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INTRODUCTION

The modern theory of nonlinear automatic control systems is

based on A. M. Lyapunov’s so-called "Direct Method" [9]. With this

as a starting point, Lurie [8] developed the first systematic cri­

terion to determine the stability of a certain class of nonlinear con­

trol systems, containing a single nonlinear element.

Advances over Lurie's technique were given by Letov [7],

Malkin [10], and Yacubovich [11]. Yacubovich, being the first to

employ matrices in the discussion, gave to the argument clarity and

even more formality. The development since Yacubovich*s  contribution

has been one of ever increasing dimensions.

In the present paper, the problem of several nonlinearities is

treated after an analogous treatment due to Lefschetz [5] for the

case of a single nonlinear element. The results are stated in the

two theorems of this paper. The first is actually a result of

Lefschetz, while the second was developed by the author as an exten­

sion of Lefschetz*s  earlier work.

In what is to follow, the author has assumed that the reader 

is somewhat familiar with the "Direct Method" of Lyapunov.
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THE CONTROL PROBLEM

Consider the autonomous control system described by

x = Ax - Gu

u = F(e)

e = H'x - Ru,

(1)

where
x is a column vector, with n rows, describing the state of
the dynamics.

A is an n X n matrix associated with the dynamics which are
to be controlled.

u is a column vector, with n rows, describing the state of
the controller.

x and u are the respective time derivatives of x and u.

G is an n X k matrix "coupling" the controller to the
dynamics. It is a control parameter.

H is an n xk matrix1 "metering" the dynamics for controller.
It also is a control parameter.

R is a k X k matrix which "feeds" the output of the control­
ler back to the input. It, too, is a control parameter.

F(e) is a column vector function with k rows relating to
the controller.

e is a column vector with k rows associated with the "error
signal" for the system. *

The prime on H in (1) refers to the transpose of H.
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It is supposed that the function F has no convenient analytical

form and its particular characteristic may even vary over a large

class of functions.2 No matter what the particular case, it will

always be assumed that each component fpep F(e), where e^ is

the corresponding component of e, satisfies the following conditions:

A) f-Ce^) is defined and continuous for all ep

B) e£ • ff/ep > 0 for ejL o, f£(0) - 0.

C) J' f^(s) ds = +oo and C f^(s) ds = +■» .

0 0

Moreover, any such vector function whose components satisfy

conditions A, B, and C will be termed as belonging to the admissible

class y. An example of such a "nonlinearity" would be saturation in

each of the k components of F. The following figure depicts system

(1) "synthesized" in a block diagram.

m iii ■■■ ■ . .
For example, the torque-input characteristic of a servo may vary
with aging, etc.



BLOCK DIAGRAM:

x - Ax - Gu

u s Fie)

e = H'x - Ru

H'
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THE DIFFERENTIAL EQUATIONS OF PERTURBED MOTION

An important first step of the "Direct Method" is the development

of a set of differential equations describing an arbitrary motion of

(1) from some particular solution.3 For purposes of discussion, the

particular solution will be termed as the steady state. Since the

development is such an instructive procedure, it will be considered

now in detail.

Let

x = x (t)s s

u = u (t)s s'

e = e (t)s s ' '

(2)

correspond to some steady state solution of (1), the particular form

of which will in general depend upon the initial conditions that are

imparted to (I).4 Therefore,

x = Ax - Gus s s

us - F(es) (3)

e = H’x - Ru .s s s

^Such motion is the result of a perturbation from the particular
solution.

^It is assumed that the differential system (1) has a unique solution
for each set of initial conditions.
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It is assumed in the steady state that the controller's motion

is zero, i.e., ug(t) - 0. Since the vector function F is assumed to

belong to class 7, then F(es) = 0 implies that eg ■ 0. Thus, in

the steady state,

xg is unspecified

u = 0s

e =0.s

Now consider some perturbation from this steady state solution

at t - to:

x(t ) = X_(t ) + X (t )'O' S' o' p' o

u(t ) = U (t ) + U (t )'o' s ' o' p' o

e(tQ) " esC^) + epCto)

(4)

where the subscript "p" refers to perturbed motion from the steady

state. Now, set

x(t) = x (t) + x (t)
s p

u(t) = u (t) + u (t) (5)® p
e(t) = e (t) + e (t)® r

for all t g to. It is evident that (5) must satisfy (1) for all

t > to subject to the initial conditions of (4):
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*s + *p = A(xs + xp) - G(ug + up)

% + % = F(es + ep> (6)

es + ep = H'(xs + xp) - R(ug + up).

After subtracting the system equations (3) from those of (6)

and taking note of eg = F(eg) - 0, the following is obtained

Xp = Axp - Gup

“p " F<ep> (7)

e = H'x - Ru .
PPP

These equations, together with the initial conditions, x (to) and

Up(to),5 are the so-called equations of perturbed motion for our

system. The trivial solution® is called the equilibrium. It should

be noted that this solution for (7) corresponds to the steady state

solution for (1).

Sep(to) determined uniquely by (7) as

ep<t0> = H'xp<to) - Rup(to)

^(t) - 0 and u (t) = 0 for all t £ t .p °
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THE STABILITY PROBLEM

To determine the transient behavior of system (1) to the per­

turbation (4), system (1) could be solved subject to its initial

conditions. Inmost cases, however, there is little interest in the

exact behavior of the system to any particular perturbation from the

steady state. Our concern lies chiefly with the following:

I Is the effect of perturbation only that of a tem­
porary disturbance from the steady state? That is,
does our system eventually regain its steady state?

II Does the system have the property: the smaller this
disturbance, the less the corresponding deviation
from the steady state (and possibly, the quicker the
system will regain its steady state)?

Ill Does our system enjoy property I, independent of the
magnitude of the initial disturbance?

The affirmative to these questions is the general notion of asymp­

totic stability in the whole, as applied to our particular control

problem [2, p. 8].

Now, a useable tool to help answer these questions is the con­

cept of absolute stability: For what values of the control param­

eters (G, H, and R) is the equilibrium asymptotically stable in the

whole, no matter what the choice of F in the class y. Because of

the complexity of the problem, our concern will only be with suf­

ficient conditions for the absolute stability of the equilibrium of

(7).
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In an effort to simplify the notation, the subscript "p11 in

(7) will be dropped and in place of (7) the system,

x = Ax - Gu

6 = F(e)

e = H' x - Ru

will be taken as the set of differential equations describing the

perturbed motion7 for our system.

7There is no need to include a special set of initial conditions
along with (8), since the stability of the equilibrium for (8)
will be studied over all possible initial conditions (asymptotic
stability in the whole). Compare this statement with III on
page 8.

(8)
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THE DEVELOPMENT

Consider the change of coordinates in (8),

y = Ax - Gu
(9)

e = H'x - Ru.

Differentiating (9) with respect to the independent variable "t"

gives

y = Ax - Gu
(10)

e = H'x - Ru.

But (9) in conjunction with (8) implies that x = y, and since

u = F(e),

y = Ay - GF(e)
(11)

e = H'y - RF(e).

Now this derived system will be equivalent® to (8) if and only

if the change of coordinates (9) was a nonsingular one, that is, if

(9) can be solved uniquely for (x,u) in terms of (y,e). For then

the "(y,e) picture" will be essentially like the "(x,u) picture" —

the (x,u) picture seen, as it were, from an angle. A necessary and

®Equivalent in the sense of stability.
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sufficient condition for this to be the case is that the determinant 

of the coefficients of (x,u) in (9) be nonzero; that is,

A

H'
(12)

It should be noted that condition (12) is also a sufficient condition

that the origin, y = 0 and F(e) = 0 (hence e = 0) be the only rest

point for the system.9 Before considering the stability problem

for (11), it will be helpful to state a well-known result [2, p. 15]:

The equilibrium of (11) is asymptotically stable in
the whole if there exists a Lyapunov function V(y,e)
which is everywhere positive definite, radially
unbounded, and whose time derivative evaluated along
motions of (11) by way of the chain rule is negative
definite.

To investigate the stability problem for (11), consider the

Lyapunov function:

V(y,e) (13)

9These are the only points where motion can cease and are given by
y = 0 and e = 0 in (11); that is,

0 = Ay - GF(e)

0 = H’y - RF(e).
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where B is an n X n symmetric matrix, for which the associated quad­

ratic form y’By is assumed to be positive definite.10 It is trivial

to note that V(y,e) is a positive definite, radially unbounded

Lyapunov function.11 Now all that is left to insure that the equili­

brium of system (11) be asymptotically stable in the whole, regardless

of the particular F in class 7 (i.e., absolute stability), is that

the time derivative of the Lyapunov function should be negative defi­

nite regardless of the particular F in class 7. Differentiating (13)

with respect to "t" yields

k
dVdt* e^~ “ 5,'By + y'By +2j fi^eP ®i

i=l

= (Ay - GF(e))'By + y'B(Ay - GF(e)) + F' (e) (H'y- RF(e)).

■loA quadratic form y'By is said to be positive definite (written
B > 0) if y'By > 0 for all y /= 0. That is, if

then y'By if any y. # 0.

11Make use of

y'By £

where 7^ is the smallest eigenvalue of B (Xo is positive) and F is
assumed to belong to the class 7.
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But F*(e)  H'y = 1/2(F*(e)  H'y) + l/2(y'HF(e)); therefore, after a

step of algebra 

Setting A'B + BA =

= y'Cy + y'DF(e) + F'(e) D'y + F*(e)  RF(e)

= y'(Cy + DF(e)) + F'(e)(D'y + RF(e))

+ DF(e)cy
- [y',F'(e)]

D'y + RF(e)

(14)

This is a quadratic form in (y,F(e)). Now to require that

be negative definite is equivalent to requiring that

be a positive definite quadratic form

dV(y,e)
dt

dV(y,e)
dt

in (y,F(e)).12 A necessary

y'(A'B + BA) y - y'(BG - | H) F(e)

F'(e)(G'B - | H') y - F'(e) RF(e).

dv(y>e) =
dt

-C and BG - y H = D, gives

dV(y,e)
dt

 dV(y,e) =
dt

12Since F(e) = 0 if and only if e = 0.
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and sufficient condition for (14) to be positive definite in (y,F(e))

is that successive principal minors of the matrix

C11 c12 •.. cin du di2 ... d^

c D

C21 c22 •.. c2n d2i d22 • • • dgk

D' R cm cn2 ... cnn dni dn2 ••• dnk

du d2i •. • dni rn r12 ... rjk

dX2 d22 ... dn2 r21 r22 ... *2k.

dik dak ..• dnk rki rk2 ••• rkk

be positive;13 that is,

cn >
C11 C12

C21 c22

cil c12 ... cm

C21 c22 c2n

cni cn2 cnn

(15a)

13This is referred to as
view of footnote (12),

Sylvester's theorem in the literature.
this will be denoted as

In
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and

C11 c12 ••. cin du

C21 c22 • .. can d2x

• • • • > o,

cni cn2 ... cnn dni

dll d2i • •. dm

cn C12 ••• cin ^11 ^12

C21 c22 • • • c2n <121 d22

cni cn2 • • • cnn <lni dn2

<111 d21 ••• dni rxl r12

dll d22 ••• dn2 r2i r22

cn c12 ... cin du dia • • • dik

C21 c22 •.. can d2i d22 . •. dak

cni cn2 •.. cnn dni dna ... dnk > 0.
du d2i ... dni rii r 12 .. • rik

d ia d22 ... dn2 r21 r22 .. • r2k

dlk dak • • • dnk rki rk2 .. • rkk

In summarizing the results of this section, one obtains

THEOREM 1

The equilibrium of (8) is absolutely stable if

I) t 0

II) B is a symmetric n X n matrix and B > 0

HI) > 0, 

where 

-C = A'B + BA and D = BG - | H.

> o,

(15b)
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As one might guess, this criterion is not too favorable from an

"application standpoint." In the following section, the important

case of a stable A matrix14 will be treated.

14A square matrix is said to be stable if all of its eigenvalues
have negative real parts.
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A STABLE A-MATRIX

Suppose in system (8) that the A-matrix is stable; then, A"1

exists, since no eigenvalue of A can be zero. With this as a start­

ing point, one can apply the generalized algorithm of Gauss [1, p.45]

to obtain

(16b)

Thus in place of condition (I), one obtains

I') |R - H'A^Gl 0.

Now (15a) implies that C > 0. Consequently, if one picks a

symmetric matrix C such that C > 0, the matrix equation

-C = A'B + BA (17)

has a unique solution B, which is symmetric and B > 0 [3, pp. 81-84].

Thus, the choice of a symmetric matrix C > 0 insures that the

Lyapunov function of (13) is positive definite, with a symmetric

matrix B. Then, let us require

II* ) C be symmetric and C > 0

in place of (II). But C > 0 implies that C-1 exists and one is again
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in a position to apply the generalized algorithm of Gauss to the

matrix in (III) and obtain a matrix

C D

0 R - D'C-1D
(18)

which has all its successive principle minors equal to those corre­

sponding ones in the matrix of (III). Hence, the associated quadratic

form for the matrix of (III) is positive definite if and only if the

associated quadratic form for (18) is positive definite. Therefore,

condition III becomes

cn >
cn

C21

c12

c22
> 0

cll c12 • • . cin
C21 c22 • • • • • •

cm cn2 • • • cnn

(18a)

(which is already satisfied by (II')), and15

C1X c12 •• • cin dll

• • •

cm cnn dm
0 .. ...................0 ?11

(equation continued on next page;

15For ease of presentation:

*11 * *12  ••• *ifc
*21 ^22 ............ i
...................................... = R - D'C D

*ki........................... *kk
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C11 c12 • • • cin dll . • . dik

cni d , dnknn uni F • a

0 0 • • • 0 *11 • • • fik

0 0 0 *ki • • • *kk

(18b)

But the matrices associated with the determinants of (18b) have a

quasi-triangular structure [1, p. 43]; hence (18b) is equivalent to

I c I- > o, |c|
^12

r22
>0, ... |c|

*12 ... fik

*21 *22  

*kl rkk

> o.

(19)

Since |c| >0, (19) yields

*21 *22
r21

*kkki

as equivalent to (18b). Therefore, (III) reduces to

III') R - D'C-1D > 0.

In summarizing the results of this section, one obtains the result:

LEMMA

If A is a stable matrix, the equilibrium of (8) is

guaranteed to be absolutely stable when:
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I’) |r - h'a-^-gI t o

II’) C is symmetric and C > 0

III’) R - D’C-1D > 0, where D ’ BG • r H and

B is the unique solution to

-C = A'B + BA.

It can be shown that16 (III’) implies (I*)  hence, one has

obtained

THEOREM 2

If the A matrix is stable, a sufficient condition for

the equilibrium of the system,

x = Ax - Gu

u = F(e)

e = H'x - Ru,

i^n Lefschetz’s book [4, p. 30], it is shown that if Q is any
n X n matrix such that Q + Q' >0, then

(u*  + v’) (Q + Q*  )-1 (u + v) - 2u*Q -1v g 0

for all u, v (column vectors with n rows). Setting

Q = -BA

u ■ - Hx

v = BGx

gives

x'D’C^Dx S x'H,A“1Gx,

which in turn gives

x'(R - D'C-1)x S x*(R  - H'A-1G)x.

This last inequality yields the desired result.
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to be absolutely stable is that for some symmetric

matrix C with C > 0, one has R - D’C-1D > 0, where

D = BG - H and B is the unique solution to

-P w A 1 *D  ± HA
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EXAMPLE 1

byConsider the system described the following block diagram:

PROBLEM: To determine a range on rxl in order that the equi­

librium of this system is absolutely stable.

SOLUTION: After manipulations of the block diagram, the sys­

tem above can be redrawn in the following form:
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The corresponding differential system is

= £(ci)

Cl = [1 0]

This system is in the form of (1) and since the A-matrix is stable,

one can use theorem 2 to complete the problem. Consequently, if

one takes

1 0

0 1

then

B
3/2 1/2

1/2 1/2

Hence,

and

D*C -1 D ■ 5/4.



Thus,

R - D'C”1 D = rxl - 5/4.

Therefore, if rxl > 5/4, the equilibrium of the given system is

absolutely stable.

24
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EXAMPLE 2

PROBLEM: To find a range of permissible values for rix and r22

in the feedback matrix R such that the equilibrium of

*1 -2 0 0 *1 8 0 1— —T

x2 0 -4 0 x2 — 16 16
U1

_X3_ 0 0 -6 _X3 _ 24 0
_u2_

fix*

_u2 f 2(ea)

is absolutely stable.

0

0 ,
1

SOLUTION: Taking

1 0

C = 0 1

0 0

gives
0 0

1/8 0

0 1/12
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Hence,

and

0

0

0

D'C-1D =
0

0

thus,

R - D'C-1D =

Therefore,

(rii ~ 8) > 0 and (rn " 8) r22 ■ 3 > 0,

or

rn > 8 and r22 > (rn “ 8)»

are such a range of permissible values for rxl and r22 in the 

feedback matrix
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CONCLUSION

A rigorous treatment of the stability problem for a large

class of control systems has been presented. The methods used are

quite general and adaptable to other classes of control systems.

The examples show how the criteria developed in THEOREMS 1 and

2 may be used to determine actual ranges of the control parameters

for which the equilibrium is absolutely stable.

Current research is moving to relax the restrictions of the

functions of class y in order to include more general nonlinearities

in the analysis.
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