~
1 P, f. Tx In T°'.L 2.' a contradiction. 

Thus xis a out point as asserted. 

Order K as follows: If x, y GK, choose p 

Tx1 and q
1 

G:- Tx2..; then x ~ y it and only it x ~, y. 

We have to show that ~ is independent of the pair 
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( P, , q, ) • Let p 
2 

G Tx 
I 

and q 
2 

f; Tx 
2 

• Be ca use x, y 6 

E(p2- ,qz.), we m.ust .h.ave either x = y, x <2. y, or y < 2 x. 

We show that the last case cannot hold. If x * y, 

x - x = u, u u
2

, P, c;: u,, q\ G u2., y E u2 

and 

X - y :::. Vi U V 2. , p (; V, , q I c;; V 2 • 
I 

Since x, y t Tx 1 , Tx 1 C U, n V, so that t.b.e connected 

set u, U { x f C V1 • Hence y < 2- x cannot .b.old, hence 

x < 2.. y. Thus, in any case x ~ L y, and ~ is well-defined. 

It follows that ~ is proper, linear, reflexive, and 

transitive on K. 

If x E K we have 

X - X = uuv, Tx, cu, Tx2.,Cv, (unv) U(UllV) = -· 

It :follns t.bat K= {1; y separates Tx, and Tx2.. in X 1 
and that y ~ x in K i:f and only 1:f y E U \J {.x} so that 

the set 

M(x):::.{yEK; y~ x} 
is closed in K. The collection { M(x); x E K} has 

the finite intersection property, and hence 

n { M( X) ; X G K f ( l) 

is not empty. But every element of the set (1) is 

maximal under ~ , and since ~ is linear and proper, 
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set (1) contains a single element 'm(K) which is largest 

under ~ • Further.more, K is invariant under T, and 

every homeomorphism: X ~ X preserves ~ so that t(% (K)) = 

C)n_ ( tK) =- ~ (K) tor every t E T. T.b.e proof is 

complete. 

Example: Let T be the group of positive reals 

under multiplication. If ~ € T and x E [0,1], define 

ol(x) -:::. xo<.. In the usual topolegy, Tacts as a topolog­

ical transformation group on [0,1] , [0,1 J , and (0,1). 

The action of Ton {s>,l) and (O,l) shows that the 

assumption of compactness is necessary in theorems 5.3 

and 5.5. The action of Ton [O,lj shows that the 

.hypothesis concerning non-cut points is necessary in 

theorem 5.4. 

T.b.e following theorem is a generalization of 

theorem 2.3. 

Theorem 5.6: Let (:X:, T, 11) be a transformation 

group, where Xis a non-trivial peano continuum. and 

T = KAH, with K compact, A a finitely generated 

abelian group, and Ba connected group, with T abelian. 

Then if T leaves an end point of X fixed, T .b.as a 

fixed point other thane. 

Proof: By previous results, it is sufficient to 
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prove the theorem in the ease K = identity. Then 

T = AH. Let x be a fixed point under A, where x ~ e. 

Then Tx = Hx is connected. If e i Hx, we are finished 

(in view of previous theorems). It e E Hx, since Hx 

is a non-trivial Hausdorff continuum., Bx contains a 

non-out pointy f e. Then for so.me z EX, 

X - z = u u V' e E u' y C= V, ( u n V) u ( u n V ) == ~­

Since Hx is connected, z E Hx and we have Bx - z 

(U (\ Hx) U (V /'\ Hx). Since Hy contains only non-cut 

points ot Hx, z cf Hy so t.ba t Hy (_ V n Hx. Then 

Hy C (V () Hx) U{ z 1 since the last set is closed in 

:X:. Hy is non-empty and H-invariant and e f Hy. On 

the other hand, since Hye Hx, every point of HY is 

fixed under A. Hence Hy is T-invariant, and an 

application of corollary 3.1.1 completes the pr0of. 

Theorem 2.4 may be generalized in a similar 

manner. 



CEAl?TER VI 

A COUNTEREXAJ.vll?LE FOR NON-ABELIAN GROUPS 

In this chapter we construct a topological trans­

formation group {X, T,-11 ), where Xis a peano continuum 

with an end point e and Tis a discrete non-abelian 

group with twe generators sand t such t.b.at 

(1) the only fixed point of Tise, 

(2) s bas exactly two fixed points. 

Let L be a line segment or finite length with end 

points e and em • 
O) 

Let P
0 

be the mid-point of Land La 

be a line segment of' finite length which is perpen­

dicUlar to L and intersects L at the point P
0

• For each 

integer k, let P J<.. be a point on L such that Pt<- is t.b.e 

mid-point of ePk+i if' k is negative, and is the .mid-point 

of' PK_, e~ it k is positive. Let L~) be a line segment 

with end points p and eK, where L'-2 is parallel to 
}<. 

L <,) and 
D 

(,) IKf Ct) 
LENGTH L._,_ -= (1/2 )LENGTH L ·0 • 

The wiion of' these line segments is X 1 ( figure 6.l(a)). 

Define 

Z, -=- PO e °" U [ u-[L ~ ; k :::: 1, 2, ••••• } ] , 

and X 2.. is obtained from X
1 
by replacing L ~' by a space 

Lll. > such t-h 0 t LI.,.)..) 1 h - hi t i .pi ~ s omeomorp c o ZA as n .,_ gure 
c::, c::, .r. 
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6 .• l(b). X.3 is obtained frQ!ll X
2 

by repla.oing L(~) by 
( 2..) 

a spaoe homeomorphic to L 0 as in figure 6.1(0). In 
(2.~) 

general, in X.2.J.2., L O is homeomorphic to 

z1.•H -= po •oo LJ [ lJ { L ~.2.>'l-1) ; k = l, 2, ••• •} J 
and in X the L ,~,, +•) are all homeomorphic for 

2n+1 ' k 

k = O, ! l,••••••o 

Now X I C X,. C • • • • • Define X ,,_ U { X .1.., ; n = 1, ••• } • 

Then 

x - U { x2., ; n = 1, ••••• } 

and 

x::: U{x:i,, ... ,; n= o, •••.. }. 
Xis closed and is connected and locally connected in 

the plane so that Xis a peano continuum withe as an 

end point. 

Define a subset of X as follows: 

(.l...v, f 1) 

In X2.n+i, the YK are homeomor_phio. Let s>i: X2.n+,----;7 

X 2.ri +i be defined as follows: s ,,( e) -::: e, s>-i ( eeb ) = e ~ 
(1..n+,> <2..~ +1) 

and s Y\ "slides" YK-• into Yk. , k-= O, -t-1, •••••• 

s n. is a homeomorphism.. If m ~ n, then s11a.µt2.YJ-t I s 11. 

so t.ba t the funo tion s ;X ----7 X defined by 

S:X =. s~x if JC G x2ht-/ 

is a homeomorphism with fixed point set { e ,e be>} • 
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<..2..n) 

Define t Yl :X 2Jt ~ X .2.J;1 as f•Gl.lows: Since L 0 

(J..>,) 
and Z are homeomorphic, t~ permutes these subspaces. 

t)\. leaves all other points of X 2 n fixed. t n is a 

homeomorphism, and if m ~ n, then t,,,/ X2 n = t l'I so th.at 

the function t :X: ---""7 X defined by 

:tx = t >t x if x G- x 2 n 

is a homeomorphism which leaves e fixed but does not 

leave eco fixed. He.nee s and t have only one fixed 

point in common, namely the end polnt e. 

In view of theorem 2.l, s and t cannot commute. 
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