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ABSTRACT

The group of automorphisms of the affine plane has the structure of an amalgamated free

product of the triangular and affine subgroups. This leads us to the polydegree: the unique sequence

of degrees of the triangular automorphisms in the amalgamated free product decomposition of the

automorphism. This group is also endowed with the structure of an infinite dimensional algebraic

variety. The interaction between these two structures is not well understood. We use the Valuation

Criterion, due to Furter in [8], to study the interaction between these structures; in particular, it

allows us to see if an automorphism σ ∈ G is also in Gd, where d is the polydegree sequence. In

this paper, we will discuss a method that gives us new results concerning a class of automorphisms

with a polydegree of length one being contained in the closure (in the Zariski topology) of a set of

automorphisms with a polydegree of length 2.
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CHAPTER 1

INTRODUCTION

1.1 The Group of Polynomial Automorphisms

Let K be a field. Let K[X] := K[X1, ..., Xn] denote the polynomial ring over K with n

variables. A polynomial map is a map

F = (F1, ..., Fn) : K
n → Kn

of the form

(x1, ..., xn)→ (F1(x1, ..., xn), ..., Fn(x1, ..., xn)),

where each Fi ∈ K[X]. We define the degree of F to be: degF = max{degF1, ..., degFn}.

Example 1.1.1. F = (X + Y 2, Y ) is a polynomial map from C2 → C2.

Such a polynomial map is called invertible if there exists a polynomial map

H = (H1, ..., Hn) : K
n → Kn

such that xi = Hi(F1, ..., Fn) for 1 ≤ i ≤ n.

Example 1.1.2. Let H = (X − Y 2, Y ) and F be defined as in the previous example. Then we

have:

F ◦H = (X + Y 2, Y ) ◦ (X − Y 2, Y ) = (X, Y ).

Likewise, H ◦ F = (X, Y ). Therefore F and H are inverses of each other.
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The invertible polynomial maps are in a one-to-one correspondence with K-automorphisms

of the polynomial ringK[X], denoted by AutKK[X], via the map F → F ∗, where F ∗ ∈ AutKK[X]

is simply F ∗(g) = g(F ). We thus identify the group of K-automorphisms of K[X] with the group

of all invertible polynomial maps fromKn toKn. Notice this identification is an anti-isomorphism

from the invertible polynomial maps from Kn to Kn to AutKK[X].

We will use G(K) to denote the group of polynomial automorphisms of the affine plane

A2
K = Spec(K[X, Y ]). An element σ ∈ G(K) is defined by a pair of polynomials (f, g) ∈

K[X, Y ]2 such that K[f, g] = K[X, Y ] and we write σ = (f, g). We use A(K) for the subgroup

of affine automorphisms, i.e. automorphisms of degree 1, and B(K) for the subgroup of triangular

automorphisms, i.e. those of the form (aX + P (Y ), bY + c) where a, b ∈ K∗, c ∈ K, and

P (Y ) ∈ K[Y ]. Using these subgroups, we can find a structure defined for G(K) from the following

classical theorem:

Theorem 1.1.3 (The Jung-van der Kulk Theorem [14]). G(K) is the amalgamated free product of

A(K) and B(K) over their intersection.

This theorem was first discovered by Jung [11] in 1942 and was later extended to a field of

arbitrary characteristic by van der Kulk [15] in 1953. The theorem tells us that if we let σ ∈ G(K),

then there exist βi ∈ B(K)\A(K), α0 ∈ A(K), and αi ∈ A(K)\B(K) such that

σ = α0β1α1β2α2 · · · βnαnβn+1αn+1.

This decomposition is not unique, but the degrees of the triangular automorphisms are unique

which leads us to the following definition:

Definition 1.1.4 (Polydegree). The polydegree is the unique sequence of the degrees from the

triangular automorphisms in the amalgamated free product structure.

In the decomposition above, the polydegree would be: (deg β1, deg β2, ..., deg βn+1).

Remark 1.1.5. deg βi ≥ 2 for all 1 ≤ i ≤ n+ 1 because each βi is triangular but not affine.
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We denote by G(K)d the set of all automorphisms of G(K) whose polydegree is d =

(d1, d2, ...dl).

Let us now set K = C. We will denote G := G(C), A := A(C), B := B(C), and Gd :=

G(C)d. The group G can be endowed with the structure of an infinite-dimensional algebraic variety

(cf. [12], [13]). A set H with a fixed sequence of subsets Hn is called an infinite-dimensional

algebraic variety if the following conditions are satisfied:

1. H =
⋃
nHn,

2. Hn is a closed algebraic subvariety of Hn+1.

Returning to our group G, defineM to be the monoid of K-endomorphisms and set

Md = {f ∈M, deg f ≤ d}.

The setMd is a K-affine space, that is

Md
∼= A

2(2+d
d )

K ,

and can be given the structure of aK-algebraic variety. In [1], it is shown that Gd is a locally closed

subvariety ofMd, which gives Gd the K-algebraic variety structure. Finally, it follows that we will

have:

M =
∞⋃
d=0

Md

which endowsMwith the structure of an infinite-dimensional algebraic variety and, in turn, yields

G with the structure of an infinite-dimensional algebraic variety. IfH ⊂ G, letH denote the closure

ofH in G for the Zariski topology associated with this structure.

We see that this group G now has two structures: the structure of an infinite-dimensional

algebraic variety and the amalgamated free product structure. It is natural to study the interaction

between these two structures. Furter, in [8], introduced the Valuation Criterion as a way to study

to interaction between these two structures by checking if an automorphism σ ∈ G is also in Gd.
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Theorem 1.1.6 (Valuation Criterion). Let σ ∈ G. Let τ = (F1, F2) ∈ G(C((Z)))d such that

F1, F2 ∈ C[Z][X, Y ] and τ ≡ σ mod Z. Then σ ∈ G(C)d.

Remark 1.1.7. C((Z)) denotes the field of fractions of C[[Z]], the ring of formal power series in

Z.

Example 1.1.8 (Nagata Map - 1972). Let

τ = (X +
Y 2

Z
, Y )(X, Y + Z2X)(X − Y 2

Z
, Y ) ∈ G.

Notice that τ is in the amalgamated free product structure form and has the polydegree of (2, 2);

specifically, τ ∈ G(C((Z)))(2,2). After composing these polynomial automorphisms on the right,

we will simplify and compute modulo Z:

τ = (X − Y 2

Z
+
Y 2 + 2Y Z(ZX − Y 2) + Z2(ZX − Y 2)2

Z
, Y + Z(ZX − Y 2))

= (X + 2Y (ZX − Y 2) + Z(ZX − Y 2)2, Y + Z(ZX − Y 2))

≡ (X − 2Y 3, Y ) mod Z.

Therefore, for σ = (X − 2Y 3, Y ) ∈ G3, we have, by the Valuation Criterion, σ ∈ G(2,2).

This can easily be generalized to show G(3) ⊂ G(2,2).

1.2 Polydegree Conjecture

The general question to be asked is:

Question 1.2.1. Let d = (d1, ..., dl) and e = (e1, ..., em) be two polydegree sequences. What

conditions on d and e guarantee that Gd ⊂ Ge?

An obvious necessary condition for the inclusion Gd ⊂ Ge is Gd ∩ Ge 6= ∅. Friedland and

Milnor discovered a topological constraint on the dimension which is a necessary condition for the

inclusion Gd ⊂ Ge.
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Theorem 1.2.2 (Dimension Constraint [6]). If Gd ⊂ Ge then

d1 + d2 + · · ·+ dl � e1 + e2 + · · ·+ em.

Another necessary condition due to Furter ( [7]) states that the length of an automorphism

is lower semi-continuous; this can be reformulated as the following theorem:

Theorem 1.2.3 (Furter [7]). Let d = (d1, ..., dl) and e = (e1, ..., em) be two degree sequences. If

Gd ∩ Ge 6= ∅, then l ≤ m.

The case when l = 1 and m = 2 is of particular interest and leads to the following conjec-

ture:

Conjecture 1.2.4. Let d, e ≥ 2 be integers. Then G(d+e−1) ⊂ G(d,e).

The goal is to completely describe the closure of the set of automorphisms of a fixed poly-

degree of length two. That is:

Conjecture 1.2.5. For all integers d, e ≥ 2, we have:

G(d,e) =
⋃

d′≤d,e′≤e

G(d′,e′) ∪
⋃

c≤d+e−1

G(c).

Furter’s Rigidity Conjecture [9] is an implication of this conjecture. In [5], Edo and van

den Essen discovered a link between the Rigidity Conjecture and the Factorial Conjecture, which

is related to the famous Jacobian Conjecture. It was stated in [1] that the groups of polynomial

automorphisms and their classifications might give a possible approach to proving the Jacobian

Conjecture. Furter, Edo, and Lewis have studied this problem and have classified some families of

polynomial automorphisms.

As a result of Edo in [2], Conjecture 1.2.4 holds when d− 1 divides e− 1:

Theorem 1.2.6 (Edo). Let d, e ≥ 2 be integers. If d− 1 divides e− 1, then

G(d+e−1) ⊂ G(d,e).
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He was also able to extend Theorem 1.2.6 to the following:

Theorem 1.2.7 (Edo). Let d, e ≥ 2 be integers, if e− 1 is even and d− 1 ∈ e−1
2
N, then:

G(d+e−1) ∩ G(d,e) 6= ∅.

To continue with other polydegree properties, we can deduce the following corollary to

Theorem 1.2.6:

Corollary 1.2.8. If we set d = 2 in Theorem 1.2.6, then for all integers e ≥ 2, we will have:

G(e+1) ⊂ G(2,e).

We will define the following polydegrees: d = (d1, ..., dl), e = (e1, ..., em), and f =

(f1, ..., fn). Let d, e := (d1, ..., dl, e1, ..., em) denote the concatenation of polydegrees.

Lemma 1.2.9. If Gd ⊂ Gf , then Gd,e ⊂ Gf,e.

By induction and using the concatenation of polydegrees, we can extend Corollary 1.2.8 to

show that:

Corollary 1.2.10. For all integers d ≥ 2,

G(d) ⊂ G(2,2,...,2) = G(2)d

where (2)d is the polydegree sequence of 2’s of length d.

Proof. Let d ≥ 2 be an integer. By Corollary 1.2.8, G(d) ⊂ G(2,d−1) and G(d−1) ⊂ G(2,d−2). By the

concatenation of polydegrees, G(d) ⊂ G(2,2,d−2). By induction, we will then see that:

G(d) ⊂ G(2,2,d−2) ⊂ G(2,2,2,d−3) ⊂ · · · ⊂ G(2)d .

Therefore, G(d) ⊂ G(2)d .
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In Chapter 4, we will prove that when we have a polydegree sequence of 2’s of length 5 or

greater, we will not be able to write it as a union of some Gd for some polydegree d.

1.3 Main Theorems

Theorems 1.2.6 and 1.2.7 are great improvements on Conjecture 1.2.4; however, it would

be ideal to remove the restrictions on d and e in order to improve on this conjecture. In his paper,

Edo points out that the next step is to prove that G(8) ∩ G(5,4) 6= ∅. These theorems and this last

challenge gave motivation towards this dissertation.

In Chapter 2, we will be able to improve Conjecture 1.2.4 when e = 3:

Theorem 1.3.1 (Main Theorem 1). For all integers d ≥ 2, G(d+2) ⊂ G(d,3).

In Chapter 3, using the same method from Chapter 2, we will show the first step in proving

the conjecture when e = 4 and 2 ≤ d ≤ 45.

Theorem 1.3.2 (Main Theorem 2). For all integers 2 ≤ d ≤ 45, G(d+3) ∩ G(d,4) 6= ∅.

In Chapter 4, we will discuss more about the union of polynomial automorphisms with a

longer polydegree sequence.

Theorem 1.3.3 (Main Theorem 3). Let b ≥ 5 be an integer. Then G(2)b is not a union of some Gd

for some polydegree d.
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CHAPTER 2

PROOF OF MAIN THEOREM 1

In Theorem 1.2.7, if we set e = 3, then we know for all integers d ≥ 2, G(d+2) ∩G(d,3) 6= ∅.

In this chapter, we will prove that we have inclusion, which will prove that Conjecture 1.2.4 is true

when e = 3.

Theorem 2.0.1. For all integers d ≥ 2, G(d+2) ⊂ G(d,3).

Proof. Let σ ∈ G(d+2) be a triangular automorphism of degree d+ 2. Then we can write

σ = (r1X +
d+2∑
k=0

akY
k, r2Y + r3)

for some r1, r2, ad+2 ∈ C∗ and r3, ai ∈ C for 0 ≤ i ≤ d + 1. To prove σ ∈ G(d,3) using the

Valuation Criterion (1.1.6), we will explicitly construct an automorphism σZ ∈ G(C[Z]) such that,

writing σZ = (fZ , gZ) and working modulo Z, fZ ≡ σ(X) and gZ ≡ σ(Y ).

Let U(Y, Z), V (Y, Z),W (Y ), andW1(Y ) be arbitrary polynomials for now; we will define

them momentarily, but we will assume degY U(Y, Z) = 3, degY V (Y, Z) = d, degW (Y ) ≤ d,

and degW1(Y ) ≤ d. Let us consider the following polynomial automorphisms:

τ1 = (r1X +
U(Y, Z)

Zd
, Y )

α = (X, Y + Zd+1X)

τ2 = (X − V (Y, Z)

Zd
+
W (Y )

Z
+W1(Y ), r2Y + r3)
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Set σZ = τ2ατ1. Notice that σZ ∈ G(C((Z)))(d,3). Direct computation shows:

fZ = σZ(X) = r1X +
U(Y, Z)

Zd
− V (Y + ZU(Y, Z), Z)

Zd
+
W (Y + ZU(Y, Z))

Z
+W1(Y )

gZ = σZ(Y ) = r2Y + Zd+1r1X + ZU(Y, Z) + r3

and we will show fZ , gZ ∈ C[Z][X, Y ], and

σZ(X) ≡ r1X +
d+2∑
k=0

akY
k mod Z

σZ(Y ) ≡ r2Y + r3 mod Z.

We specify further that U(Y, Z) =
∑2

i=0 Ui(Y )Zi ∈ C[Y, Z] such that deg(1,−1)U(Y, Z) ≤

2. By the Formal Inverse Function Theorem [14], we define I(Y, Z) ∈ C[[Y, Z]] to be the formal

inverse of Y +ZU(Y, Z). In other words, I(Y, Z) is the uniquely determined element in C[[Y, Z]]

satisfying I(Y + ZU(Y, Z), Z) = Y . We can write

U(I(Y, Z), Z) =
∞∑
k=0

vk(Y )Zk ∈ C[[Y, Z]]

where, a priori, vk(Y ) ∈ C[[Y ]], but in fact we will see vk(Y ) ∈ C[Y ]. We now define V (Y, Z) as

the truncation of U(I(Y, Z), Z):

V (Y, Z) =
d−2∑
k=0

vk(Y )Zk ∈ C[Y, Z].

Then we will have:

U(Y, Z) = U(I(Y + ZU(Y, Z), Z), Z)

≡ V (Y + ZU(Y, Z), Z) mod Zd−1

≡
d−2∑
k=0

vk(Y + ZU(Y, Z))Zk mod Zd−1.
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Applying Taylor’s Formula, we have

U(Y, Z) =
d−2∑
m=0

Zm

m∑
j=0

1

j!
v
(j)
m−j(Y )U(Y, Z)j.

Recalling U(Y, Z) = U0 + ZU1 + Z2U2, we further specify U0 = cdY
2, U1 = cd−1Y

3, and

U2 = cd−2Y
3, where cd, cd−1, cd−2 ∈ C remain arbitrary for now. Then:

U(Y, Z) =
d−2∑
m=0

Zm

m∑
j=0

∑
0≤2a+3b≤j

1

a!b!(j − 2a− 3b)!
v
(j−a−2b)
m−j U j−2a−3b

0 Ua
1U

b
2 .

Comparing coefficients of Zk, we obtain the following recursive relation for vk(Y ):

v0 = U0

v1 = U1 − v′0U0

v2 = U2 − [v′1U0 +
1

2
v′′0U

2
0 + v′0U1]

vr = −
r∑
j=1

∑
0≤2a+3b≤j

1

a!b!(j − 2a− 3b)!
v
(j−a−2b)
r−j U j−2a−3b

0 Ua
1U

b
2

(2.0.1)

Lemma 2.0.2. deg vr(Y ) ≤ r + 2.

Proof. Proof by induction. Writing U0 = cdY
2, U1 = cd−1Y

3, and U2 = cd−2Y
3 as above,

v0 = U0 = cdY
2,

thus deg v0 = 2.

v1 = U1 − v′0U0 = (cd−1 − 2c2d)Y
3,

thus deg v1 = 3.

v2 = U2 − [v′1U0 +
1

2
v′′0U

2
0 + v′0U1] = cd−2Y

3 + cd(−5cd−1 + 5c2d)Y
4,
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thus deg v2 = 4.

Now let’s suppose deg vr(Y ) ≤ r + 2. We will show that deg vr+1(Y ) ≤ r + 3. By

definition,

vr+1 = −
r+1∑
j=1

∑
0≤2a+3b≤j

1

a!b!(j − 2a− 3b)!
v
(j−a−2b)
r+1−j U j−2a−3b

0 Ua
1U

b
2

Note the following degrees:

deg vr+1−j ≤ r + 3− j

deg v
(j−a−2b)
r+1−j ≤ r + 3− 2j + a+ 2b

degU j−2a−3b
0 ≤ 2j − 4a− 6b

degUa
1 ≤ 3a

degU b
2 ≤ 3b

When looking at each term in the above summation for vr+1, we will see that

deg(v
(j−a−2b)
r+1−j U j−2a−3b

0 Ua
1U

b
2) ≤ r + 3− b.

When b = 0, we will get the maximum degree of r + 3.

We can also study the forms of each vk(Y ) through the next lemma.

Lemma 2.0.3. 1. If r is even, vr(Y ) = λrcdY
r+2 + γrY

r+1 +Mr(Y ), with λr ∈ Q[c2d, cd−1],

γr ∈ Q[cd, cd−1, cd−2], and Mr(Y ) ∈ C[Y ] such that degMr(Y ) ≤ r.

2. If r is odd, vr(Y ) = λrY
r+2+γrY

r+1+Mr(Y ), with λr ∈ Q[c2d, cd−1], γr ∈ Q[cd, cd−1, cd−2],

and Mr(Y ) ∈ C[Y ] such that degMr(Y ) ≤ r.
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Proof. We proceed by induction from Equation 2.0.1:

r = 0 : v0(Y ) = U0 = cdY
2. Therefore λ0 = 1 and γ0 = 0.

r = 1 : v1(Y ) = U1 − v′0U0 = (cd−1 − 2c2d)Y
3. Therefore λ1 = cd−1 − 2c2d and γ1 = 0.

r = 2 : v2(Y ) = U2 − [v′1U0 +
1

2
v′′0U

2
0 + v′0U1] = cd−2Y

3 + cd(−5cd−1 + 5c2d)Y
4.

Therefore λ2 = −5cd−1 + 5c2d and γ2 = cd−2.

Suppose vk(Y ) = λkcdY
k+2+γkY

k+1+Mk(Y ) when k is even or vk = λkY
k+2+γkY

k+1+

Mk(Y ) when k is odd with λk ∈ Q[c2d, cd−1], γk ∈ Q[cd, cd−1, cd−2], and degMk(Y ) ≤ k for all

0 ≤ k ≤ r. We want to show that vr+1(Y ) = λr+1Y
r+3 + γr+1Y

r+2 + Mr+1(Y ) when r is

even or vr+1(Y ) = λr+1cdY
r+3 + γr+1Y

r+2 +Mr+1(Y ) when r is odd with λr+1 ∈ Q[c2d, cd−1],

γr+1 ∈ Q[cd, cd−1, cd−2], and degMr+1(Y ) ≤ r + 1.

By definition,

vr+1 = −
r+1∑
j=1

∑
0≤2a+3b≤j

1

a!b!(j − 2a− 3b)!
v
(j−a−2b)
r+1−j U j−2a−3b

0 Ua
1U

b
2

By the induction hypothesis, vr+1−j has the correct form. There are two cases to consider:

1. When r+1− j is even: vr+1−j(Y ) = λr+1−jcdY
r−j+3+γr+1−jY

r−j+2+Mr+1−j(Y ) where

λr+1−j ∈ Q[c2d, cd−1] and γr+1−j ∈ Q[cd, cd−1, cd−2]. Each term in the summation for vr+1

where r + 1− j is even will have the form

β1λr+1−jcdc
j−2a−3b
d cad−1c

b
d−2Y

r+3−b + β2γr+1−jc
j−2a−3b
d cad−1c

b
d−2Y

r+2−b +K(Y )

where β1, β2 ∈ C and degK(Y ) ≤ r + 1− b.

When b = 0, we can see that the coefficient of Y r+3 will be β1λr+1−jcdc
j−2a
d cad−1. When
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b = 1 in the first term and b = 0 in the second, the coefficient of Y r+2 will be

β1λr+1−jcdc
j−2a−3
d cad−1cd−2 + β2γr+1−jc

j−2a
d cad−1.

2. When r + 1 − j is odd: vr+1−j(Y ) = λr+1−jY
r−j+3 + γr+1−jY

r−j+2 +Mr+1−j(Y ) where

λr+1−j ∈ Q[c2d, cd−1] and γr+1−j ∈ Q[cd, cd−1, cd−2].

Each term in the summation for vr+1 where r + 1− j is odd will have the form

β1λr+1−jc
j−2a−3b
d cad−1c

b
d−2Y

r+3−b + β2γr+1−jc
j−2a−3b
d cad−1c

b
d−2Y

r+2−b +K(Y )

where β1, β2 ∈ C and degK(Y ) ≤ r + 1− b.

When b = 0, we can see that the coefficient of Y r+3 will be β1λr+1−jc
j−2a
d cad−1. When b = 1

in the first term and b = 0 in the second, the coefficient of Y r+2 will be

β1λr+1−jc
j−2a−3
d cad−1cd−2 + β2γr+1−jc

j−2a
d cad−1.

Now we will show:

1. When r is even, vr+1(Y ) = λr+1Y
r+3 + γr+1Y

r+2 +Mr+1(Y ).

If r is even and r+1− j is even, then j and j − 2a must be odd. So the coefficient of Y r+3,

β1λr+1−jc
j−2a+1
d cad−1 ∈ Q[c2d, cd−1]. Call this term δr+1−j .

If r is even and r+1− j is odd, then j and j − 2a must be even. So the coefficient of Y r+3,

β1λr+1−jc
j−2a
d cad−1 ∈ Q[c2d, cd−1]. Call this term δ′r+1−j .

Therefore, the coefficient of Y r+3 in vr+1 will be

λr+1 =
∑

r+1−j even

δr+1−j +
∑

r+1−j odd

δ′r+1−j ∈ Q[c2d, cd−1].

It is easy to see that the coefficient of Y r+2 in vr+1 will be in Q[cd, cd−1, cd−2].
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Therefore, vr+1(Y ) = λr+1Y
r+3 + γr+1Y

r+2 + Mr+1(Y ) where λr+1 ∈ Q[c2d, cd−1] and

γr+1 ∈ Q[cd, cd−1, cd−2].

2. When r is odd, vr+1(Y ) = λr+1cdY
r+3 + γr+1Y

r+2 +Mr+1(Y ).

If r is odd and r + 1 − j is even, then j and j − 2a must be even. So the coefficient of

Y r+3, β1λr+1−jcdc
j−2a
d cad−1 = cd(β1λr+1−jc

j−2a
d cad−1). Set νr+1−j = β1λr+1−jc

j−2a
d cad−1 ∈

Q[c2d, cd−1].

If r is odd and r + 1− j is odd, then j and j − 2a must be odd. So the coefficient of Y r+3,

β1λr+1−jc
j−2a
d cad−1 = cd(β1λr+1−jc

j−2a−1
d cad−1). Now, j − 2a − 1 is even. Set ν ′r+1−j =

β1λr+1−jc
j−2a−1
d cad−1 ∈ Q[c2d, cd−1].

Therefore, the coefficient of Y r+3 in vr+1 will be cdλr+1 where

λr+1 =
∑

r+1−j even

νr+1−j +
∑

r+1−j odd

ν ′r+1−j ∈ Q[c2d, cd−1].

It is easy to see that the coefficient of Y r+2 in vr+1 will be in Q[cd, cd−1, cd−2].

Therefore, vr+1(Y ) = λr+1cdY
r+3 + γr+1Y

r+2 +Mr+1(Y ) where λr+1 ∈ Q[c2d, cd−1] and

γr+1 ∈ Q[cd, cd−1, cd−2].

Using the recursive definition for vr(Y ), Equation 2.0.1, we are able to write a recursive

formula for λr. Since λr is the coefficient of Y r+2, we will take b = 0:

vr|b=0 = −
r∑
j=1

∑
0≤2a≤j

1

a!(j − 2a)!
v
(j−a)
r−j U j−2a

0 Ua
1

= −
r∑
j=1

∑
0≤2a≤j

1

a!(j − 2a)!
(λr−jY

r−j+2)(j−a)cj−2ad cad−1Y
2j−a

= −
r∑
j=1

∑
0≤2a≤j

(r − j + 2) · · · (r − 2j + a+ 3)

a!(j − 2a)!
λr−jc

j−2a
d cad−1Y

r+2

14



Therefore

λr = −
r∑
j=1

∑
0≤2a≤j

(r − j + 2)!

a!(j − 2a)!(r − 2j + a+ 2)!
λr−jc

j−2a
d cad−1 (2.0.2)

Recall that we want to show σZ ∈ C[Z][X, Y ] and

σZ ≡ (r1X +
d+2∑
k=0

akY
k, r2Y + r3) mod Z.

For the sake of simplicity, let us write σZ(X) as

σZ(X) = r1X +
∑

µs,t
Y s

Zt
.

Taking a look at the degrees, we obtain the following lemma:

Lemma 2.0.4. Let P (Y, Z) ∈ C[Y, Z] be an arbitrary polynomial. If deg(1,−1) P (Y, Z) = r, then

deg(1,−1) P (Y + ZU(Y, Z), Z) ≤ r.

Proof. Suppose deg(1,−1)P (Y, Z) = r. Recall that deg(1,−1) U(Y, Z) ≤ 2. Thus

deg(1,−1) ZU(Y, Z) ≤ 1, which implies that deg(1,−1)(Y + ZU(Y, Z)) = 1. When composing

P (Y, Z) with a degree one polynomial the homogeneous degree of P (Y + ZU(Y, Z), Z) will

never be increased. Therefore, deg(1,−1) P (Y + ZU(Y, Z), Z) ≤ r.

Note a few more homogeneous degrees of some important polynomials for the next step in

our computation:

deg(1,−1)V (Y, Z) = 2 (by Lemma 2.0.2)

deg(1,−1)
V (Y, Z)

Zd
= d+ 2.
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Therefore we have

deg(1,−1)σZ(X)

= deg(1,−1)

(
U(Y, Z)

Zd
− V (Y + ZU(Y, Z), Z)

Zd
+
W (Y + ZU(Y, Z))

Z
+W1(Y )

)
≤ d+ 2.

From this, we can conclude that for s > d+2, µs,0 = 0. More generally, for s+t > d+2, µs,t = 0.

Since U(Y, Z) ≡ V (Y + ZU(Y, Z), Z) mod Zd−1, µs,t = 0, for t > 1. All that is left to show is

what happens when t = 0 and t = 1.

To make computations easier, we will multiply σZ(X) by Zd to get:

σZ(Z
dX)− Zdr1X = U(Y, Z)− V (Y + ZU,Z) + Zd−1W (Y + ZU) + ZdW1(Y + ZU)

≡ Zd−1vd−1(Y + ZU) + Zdvd(Y + ZU) + Zd−1W (Y + ZU)

+ ZdW1(Y + ZU) mod Zd+1

≡ Zd−1[vd−1(Y ) +W (Y )]

+ Zd[U0v
′
d−1(Y ) + U0W

′(Y ) + vd(Y ) +W1(Y )] mod Zd+1

Recall that we have yet to specify cd, cd−1, cd−2 ∈ C, and W (Y ),W1(Y ) ∈ C[Y ]. The

next step is to show that we can specify these such that vd−1(Y ) +W (Y ) = 0 and U0v
′
d−1(Y ) +

U0W
′(Y ) + vd(Y ) +W1(Y ) =

∑d+2
k=0 akY

k.

When d is odd, we have vd−1(Y ) = λd−1cdY
d+1+γd−1Y

d+Md−1(Y ), where degMd−1(Y )

≤ d−1. We can set W (Y ) = −γd−1Y d−Md−1(Y ) and, therefore, we will need λd−1cdY d+1 = 0.

When d is even, we have vd−1(Y ) = λd−1Y
d+1+γd−1Y

d+Md−1(Y ), where degMd−1(Y ) ≤ d−1.

We can set W (Y ) = −γd−1Y d −Md−1(Y ) and again need λd−1Y d+1 = 0. In either case, we have

specified W (Y ); suppose we have chosen cd, cd−1 such that λd−1 = 0. Then

U0[vd−1(Y ) +W (Y )]′ + vd(Y ) +W1(Y ) = vd(Y ) +W1(Y ).

16



We want to show that we can have

vd(Y ) +W1(Y ) =
d+2∑
k=0

akY
k.

That is, when d is odd:

λdY
d+2 + γdY

d+1 +Md(Y ) +W1(Y ) =
d+2∑
k=0

akY
k

when d is even:

λdcdY
d+2 + γdY

d+1 +Md(Y ) +W1(Y ) =
d+2∑
k=0

akY
k.

where degMd(Y ) ≤ d. We need λd ∈ C∗ and γd ∈ C[cd−2]\C after choosing cd, cd−1 . In

summary, we need to show that we can choose cd, cd−1 such that:

1. λd−1 = 0

2. λd is an arbitrary element of C∗

3. γd ∈ C[cd−2]\C.

Taking a closer look at the λi’s, we can write

λi = c
b i+1

2
c

d−1 cεidQi

(
c2d
cd−1

)

where εi =

 0 if i is odd

1 if i is even.
Using the recursive formula for λi, Equation 2.0.2, we can derive an explicit formula for Qr:

Lemma 2.0.5.

Qn−1

(
c2d
cd−1

)
=

1

(n+ 1)!

bn
2
c∑

l=0

(−1)l+n+1 (2n− l)!
l!(n− 2l)!

(
c2d
cd−1

)bn
2
c−l
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Proof. The proof is by induction on n.

n = 1: Q0 =
2!
2!

(
c2d
cd−1

)0
= 1 and by definition of λ0, λ0 = cd which would imply that Q0 = 1.

Let’s suppose that for all integers 1 ≤ n ≤ r,

Qn−1

(
c2d
cd−1

)
=

1

(n+ 1)!

bn
2
c∑

l=0

(−1)l+n+1 (2n− l)!
l!(n− 2l)!

(
c2d
cd−1

)bn
2
c−l

.

We will show that

Qr

(
c2d
cd−1

)
=

1

(r + 2)!

b r+1
2
c∑

l=0

(−1)l+r+2 (2r + 2− l)!
l!(r + 1− 2l)!

(
c2d
cd−1

)b r+1
2
c−l

using the recursive formula for λr.
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λr = −
r∑
j=1

∑
0≤2a≤j

(r − j + 2)!

a!(j − 2a)!(r − 2j + a+ 2)!
λr−jc

j−2a
d cad−1

= −
r∑
j=1

∑
0≤2a≤j

(r − j + 2)!

a!(j − 2a)!(r − 2j + a+ 2)!
(c
b r−j+1

2
c

d−1 c
εr−j

d )Qr−j

(
c2d
cd−1

)
cj−2ad cad−1

= −
r∑
j=1

∑
0≤2a≤j

b r−j+1
2
c∑

l=0

(−1)l+r−j+2(2r − 2j + 2− l)!
a!(j − 2a)!(r − 2j + a+ 2)!l!(r − j + 1− 2l)!

(
c2d
cd−1

)b r−j+1
2
c−l

c
b r−j+1

2
c+a

d−1 c
j−2a+εr−j

d

=
r∑
j=1

∑
0≤2a≤j

b r−j+1
2
c∑

l=0

(−1)l+r−j+3(2r − 2j + 2− l)!
a!(j − 2a)!(r − 2j + a+ 2)!l!(r − j + 1− 2l)!

cr−2l−2ad cl+ad−1

= −
b r+1

2
c∑

l=0

(−1)l+r+1 (2r + 2− l)!
(r + 2)!l!(r + 1− 2l)!

c
2b r+1

2
c−2l+εr

d cld−1

+
r∑
j=0

∑
0≤2a≤j

b r−j+1
2
c∑

l=0

(−1)l+r−j+1(2r − 2j + 2− l)!
a!(j − 2a)!(r − 2j + a+ 2)!l!(r − j + 1− 2l)!

cr−2l−2ad cl+ad−1 †

= cεrd c
b r+1

2
c

d−1

b r+1
2
c∑

l=0

(−1)l+r+2 (2r + 2− l)!
(r + 2)!l!(r + 1− 2l)!

c
2b r+1

2
c−2l

d c
l−b r+1

2
c

d−1

= cεrd c
b r+1

2
c

d−1

b r+1
2
c∑

l=0

(−1)l+r+2 (2r + 2− l)!
(r + 2)!l!(r + 1− 2l)!

(
c2d
cd−1

)b r+1
2
c−l

Since λr = c
b r+1

2
c

d−1 cεrd Qr

(
c2d
cd−1

)
, we deduce that

Qr

(
c2d
cd−1

)
=

b r+1
2
c∑

l=0

(−1)l+r+2 (2r + 2− l)!
(r + 2)!l!(r + 1− 2l)!

(
c2d
cd−1

)b r+1
2
c−l

,

and this completes the induction step and the proof.

†This sum is equal to zero. See Appendix A for proof.

There is an unexpected link between this problem and the theory of hypergeometric func-

tions. For a general reference on Hypergeometric Functions, see [10].
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Lemma 2.0.6 (Gauss hypergeometric polynomials [2]). Let n ≥ 2 be an integer. Let Qn−1 be

defined as in Lemma 2.0.5. We have:

1. degQn−1 = bn2 c and Qn−1(t) 6= 0 for all t > 0,

2. Qn−1 has only simple roots.

3. There exists a complex number un−1 ∈ C such that Qn(un−1) = 0 and Qn+1(un−1) 6= 0.

By this lemma, there exists cd, cd−1 ∈ C such that λd−1 = 0 and λd = ad+2 6= 0. In fact,

λd−1 and λd have no roots in common.

Lemma 2.0.7. λd−1 and λd have no roots in common.

Proof. As we know, we are able to write λd−1 and λd in terms of the polynomial Q, which is a

hypergeometric polynomial. Let us recall some basic definitions and formulas. Let a, b, c, z ∈ C,

the classical Gauss hypergeometric series is define by:

2F1(a, b, c|z) =
∑
k∈N

(a)k(b)kz
k

(c)kk!

where, for a complex number a ∈ C and an integer k ∈ N, the Pochhammer symbol (a)k is defined

by (a)0 = 1 and (a)k = a(a+ 1) · · · (a+ k − 1). Using this definition, we can write

Qd−1 = (−1)d+1 (2d)!

d!(d+ 1)!
2F1(−

d

2
,−d− 1

2
,−2d|4

(
c2d
cd−1

)
).

Then:

Qd = (−1)d (2d+ 2)!

(d+ 1)!(d+ 2)!
2F1(−

d+ 1

2
,−d

2
,−2d− 2|4

(
c2d
cd−1

)
)

and

Qd+1 = (−1)d+1 (2d+ 4)!

(d+ 2)!(d+ 3)!
2F1(−

d+ 2

2
,−d+ 1

2
,−2d− 4|4

(
c2d
cd−1

)
).
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If we let a = −d+1
2

, b = −d
2
, c = −2d− 2, and z = 4

(
c2d
cd−1

)
, then we will have:

Qd−1 = (−1)d+1 (2d)!

d!(d+ 1)!
2F1(b, a+ 1, c+ 2|z)

= (−1)d+1 (2d)!

d!(d+ 1)!
2F1(a+ 1, b, c+ 2|z)

Qd = (−1)d (2d+ 2)!

(d+ 1)!(d+ 2)!
2F1(a, b, c|z)

Qd+1 = (−1)d+1 (2d+ 4)!

(d+ 2)!(d+ 3)!
2F1(b− 1, a, c− 2|z)

= (−1)d+1 (2d+ 4)!

(d+ 2)!(d+ 3)!
2F1(a, b− 1, c− 2|z)

In fact,

2F1(a+ 1, b, c+ 2|z) = d!(d+ 1)!

(−1)d+1(2d)!
Qd−1

2F1(a, b, c|z) =
(d+ 1)!(d+ 2)!

(−1)d(2d+ 2)!
Qd

2F1(a, b− 1, c− 2|z) = (d+ 2)!(d+ 3)!

(−1)d+1(2d+ 4)!
Qd+1

There is a linear relation between three hypergeometric polynomials. That is: there exists

functions f,g,h such that

f(z)2F1(a, b− 1, c− 2|z) + g(z)2F1(a, b, c|z) + h(z)2F1(a+ 1, b, c+ 2|z) = 0.

When looking at Gauss Contiguous Relations, we can figure out what f, g, h have to be. We will

use the following relations:

1. c2F1(a, b, c|z)− a2F1(a+ 1, b, c+ 1|z) + (a− c)2F1(a, b, c+ 1|z) = 0

2. (c+1)2F1(a, b, c+1|z)+(b−c−a)2F1(a+1, b, c+2|z)+(z−1)(c−1)2F1(a+1, b, c+1|z) = 0

3. (c−1)2F1(a, b−1, c−1|z)+(a−c+1)z2F1(a, b, c|z)+(z−1)(c−1)2F1(a, b, c−1|z) = 0

4. (c−2)2F1(a, b−1, c−2|z)− (b−1)2F1(a, b, c−1|z)+(b− c+1)2F1(a, b−1, c−1|z) = 0
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5. (c − 1)(z − 1)c2F1(a, b, c − 1|z) + (a − c)(b − c)2F1(a, b, c + 1|z) + c(c + (a + b − 2c +

1)z − 1)2F1(a, b, c|z) = 0

We will solve for 2F1(a+ 1, b, c+ 1|z) in relation 1 and substitute it into relation 2 to get:

2F1(a, b, c+ 1|z) = − a(b− c− 1)

a(c+ 1) + (z − 1)(c− 1)(a− c)2
F1(a+ 1, b, c+ 2|z)

− c(c− 1)(z − 1)

a(c+ 1) + (z − 1)(c− 1)(a− c)2
F1(a, b, c|z)

Then, we will solve for 2F1(a, b − 1, c − 1|z) in relation 3 and substitute it into relation 4

to get:

2F1(a, b, c− 1|z) = (a− c+ 1)(b− c+ 1)z

(c− 1)((1− b)− (b− c− 1)(z − 1))
2F1(a, b, c|z)

− c− 2

(c− 1)((1− b)− (b− c− 1)(z − 1))
2F1(a, b− 1, c− 2|z)

Now, we will substitute these two new relations into relation 5 to see that:

f(z)2F1(a, b− 1, c− 2|z) + g(z)2F1(a, b, c|z) + h(z)2F1(a+ 1, b, c+ 2|z) = 0

or

f(z)
(d+ 2)!(d+ 3)!

(−1)d+1(2d+ 4)!
Qd+1 + g(z)

(d+ 1)!(d+ 2)!

(−1)d(2d+ 2)!
Qd + h(z)

d!(d+ 1)!

(−1)d+1(2d)!
Qd−1 = 0

where:

f(z) = (2− c)(−1 + c)c(a(1 + c) + (a− c)(−1 + c)(−1 + z))(−1 + z),

g(z) = (−1 + c)(−1 + z)(2 + c(−1 + z)− (1 + b)z) + (1 + a− c)(1 + b− c)c(−1 + z)z

(a(2 + (−1 + c)z) + c(−1 + c+ z − cz)) + c(2 + c(−1 + z)− (1 + b)z)

(−1 + c+ (1 + a+ b)z − 2cz)(a(2 + (−1 + c)z) + c(−1 + c+ z − cz))
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and

h(z) = −a(a− c)(−b+ c)(1− b+ c)z(2 + c(−1 + z)− (1 + b)z)

Let us suppose that Qd and Qd+1 have a common zero. Then either Qd−1 or h(z) would

also have this zero.

Claim: h(z) does not have a common zero. The roots of h(z) are z = 0 and

z =
−2 + c

−1− b+ c
=
−2(d+ 2)
−3
2
(d+ 2)

=
4

3
.

We will show that these roots are not roots of Qd. For any hypergeometric function,

2F1(a, b, c|0) = 1.

Thus, when z = 0, we have

Qd(0) = (−1)d (2d+ 2)!

(d+ 1)!(d+ 2)!
6= 0.

When z = 4
3
, we have 4

(
c2d
cd−1

)
= 4

3
; that is c2d

cd−1
= 1

3
. When evaluating, we will deduce that

Qd

(
1

3

)
=

1

(d+ 2)!

b d+1
2
c∑

l=0

(−1)l+d (2d+ 2− l)!
l!(d+ 1− 2l)!

(
1

3

)b d+1
2
c−l

=
(−1)d

(d+ 2)!

(
1

3

)b d+1
2
c b

d+1
2
c∑

l=0

(−3)l (2d+ 2− l)!
l!(d+ 1− 2l)!

.

It is easy to verify that
b d+1

2
c∑

l=0

(−3)l (2d+ 2− l)!
l!(d+ 1− 2l)!

6= 0.

Thus Qd(
1
3
) 6= 0 and we can conclude that Qd and h(z) do not have a common zero. Therefore,

Qd−1 must have a common zero with Qd and Qd+1. By induction, Q0, Q1, and Q2 would have

common zeros. By definition, Q0 = 1, Q1 = 1 − 2
c2d
cd−1

, Q2 = −5 + 5
c2d
cd−1

. Clearly, these do not
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have the same zeros, so we have reached a contradiction. Therefore, λd−1 and λd have no roots in

common.

Since λd−1 and λd have no roots in common, it suffices to show that there is a root of

λd−1 that is not a root of γd. That is, we need to check that with our choice of cd and cd−1,

γd ∈ C[cd−2]\C.

From Equation 2.0.1, we can derive γr:

vr = −
r∑
j=1

∑
0≤2a+3b≤j

1

a!b!(j − 2a− 3b)!
v
(j−a−2b)
r−j U j−2a−3b

0 Ua
1U

b
2

= −
r∑
j=1

∑
0≤2a+3b≤j

(λr−jY
r+2−j + γr−jY

r+1−j +Kr−j(Y ))(j−a−2b)

a!b!(j − 2a− 3b)!
cj−2a−3bd cad−1c

b
d−2Y

2j−a−3b

= −
r∑
j=1

∑
0≤2a+3b≤j

(r + 2− j) · · · (r − 2j + a+ 2b+ 3)

a!b!(j − 2a− 3b)!
λr−jc

j−2a−3b
d cad−1c

b
d−2Y

r+2−b

−
r∑
j=1

∑
0≤2a+3b≤j

(r + 1− j) · · · (r − 2j + a+ 2b+ 2)

a!b!(j − 2a− 3b)!
γr−jc

j−2a−3b
d cad−1c

b
d−2Y

r+1−b

−
r∑
j=1

∑
0≤2a+3b≤j

(r − j) · · · (r − 2j + a+ 2b+ 1)

a!b!(j − 2a− 3b)!
δr−jc

j−2a−3b
d cad−1c

b
d−2Y

r−b

where δr−j ∈ C. To calculate γr, we will use b = 1 in the first summation and b = 0 in the second

because γr is the coefficient of Y r+1.

γr = −
r∑
j=3

∑
0≤2a+3≤j

(r + 2− j) · · · (r − 2j + a+ 5)

a!(j − 2a− 3)!
λr−jc

j−2a−3
d cad−1cd−2

−
r∑
j=1

∑
0≤2a≤j

(r + 1− j) · · · (r − 2j + a+ 2)

a!(j − 2a)!
γr−jc

j−2a
d cad−1

= −
r∑
j=3

∑
0≤2a+3≤j

(r + 2− j)!
a!(j − 2a− 3)!(r − 2j + a+ 4)!

λr−jc
j−2a−3
d cad−1cd−2

−
r∑
j=1

∑
0≤2a≤j

(r + 1− j)!
a!(j − 2a)!(r − 2j + a+ 1)!

γr−jc
j−2a
d cad−1

(2.0.3)
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Claim: γd ∈ C[cd−2]\C. To see this, it suffices to show that

Td = −
d∑
j=3

∑
0≤2a+3≤j

(d+ 2− j)!
a!(j − 2a− 3)!(d− 2j + a+ 4)!

λd−jc
j−2a−3
d cad−1 /∈ C.

In fact, by Appendix B, we have:

Td = −
d∑
j=3

∑
0≤2a+3≤j

(d+ 2− j)!
a!(j − 2a− 3)!(d− 2j + a+ 4)!

λd−jc
j−2a−3
d cad−1

= c
b d−2

2
c

d−1

b d−2
2
c∑

α=0

(−1)α+d−1(−3)α(−2)d−2α−2
(

c2d
cd−1

)b d−2
2
c−α

.

Now, we will show that there exists a root ofQd−1 that is not a root of Td. Note degQd−1 =

bd
2
c and deg Td = bd−2

2
c. Let’s assume all the roots of Qd−1 are also roots of Td. We will prove

by contradiction that they do not have the same roots. Since degQd−1 = deg Td + 1, there exist

complex numbers s, t ∈ C such that Qd−1

(
c2d
cd−1

)
= (s

(
c2d
cd−1

)
+ t)Td

(
c2d
cd−1

)
. We will solve for s

and t by comparing coefficients and then we will show a contradiction.

Comparing coefficients of
(

c2d
cd−2

)b d
2
c
, we can explicitly compute s:

s =
(2d)!

(−2)d−2(d+ 1)!d!

Comparing coefficients of
(

c2d
cd−2

)b d−2
2
c
, we can explicitly compute t:

t = − (2d− 1)!

(−2)d−2(d+ 1)!d− 2!

Comparing coefficients of
(

c2d
cd−2

)b d−2
2
c−1

, we obtain:

(2d− 2)!

2(d+ 1)!(d− 4)!
=

(2d)!(−3)2(−2)d−6

(d+ 1)!d!(−2)d−2
+

(2d− 1)!(−3)(−2)d−4

(d+ 1)!(d− 2)!(−2)d−2

=
144(2d)!− 6(2d)!(d− 1)

(d+ 1)!d!
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which is impossible. Therefore, with our choice of cd and cd−1, we will see that γd ∈ C[cd−2]\C.

In summary, we have shown that we can choose cd and cd−1 so that:

1. λd−1 = 0,

2. λd is an arbitrary element of C∗, and

3. γd ∈ C[cd−2]\C.

We can choose cd−2 so that γd = ad+1 ∈ C∗.

Therefore, we have:

σZ(Z
dX)− Zdr1X ≡ Zd[vd(Y ) +W1(Y )] mod Zd+1

and dividing by Zd:

σZ(X) ≡ r1X + vd(Y ) +W1(Y ) mod Z

≡ r1X + λdY
d+2 + γdY

d+1 +Md(Y ) +W1(Y ) mod Z

From our choice of cd, cd−1, cd−2 ∈ C, λd = ad+2 and γd = ad+1. We can finally specify

Md(Y ) +W1(Y ) =
∑d

k=0 akY
k.

When looking at σZ(Y ), after computing, we will have:

σZ(Y ) = r2Y + Zd+1r1X + ZU(Y, Z) + r3

≡ r2Y + r3 mod Z

Therefore,

σ ≡ (r1X +
d+2∑
k=0

akY
k, r2Y + r3) mod Z

and we can conclude that G(d+2) ⊂ G(d,3).
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CHAPTER 3

PROOF OF MAIN THEOREM 2

It is natural to examine what will happen when we increase the value for e. In this chapter,

we will use the same method as chapter 3 in order to prove the following theorem:

Theorem 3.0.1. For all integers 2 ≤ d ≤ 45, G(d+3) ∩ G(d,4) 6= ∅.

Proof. Let σ ∈ G(d+3) be a triangular automorphism of degree d+ 3. Then we can write:

σ = (X +
d+3∑
k=0

akY
k, Y )

for some ad+3 ∈ C∗ and ai ∈ C for 0 ≤ i ≤ d + 2. To prove σ ∈ G(d,4) using the Valuation

Criterion (1.1.6), we will explicitly construct an automorphism σZ ∈ G(C[Z]) such that, writing

σZ = (fZ , gZ) and working modulo Z, fZ ≡ σ(X) and gZ ≡ σ(Y ).

LetU(Y, Z), V (Y, Z),W1(Y ), andW2(Y ) be arbitrary polynomials for now; we will define

them momentarily, but we will assume degY U(Y, Z) = 4, degY V (Y, Z) = d, and degW1(Y ),

W2(Y ) ≤ d. The degree of U(Y, Z) here is the first change from the previous case. Consider the

following polynomial automorphisms:

τ1 = (X +
U(Y, Z)

Zd+1
, Y )

α = (X, Y + Zd+2X)

τ2 = (X − V (Y, Z)

Zd+1
+
W1(Y )

Z2
+
W2(Y )

Z
, Y )
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Set σZ = τ2ατ1. Notice that σZ ∈ G(C((Z)))(d,4). Direct computation shows:

fZ = σZ(X)

= X +
U(Y, Z)

Zd+1
− V (Y + ZU(Y, Z), Z)

Zd+1
+
W1(Y + ZU(Y, Z))

Z2
+
W2(Y + ZU(Y, Z))

Z

gZ = σZ(Y ) = Y + Zd+2X + ZU(Y, Z)

and we will show that fZ , gZ ∈ C[Z][X, Y ], and

σZ(X) ≡ X +
d+3∑
k=0

akY
k mod Z

σZ(Y ) ≡ Y mod Z.

We specify further that U(Y, Z) =
∑3

i=0 Ui(Y )Zi ∈ C[Y, Z] such that deg(1,−1)U(Y, Z) ≤

2. By the Formal Inverse Function Theorem [14], we define I(Y, Z) ∈ C[[Y, Z]] to be the formal

inverse of Y +ZU(Y, Z). In other words, I(Y, Z) is the uniquely determined element in C[[Y, Z]]

satisfying I(Y + ZU(Y, Z), Z) = Y . We can write

U(I(Y, Z), Z) =
∞∑
k=0

vk(Y )Zk ∈ C[[Y, Z]]

where, a priori, vk(Y ) ∈ C[[Y ]], but in fact we will see vk(Y ) ∈ C[Y ]. We now define V (Y, Z) as

the truncation of U(I(Y, Z), Z):

V (Y, Z) =
d−2∑
k=0

vk(Y )Zk ∈ C[Y, Z].
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Then we will have:

U(Y, Z) = U(I(Y + ZU(Y, Z), Z), Z)

≡ V (Y + ZU(Y, Z), Z) mod Zd−1

≡
d−2∑
k=0

vk(Y + ZU(Y, Z))Zk mod Zd−1

Applying Taylor’s Formula, we have:

U(Y, Z) =
d−2∑
m=0

Zm

m∑
j=0

1

j!
v
(j)
m−j(Y )U(Y, Z)j

and substituting in U(Y, Z) = U0 + ZU1 + Z2U2 + Z3U3, where U0 = cdY
2, U1 = cd−1Y

3,

U2 = cd−2Y
4, and U3 = cd−3Y

4, then:

U(Y, Z) =
d−2∑
m=0

Zm

m∑
j=0

∑
0≤2a+3b+4c≤j

1

a!b!c!(j − 2a− 3b− 4c)!
v
(j−a−2b−3c)
m−j U j−2a−3b−4c

0 Ua
1U

b
2U

c
3 .

Comparing coefficients of Zk, we obtain the following recursive relation for vk(Y ):

v0 = U0

v1 = U1 − v′0U0

v2 = U2 − [v′1U0 +
1

2
v′′0U

2
0 + v′0U1]

v3 = U3 − [v′2U0 +
1

2
v′′1U

2
0 + v′1U1 + v′′0U0U1 + v′0U2]

vr = −
r∑
j=1

∑
0≤2a+3b+4c≤j

1

a!b!c!(j − 2a− 3b− 4c)!
v
(j−a−2b−3c)
r−j U j−2a−3b−4c

0 Ua
1U

b
2U

c
3

(3.0.1)

Lemma 3.0.2. deg vr(Y ) ≤ r + 2.

Proof. Proof by induction. Writing U0 = cdY
2, U1 = cd−1Y

3, U2 = cd−2Y
4, and U3 = cd−3Y

4 as
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above,

v0(Y ) = U0 = cdY
2

thus deg v0 = 2.

v1(Y ) = U1 − v′0U0 = (cd−1 − 2c2d)Y
3

thus deg v1 = 3.

v2(Y ) = U2 − [v′1U0 +
1

2
v′′0U

2
0 + v′0U1] = (cd−2 − 5cd−1cd + 5c3d)Y

4

thus deg v2 = 4.

v3(Y ) = U3 − [v′2U0 +
1

2
v′′1U

2
0 + v′1U1 + v′′0U0U1 + v′0U2]

= (−3c2d−1 − 6cd−2cd + 21cd−1c
2
d − 14c4d)Y

5 + cd−3Y
4

thus deg v3 = 5.

Now let’s suppose deg vr(Y ) ≤ r + 2. We will show that deg vr+1(Y ) ≤ r + 3. By

definition,

vr+1 = −
r+1∑
j=1

∑
0≤2a+3b+4c≤j

1

a!b!c!(j − 2a− 3b− 4c)!
v
(j−a−2b−3c)
r+1−j U j−2a−3b−4c

0 Ua
1U

b
2U

c
3 .

30



Note the following degrees:

deg vr+1−j ≤ r + 3− j

deg v
(j−a−2b−3c)
r+1−j ≤ r + 3− 2j + a+ 2b+ 3c

degU j−2a−3b−4c
0 ≤ 2j − 4a− 6b− 8c

degUa
1 ≤ 3a

degU b
2 ≤ 4b

degU c
3 ≤ 4c

When looking at each term in the above summation for vr+1, we will see that

deg
(
v
(j−a−2b−3c)
r−j U j−2a−3b−4c

0 Ua
1U

b
2U

c
3

)
≤ r + 3− c

and when c = 0, we will get the maximum degree of r + 3.

We can also study the forms of each vk(Y ) through the next lemma.

Lemma 3.0.3. vr(Y ) = λrY
r+2 + γrY

r+1 + δrY
r +Mr(Y ), with λr ∈ Q[cd, cd−1, cd−2], γr, δr ∈

Q[cd, cd−1, cd−2, cd−3], and Mr(Y ) ∈ C[Y ] such that degMr(Y ) ≤ r − 1.

Proof. We proceed by induction from Equation 3.0.1:

r = 0 : v0(Y ) = U0 = cdY
2

r = 1 : v1(Y ) = U1 − v′0U0 = (cd−1 − 2c2d)Y
3

r = 2 : v2(Y ) = U2 − [v′1U0 +
1

2
v′′0U

2
0 + v′0U1] = (cd−2 − 5cd−1cd + 5c3d)Y

4

r = 3 : v3(Y ) = U3 − [v′2U0 +
1

2
v′′1U

2
0 + v′1U1 +

1

2
v′′0U0U1 + v′0U2]

= (−3c2d−1 − 6cd−2cd + 21cd−1c
2
d − 14c4d)Y

5 + cd−3Y
4

Suppose vk(Y ) = λkY
k+2 + γkY

k+1 + δkY
k +Mk(Y ) with λk ∈ Q[cd, cd−1, cd−2],

31



γk, δk ∈ Q[cd, cd−1, cd−2, cd−3], and Mk(Y ) ∈ C[Y ] such that degMk(Y ) ≤ k − 1 for all 0 ≤ k ≤

r. We want to show that vr+1(Y ) = λr+1Y
r+3 + γr+1Y

r+2 + δr+1Y
r+1 +Mr+1(Y ) with λr+1 ∈

Q[cd, cd−1, cd−2], γr+1, δr+1 ∈ Q[cd, cd−1, cd−2, cd−3], and degMr+1(Y ) ≤ r. By definition,

vr+1(Y ) = −
r+1∑
j=1

∑
0≤2a+3b+4c≤j

1

a!b!c!(j − 2a− 3b− 4c)!
v
(j−a−2b−3c)
r+1−j U j−2a−3b−4c

0 Ua
1U

b
2U

c
3

By our induction hypothesis, we know that each vr+1−j(Y ) have the correct form with λr+1−j ∈

Q[cd, cd−1, cd−2]. We can deduce that each term in the summation will look like:

θj,a,b,cλr+1−jc
j−2a−3b−4c
d cad−1c

b
d−2c

c
d−3Y

r+3−c

where θj,a,b,c ∈ Q. For the coefficient of Y d+3 term, set c = 0 to see that each term will have the

form:

θj,a,b,0λr+1−jc
j−2a−3b
d cad−1c

b
d−2.

λr+1 =
r+1∑
j=1

∑
0≤2a+3b≤j

θj,a,b,0λr+1−jc
j−2a−3b
d cad−1c

b
d−2 ∈ Q[cd, cd−1, cd−2].

since each λr+1−j ∈ Q[cd, cd−1, cd−2]. It is easy to see that

γr+1, δr+1 ∈ Q[cd, cd−1, cd−2, cd−3]

and when c ≥ 3, we will have a polynomial Mr+1(Y ) such that degMr+1 ≤ r.

Using the recursive definition for vr(Y ), Equation 3.0.1, we are able to write a recursive

formula for λr. Since λr is the coefficient of Y r+3, we will take c = 0:

32



vr|c=0 = −
r∑
j=1

∑
0≤2a+3b≤j

1

a!b!(j − 2a− 3b)!
v
(j−a−2b)
r−j U j−2a−3b

0 Ua
1U

b
2

= −
r∑
j=1

∑
0≤2a+3b≤j

1

a!b!(j − 2a− 3b)!
(λr−jY

r−j+2)(j−a−2b)cj−2a−3bd cad−1c
b
d−2Y

2j−a−2b

= −
r∑
j=1

∑
0≤2a+3b≤j

(r − j + 2) · · · (r − 2j + a+ 2b+ 3)

a!b!(j − 2a− 3b)!
λr−jc

j−2a−3b
d cad−1c

b
d−2Y

r+2

Therefore

λr = −
r∑
j=1

∑
0≤2a+3b≤j

(r − j + 2)!

a!b!(j − 2a− 3b)!(r − 2j + a+ 2b+ 2)!
λr−jc

j−2a−3b
d cad−1c

b
d−2 (3.0.2)

Recall that we want to show σZ ∈ C[Z][X, Y ] and

σZ ≡ (X +
d+3∑
k=0

akY
k, Y ) mod Z

or, for the sake of simplicity, let us write σZ(X) as

σZ(X) = X +
∑

µs,t
Y s

Zt
.

Using Lemma 2.0.4, we can take a look at the degrees of the following polynomials:

deg(1,−1)V (Y, Z) = 2 (by Lemma 3.0.3)

deg(1,−1)
V (Y, Z)

Zd
= d+ 2.
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Therefore we have:

deg(1,−1) σZ(X) =

deg(1,−1)

(
U(Y, Z)

Zd+1
− V (Y + ZU(Y, Z), Z)

Zd+1
+
W1(Y + ZU(Y, Z))

Z2
+
W2(Y + ZU(Y, Z))

Z

)
≤ d+ 3

From this we can conclude that for s > d+3, µs,0 = 0. More generally, for s+ t > d+3, µs,t = 0.

Since U(Y, Z) ≡ V (Y + ZU(Y, Z), Z) mod Zd−1, µs,t = 0 for t > 2. All that is left to show is

what happens when t = 0, 1, 2.

To make computations easier, we will multiply σZ(X) by Zd+1 to get:

σZ(Z
d+1X)− Zd+1X = U(Y, Z)− V (Y + ZU,Z) + Zd−1W1(Y + ZU) + ZdW2(Y + ZU)

≡ Zd−1vd−1(Y + ZU) + Zdvd(Y + ZU) + Zd+1vd+1(Y + ZU)

+ Zd−1W1(Y + ZU) + ZdW2(Y + ZU) mod Zd+2

≡ Zd−1[vd−1(Y ) +W1(Y )] + Zd[U(Y, Z)v′d−1(Y ) + vd(Y ) +W2(Y )

+W ′
1(Y )U(Y, Z)] + Zd+1[

1

2
v′′d−1(Y )U2(Y, Z) + v′d(Y )U(Y, Z)

+ vd+1(Y ) +W ′
2(Y )U(Y, Z) +

1

2
W ′′

1 (Y )U2(Y, Z)] mod Zd+2

≡ Zd−1[vd−1(Y ) +W1(Y )] + Zd[U0v
′
d−1(Y ) + vd(Y ) +W2(Y ) +W ′

1(Y )U0]

+ Zd+1[
1

2
v′′d−1(Y )U2

0 + v′d(Y )U0 + vd+1(Y ) +W ′
2(Y )U0 +

1

2
W ′′

1 (Y )U2
0

+ U1v
′
d−1(Y ) + U1W

′
1(Y )] mod Zd+2

Recall that we have yet to specify cd, cd−1, cd−2, cd−3 ∈ C, and W1(Y ),W2(Y ) ∈ C[Y ]. The next

step is to show that we can specify these such that vd−1(Y ) +W1(Y ) = 0, U0v
′
d−1(Y ) + vd(Y ) +

W2(Y ) +W ′
1(Y )U0 = 0, and

1

2
v′′d−1(Y )U2

0 + v′d(Y )U0 + vd+1(Y ) +W ′
2(Y )U0 +

1

2
W ′′

1 (Y )U2
0 + U1v

′
d−1(Y ) + U1W

′
1(Y ) 6= 0.
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Specifically, we want it to be
∑d+3

k=0 akY
k.

By definition, vd−1 = λd−1Y
d+1+γd−1Y

d+δd−1Y
d−1+Md−1(Y ), where degMd−1 ≤ d−2.

We can set W1(Y ) = −γd−1Y d−δd−1Y d−1−Md−1(Y ) and we will therefore need λd−1Y d+1 = 0.

Then:

U0v
′
d−1(Y ) + vd(Y ) +W2(Y ) +W ′

1(Y )U0 = U0[v
′
d−1(Y ) +W ′

1(Y )] + vd(Y ) +W2(Y )

= vd(Y ) +W2(Y )

= λdY
d+2 + γdY

d+1 + δdY
d +Md(Y ) +W2(Y ).

We can set W2(Y ) = −δdY d −Md(Y ) and we will need λd = 0 and γd = 0. In summary,

we have specified W1(Y ) and W2(Y ). Suppose we have chosen cd, cd−1, cd−2 such that λd−1 = 0,

λd = 0 and γd = 0. Then:

1

2
U2
0 [v
′′
d−1(Y ) +W ′′

1 (Y )] + U0[v
′
d(Y ) +W ′

2(Y )] + U1[v
′
d−1(Y ) +W ′

1(Y )] + vd+1(Y ) = vd+1(Y ).

We want to show that we can have

vd+1(Y ) = λd+1Y
d+3 + γd+1Y

d+2 + δd+1Y
d+1 +Md+1(Y ) =

d+3∑
k=0

akY
k,

with ad+3 6= 0. To show G(d+3) ∩ G(d,4) 6= ∅, we only need to show that after we have chosen

cd, cd−1, and cd−2, λd+1 6= 0.

Taking a closer look at the λi’s, we can write:

λi = c
b i+1

2
c

d−1 cεidKi

(
c2d
cd−1

, cd−2

)
.

where εi =

 0 if i is odd

1 if i is even.
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Using the recursive formula for λr, Equation 3.0.3, we can derive an explicit formula for

Ki:

Lemma 3.0.4.

Kn−1 =
1

(n+ 1)!

∑
0≤2l+3m≤n

(−1)n+l+2m+1 (2n− l − 2m)!

l!m!(n− 2l − 3m)!

(
c2d
cd−1

)bn−3m
2
c−l

cmd−2

Proof. Proof by induction.

n = 1: K0 =
2!
2!
= 1 and by definition, λ0 = cd which would imply that K0 = 1.

Let’s suppose that for all integers 1 ≤ n ≤ r,

Kn−1 =
1

(n+ 1)!

∑
0≤2l+3m≤n

(−1)n+l+2m+1 (2n− l − 2m)!

l!m!(n− 2l − 3m)!

(
c2d
cd−1

)bn−3m
2
c−l

cmd−2.

We will show that

Kr =
1

(r + 2)!

∑
0≤2l+3m≤r+1

(−1)r+l+2m+2 (2r − l − 2m+ 2)!

l!m!(r − 2l − 3m+ 1)!

(
c2d
cd−1

)b r−3m+1
2

c−l

cmd−2

by the recursive formula for λr.

36



λr = −
r∑
j=1

∑
0≤2a+3b≤j

(r − j + 2)!

a!b!(j − 2a− 3b)!(r − 2j + a+ 2b+ 2)!
λr−jc

j−2a−3b
d cad−1c

b
d−2

= −
r∑
j=1

∑
0≤2a+3b≤j

(r − j + 2)!

a!b!(j − 2a− 3b)!(r − 2j + a+ 2b+ 2)!
c
b r−j+1

2
c

d−1 c
εr−j

d Kr−jc
j−2a−3b
d cad−1c

b
d−2

= −
r∑
j=1

∑
2a+3b≤j

∑
2l+3m≤r−j+1

(−1)r−j+l+2m+2(2r − 2j − l − 2m+ 2)!

a!b!(j − 2a− 3b)!(r − 2j + a+ 2b+ 2)!l!m!(r − j − 2l − 3m+ 1)!

cr−2a−2l−3b−3md ca+ld−1c
b+m
d−2

= −
∑

2l+3m≤r+1

(−1)r+l+2m+2(2r − 2j − l − 2m+ 2)!

(r + 2)!l!m!(r − 2l − 3m+ 1)!
cr−2l−3md cld−1c

m
d−2

−
r∑
j=0

∑
2a+3b≤j

∑
2l+3m≤r−j+1

(−1)r−j+l+2m+2(2r − 2j − l − 2m+ 2)!

a!b!(j − 2a− 3b)!(r − 2j + a+ 2b+ 2)!l!m!(r − j − 2l − 3m+ 1)!

cr−2a−2l−3b−3md ca+ld−1c
b+m
d−2 †

= −
∑

2l+3m≤r+1

(−1)r+l+2m+2(2r − 2j − l − 2m+ 2)!

(r + 2)!l!m!(r − 2l − 3m+ 1)!
cr−2l−3md cld−1c

m
d−2

= c
b r+1

2
c

d−1 cεrd
∑

2l+3m≤r+1

(−1)r+l+2m+2(2r − 2j − l − 2m+ 2)!

(r + 2)!l!m!(r − 2l − 3m+ 1)!
c
2b r−3m+1

2
c−2l

d c
l−b r−3m+1

2
c

d−1 cmd−2

= c
b r+1

2
c

d−1 cεrd
∑

2l+3m≤r+1

(−1)r+l+2m+2(2r − 2j − l − 2m+ 2)!

(r + 2)!l!m!(r − 2l − 3m+ 1)!

(
c2d
cd−1

)b r−3m+1
2

c−l

cmd−2

Since λr = c
b r+1

2
c

d−1 cεrd Kr

(
c2d
cd−1

, cd−2

)
, we deduce that

Kr =
∑

2l+3m≤r+1

(−1)r+l+2m+2(2r − 2j − l − 2m+ 2)!

(r + 2)!l!m!(r − 2l − 3m+ 1)!

(
c2d
cd−1

)b r−3m+1
2

c−l

cmd−2

and this completes the induction step and the proof.

†This term is equal to zero. See Appendix C for proof.

Notice when m = 0, Kn−1 is equivalent to Qn−1 from Lemma 2.0.5.
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We need to show that there exists cd, cd−1, cd−2 ∈ C such that λd−1 = 0, λd = 0 and

λd+1 6= 0.

In the previous chapter we used a nice property of hypergeometric polynomials in Lemma

2.0.6 to show that there exists complex numbers such that λd = 0 and λd+1 6= 0; however, this

lemma states that if there exists a complex number such that λd−1 = 0, then λd 6= 0. So we are

unable to use this method here. Using Gröbner basis in Mathematica, we are able to check that for

2 ≤ d ≤ 45, we are able to have λd = 0, λd−1 = 0 and λd+1 = ad+3.

Therefore, we have:

σZ(Z
dX)− ZdX ≡ Zd+1[vd+1(Y )] mod Zd+1

and dividing by Zd+1:

σZ(X) ≡ X + vd+1(Y ) mod Z

≡ X + λd+1Y
d+3 + γd+1Y

d+2 + δd+1Y
d+1 +Md+1(Y ) mod Z

From our choice of cd, cd−1, cd−2 ∈ C, λd+1 = ad+3 6= 0.

When looking at σZ(Y ), after the composition we will have:

σZ(Y ) = Y + Zd+2X + ZU(Y, Z)

≡ Y mod Z

Therefore,

σZ ≡ (X +
d+3∑
k=0

akY
k, Y ) mod Z

where ad+3 ∈ C∗. Hence, σ ∈ G(d+3) ∩ G(d,4) for 2 ≤ d ≤ 45.

Example 3.0.5. Notice that when d = 5, we have shown G(8) ∩ G(5,4) 6= ∅.

38



To show this is true, we need to show that we can choose cd, cd−1, cd−2 ∈ C so that λ4 =

0, λ5 = 0, and λ6 6= 0. To simplify computations, define x =
c2d
cd−1

and y = cd−2. By our recursive

formula for λr in Equation 3.0.2,

λ4 = 28− 84x+ 42x2 − 7y + 28xy

λ5 = −12 + 180x− 330x2 + 132x3 − 72y + 120xy + 4y2

λ6 = −165 + 990x− 1287x2 + 429x3 + 45y − 495xy + 495x2y + 45y2

When we set λ4 = 0 and λ5 = 0, we will have a system of equations in two variables:

28− 84x+ 42x2 − 7y + 28xy = 0

−12 + 180x− 330x2 + 132x3 − 72y + 120xy + 4y2 = 0

Solving the first equation yields:

y =
6x2 − 12x+ 4

1− 4x
.

We can substitute this into the second equation. With the help of Mathematica, we will get a few

approximate solutions. For instance, x ≈ 0.21203733715929782 and y ≈ 11.361893628390607.

The last step to show is that these values for x and y will lead to a non-zero value for λ6, the

coefficient of Y 8.

λ6 ≈ 5371.93

Here, we see that if we choose c2d
cd−1
≈ 0.21203733715929782 and cd−2 ≈ 11.361893628390607,

then all our conditions will be satisfied.
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CHAPTER 4

UNION OF POLYNOMIAL AUTOMORPHISMS

The Rigidity Conjecture is related to the union of groups of polynomial automorphisms.

In [9], Furter states the following theorem:

Theorem 4.0.1 (Furter). If d = (d1, d2) is a polydegree with d1 or d2 ≤ 3, then

Gd =
⋃
e�d

Ge,

where � is defined in the following way:

Definition 4.0.2. The partial order � is induced by the following relations:

1. ∅ � d (for any polydegree d),

2. (d1, ..., dk) � (e1, ..., ek) when dj ≤ ej for any j,

3. (d1, ..., dj−1, dj + dj+1 − 1, dj+2, ..., dk) � (e1, ..., ek) when 1 ≤ j ≤ k − 1.

Example 4.0.3. G(2,2) = G(2,2) ∪ G(3) ∪ G(2) ∪ G(1).

This example allows us to write G(2,2) as a union of certain Gd’s. Looking at this example,

we can gather some information such as:

1. G(3) ∩ G(2,2) 6= ∅ (Corollary 1.2.8 when e = 2),

2. G(4) ∩ G(2,2) = ∅.
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Being able to write the closure of a set of automorphisms as a union of groups of polynomial

automorphisms makes it easier to see the subgroups. It would be ideal to show that Theorem 4.0.1

can be extended to larger values of d1 or d2 or even longer polydegree sequences.

Recall from Corollary 1.2.8, we have G(e+1) ⊂ G(2,e) which can be extended to the follow-

ing property:

G(d) ⊂ G(2,2,...,2) = G(2)d

where (2)d is the polydegree sequence of 2’s of length d.

If we have a polydegree of length b ≥ 5, then the following theorem holds true:

Theorem 4.0.4. Let b ≥ 5 be an integer. Then G(2)b is not a union of some Gd for some polydegree

d.

The following theorem by Edo and Furter is essential to the proof of Theorem 4.0.4.

Theorem 4.0.5 (Edo, Furter [3]). Let a, b ≥ 2, c ≥ 1 be integers. Set d = ab− 1. Then

G(cd+a) ∩ G(a+(c−1)d,b,a) 6= ∅

Proof of Theorem 4.0.4. Let a = 2, b ≥ 5, and c = 1. Then using Theorem 4.0.5, we have

G(2b+1) ∩ G(2,b,2) 6= ∅

Let’s consider G(b). Note that G(b) ⊂ G(2,b−1). Therefore

G(b) ⊂ G(2,b−1) ⊂ G(2,2,b−2) ⊂ · · · ⊂ G(2,...,2,5)

with (b− 5) 2’s. Since G(5) ⊂ G(2)3 ( [4]), we have

G(b) ⊂ G(2)b−2
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Hence, G(2b+1)∩G(2)b 6= ∅. However, G(2b+1) 6⊂ G(2)b because of the dimension constraint: 2b+1 �

2b. Thus for b ≥ 5, G(2)b is not a union of some Gd for some polydegree d.

Remark 4.0.6. This is still open for b = 3, 4.
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APPENDIX A

SUMMATION IN PROOF OF LEMMA 2.0.5

Claim: Let

S =
r∑
j=0

∑
0≤2a≤j

b r−j+1
2
c∑

l=0

(−1)l+r−j (2r − 2j + 2− l)!
a!(j − 2a)!(r − 2j + a+ 2)!l!(r − j + 1− 2l)!

xr−2l−2ayl+a.

Then S = 0.

Proof. Let α = l + a.

S =
r∑
j=0

b j
2
c∑

a=0

a+b r−j+1
2
c∑

α=a

(−1)α+r−a−j(2r − 2j + 2− α + a)!

a!(j − 2a)!(r − 2j + a+ 2)!(α− a)!(r − j + 1− 2α + 2a)!
xr−2αyα

=

b r+1
2
c∑

α=0

α∑
a=0

2a+r−2α+1∑
j=2a

(−1)α+r−a−j(2r − 2j + 2− α + a)!

a!(j − 2a)!(r − 2j + a+ 2)!(α− a)!(r − j + 1− 2α + 2a)!
xr−2αyα

Let b = j − 2a and β = r − 2α + 1.

S =

b r+1
2
c∑

α=0

(−1)α+rxr−2αyα
α∑
a=0

β∑
b=0

(−1)a+b(2(β − b) + 3(α− a))!
a!(α− a)!b!(β − b)!(β − 2b+ 2α− 3a+ 1)!

=

b r+1
2
c∑

α=0

(−1)α+r

α + β
xr−2αyα

α∑
a=0

β∑
b=0

(−1)a+b
(
α

a

)(
β

b

)(
2(β − b) + 3(α− a)

α + β − 1

)

It suffices to show that

α∑
a=0

β∑
b=0

(−1)a+b
(
α

a

)(
β

b

)(
2(β − b) + 3(α− a)

α + β − 1

)
= 0
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and if we replace α− a with a and β − b with b, it suffices to show that

S ′ =
α∑
a=0

β∑
b=0

(−1)a+b
(
α

a

)(
β

b

)(
2b+ 3a

α + β − 1

)
= 0.

Applying the Egorychev Method:

S ′ =
α∑
a=0

β∑
b=0

(−1)a+b
(
α

a

)(
β

b

)∮
1

2πi

(1 + z)3a+2b

zα+β
dz

=
1

2πi

∮
1

zα+β

(
α∑
a=0

(−1)a
(
α

a

)
[(1 + z)3]a

)(
β∑
b=0

(−1)b
(
β

b

)
[(1 + z)2]b

)
dz

=
1

2πi

∮
1

zα+β
(
1− (1 + z)3

)α (
1− (1 + z)2

)β
dz

=
1

2πi

∮
(−3z − 3z2 − z3)α(−2z − z2)β

zα+β
dz

= 0

since
(−3z − 3z2 − z3)α(−2z − z2)β

zα+β

is an analytic function.
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APPENDIX B

GAMMA IN EQUATION 2.0.3

Claim: Let

Td = −
d∑
j=3

∑
0≤2a+3≤j

(d+ 2− j)!
a!(j − 2a− 3)!(d− 2j + a+ 4)!

λd−jc
j−2a−3
d cad−1.

Then Td 6= 0.

Proof. Let k = j − 3 and r = d− 3 so that

T = −
r∑

k=0

∑
0≤2a≤k

(r − k + 2)!

a!(k − 2a)!(r − 2k + a+ 1)!
λr−kc

k−2a
d cad−1.

Recall that we can write

λr−k = c
b r−k+1

2
c

d−1 c
εr−k

d Qr−k

(
c2d
cd−1

)
where Qr−k is defined in Lemma 2.0.5. After substitution and simplifying, we will see that:

T =
r∑

k=0

∑
0≤2a≤k

b r−k+1
2
c∑

l=0

(−1)l+r−k+1(2r − 2k + 2− l)!
a!(k − 2a)!(r − 2k + a+ 1)!l!(r − k − 2l + 1)!

cr−2l−2ad cl+ad−1.

From the previous appendix, we proved that:

S =
r∑
j=0

∑
0≤2a≤j

b r−j+1
2
c∑

l=0

(−1)l+r−j(2r − 2j + 2− l)!
a!(j − 2a)!(r − 2j + a+ 2)!l!(r − j + 1− 2l)!

xr−2l−2ayl+a = 0

Notice the only difference between T and S is that S has (r− 2j + a+ 2) in the denominator. We

will use the same outline and substitutions as in the proof in Appendix A.
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Let α = l + a. Thus: T =

b r+1
2
c∑

α=0

α∑
a=0

2a+r−2α+1∑
k=2a

(−1)α+r−a−k(2r − 2k + 2− α + a)!

a!(k − 2a)!(r − 2k + a+ 1)!(α− a)!(r − k + 1− 2α + 2a)!
cr−2αd cαd−1

Let b = k − 2a and β = r − 2α + 1.

T =

b r+1
2
c∑

α=0

(−1)α+rcr−2αd cαd−1

α∑
a=0

β∑
b=0

(−1)a+b(2(β − b) + 3(α− a))!
a!(α− a)!b!(β − b)!(β − 2b+ 2α− 3a)!

=

b r+1
2
c∑

α=0

(−1)α+rcr−2αd cαd−1

α∑
a=0

β∑
b=0

(−1)a+b
(
α

a

)(
β

b

)(
2(β − b) + 3(α− a)

α + β

)

It suffices to show that

α∑
a=0

β∑
b=0

(−1)a+b
(
α

a

)(
β

b

)(
2(β − b) + 3(α− a)

α + β

)
6= 0

and if we replace α− a with a and β − b with b, it suffices to show that

T ′ =
α∑
a=0

β∑
b=0

(−1)a+b
(
α

a

)(
β

b

)(
2b+ 3a

α + β

)
6= 0.

Applying the Egorychev Method:

T ′ =
α∑
a=0

β∑
b=0

(−1)a+b
(
α

a

)(
β

b

)∮
1

2πi

(1 + z)3a+2b

zα+β+1
dz

=
1

2πi

∮
1

zα+β+1

(
α∑
a=0

(−1)a
(
α

a

)
[(1 + z)3]a

)(
β∑
b=0

(−1)b
(
β

b

)
[(1 + z)2]b

)
dz

=
1

2πi

∮
1

zα+β+1

(
1− (1 + z)3

)α (
1− (1 + z)2

)β
dz

=
1

2πi

∮
(−3z − 3z2 − z3)α(−2z − z2)β

zα+β+1
dz

= (−3)α(−2)β.
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APPENDIX C

SUMMATION IN PROOF OF LEMMA 3.0.4

Claim: Let R =

r∑
j=0

∑
0≤2a+3b≤j

∑
2l+3m≤r−j+1

(−1)r−j+l+2m+2(2r − 2j + 2− l − 2m)!xr−2l−2a−3b−3myl+avm+b

a!b!(j − 2a− 3b)!(r − 2j + a+ 2b+ 2)!l!m!(r − j + 1− 2l − 3m)!
.

Then R = 0.

Proof. Let α = l + a and β = b+m. q = a+ b r−j+1−3m
2

c, p = b+ b r−j+1
3
c

r∑
j=0

b j−3b
2
c∑

a=0

b j
3
c∑

b=0

q∑
α=a

p∑
β=b

(−1)r−j+α−a+2β−2b(2r − 2j + 2− α + a− 2β + 2b)!xr−2α−3βyαvβ

a!b!(j − 2a− 3b)!(r − 2j + a+ 2b+ 2)!(α− a)!(β − b)!(r − j + 1− 2α + 2a− 3β + 3b)!

=

b r+1−3m
2

c∑
α=0

b r+1
3
c∑

β=0

α∑
a=0

β∑
b=0

2a+3b+r−2α−3β+1∑
j=2a+3b

(−1)r−j+α−a+2β−2b(2r − 2j + 2− α + a− 2β + 2b)!xr−2α−3βyαvβ

a!b!(j − 2a− 3b)!(r − 2j + a+ 2b+ 2)!(α− a)!(β − b)!(r − j + 1− 2α + 2a− 3β + 3b)!

Let u = j − 2a− 3b and w = r − 2α− 3β + 1.
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R =

b r+1−3m
2

c∑
α=0

b r+1
3
c∑

β=0

(−1)u+a+bxr−2α−3βyαvβ

α∑
a=0

β∑
b=0

w∑
u=0

(−1)a+b+u(2(w − u) + 3(α− a) + 4(β − b))!
a!b!u!(α− a)!(β − b)!(w − u)!(w − 2u+ 2α− 3a+ 3β − 4b+ 1)!

=

b r+1−3m
2

c∑
α=0

b r+1
3
c∑

β=0

(−1)u+a+bxr−2α−3βyαvβ

α∑
a=0

β∑
b=0

w∑
u=0

(−1)u+a+b
(
α

a

)(
β

b

)(
w

u

)(
2(w − u) + 3(α− a) + 4(β − b)

w + α + β − 1

)

It suffices to show that

α∑
a=0

β∑
b=0

w∑
u=0

(−1)u+a+b
(
α

a

)(
β

b

)(
w

u

)(
2(w − u) + 3(α− a) + 4(β − b)

w + α + β − 1

)
= 0

and if we replace α− a with a, β − b with b, and w − u with u, it suffices to show that

R′ =
α∑
a=0

β∑
b=0

w∑
u=0

(−1)u+a+b
(
α

a

)(
β

b

)(
w

u

)(
2u+ 3a+ 4b

w + α + β − 1

)
= 0.

Applying the Egorychev Method:

R′ =
α∑
a=0

β∑
b=0

w∑
u=0

(−1)u+a+b
(
α

a

)(
β

b

)(
w

u

)∮
1

2πi

(1 + z)2u+3a+4b

zα+β+w
dz

=
1

2πi

∮
1

zα+β+w

(
α∑
a=0

(−1)a
(
α

a

)
[(1 + z)3]a

)(
β∑
b=0

(−1)b
(
β

b

)
[(1 + z)4]b

)
(

w∑
u=0

(−1)u
(
w

u

)
[(1 + z)2]u

)
dz

=
1

2πi

∮
1

zα+β+w
(
1− (1 + z)3

)α (
1− (1 + z)4

)β (
1− (1 + z)2

)w
dz

=
1

2πi

∮
(−3z − 3z2 − z3)α(−4z − 6z2 − 4z3 − z4)β(−2z − z2)w

zα+β+w
dz

= 0
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since
(−3z − 3z2 − z3)α(−4z − 6z2 − 4z3 − z4)β(−2z − z2)w

zα+β+w

is an analytic function.
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