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ABSTRACT

The group of automorphisms of the affine plane has the structure of an amalgamated free
product of the triangular and affine subgroups. This leads us to the polydegree: the unique sequence
of degrees of the triangular automorphisms in the amalgamated free product decomposition of the
automorphism. This group is also endowed with the structure of an infinite dimensional algebraic
variety. The interaction between these two structures is not well understood. We use the Valuation
Criterion, due to Furter in [8], to study the interaction between these structures; in particular, it
allows us to see if an automorphism ¢ € G is also in Gz, where d is the polydegree sequence. In
this paper, we will discuss a method that gives us new results concerning a class of automorphisms
with a polydegree of length one being contained in the closure (in the Zariski topology) of a set of

automorphisms with a polydegree of length 2.
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CHAPTER 1

INTRODUCTION

1.1 The Group of Polynomial Automorphisms
Let K be a field. Let K[X] := K[Xy, ..., X,,] denote the polynomial ring over K with n
variables. A polynomial map is a map
F=(F,. . ,F): K" K"
of the form
(1, ey Tp) = (FL(T1, oy @), ooy Fr(1, 0 2)),
where each F; € K[X]. We define the degree of F'to be: deg F' = max{deg F, ..., deg F,, }.
Example 1.1.1. F' = (X + Y?2Y) is a polynomial map from C? — C2,

Such a polynomial map is called invertible if there exists a polynomial map

H=(H,. H): K" K"

such that x; = H;(Fy, ..., F,) for 1 <i < n.

Example 1.1.2. Let H = (X — Y2Y) and F be defined as in the previous example. Then we

have:

FoH=(X+Y%Y)o(X -Y%Y)=(X,Y).

Likewise, H o F' = (X,Y"). Therefore I’ and H are inverses of each other.
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The invertible polynomial maps are in a one-to-one correspondence with K-automorphisms
of the polynomial ring K [ X ], denoted by AutkK[X], via the map F' — F*, where F* € AutxK[X]
is simply F*(g) = g(F'). We thus identify the group of K-automorphisms of K [X| with the group
of all invertible polynomial maps from K™ to K. Notice this identification is an anti-isomorphism
from the invertible polynomial maps from K" to K™ to AutxKI[X].

We will use G(K) to denote the group of polynomial automorphisms of the affine plane
A% = Spec(K[X,Y]). An element ¢ € G(K) is defined by a pair of polynomials (f,g) €
K[X,Y]? such that K[f, g] = K[X,Y] and we write ¢ = (f, g). We use A(K) for the subgroup
of affine automorphisms, i.e. automorphisms of degree 1, and 5(K’) for the subgroup of triangular
automorphisms, i.e. those of the form (aX + P(Y),bY + ¢) where a,b € K*, ¢ € K, and
P(Y) € KY]. Using these subgroups, we can find a structure defined for G(K') from the following

classical theorem:

Theorem 1.1.3 (The Jung-van der Kulk Theorem [14]). G(K) is the amalgamated free product of
A(K) and B(K) over their intersection.

This theorem was first discovered by Jung [11] in 1942 and was later extended to a field of
arbitrary characteristic by van der Kulk [15] in 1953. The theorem tells us that if we let 0 € G(K),

then there exist 3; € B(K)\A(K), ap € A(K), and o; € A(K)\B(K) such that

o = ooy Py - - '5n04n5n+104n+1.

This decomposition is not unique, but the degrees of the triangular automorphisms are unique

which leads us to the following definition:

Definition 1.1.4 (Polydegree). The polydegree is the unique sequence of the degrees from the

triangular automorphisms in the amalgamated free product structure.

In the decomposition above, the polydegree would be: (deg (51, deg s, ..., deg Bni1)-

Remark 1.1.5. deg 3; > 2 for all 1 < i < n + 1 because each f3; is triangular but not affine.
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We denote by G(K ), the set of all automorphisms of G(K') whose polydegree is d =
(dy,ds, ...dy).

Let us now set K = C. We will denote G := G(C), A := A(C), B := B(C), and G, :=
G(C)4. The group G can be endowed with the structure of an infinite-dimensional algebraic variety
(cf. [12], [13]). A set H with a fixed sequence of subsets H,, is called an infinite-dimensional

algebraic variety if the following conditions are satisfied:
1. H=, Hn,
2. H, is a closed algebraic subvariety of H,, 1.

Returning to our group G, define M to be the monoid of K-endomorphisms and set
Mg ={f e M,deg f < d}.

The set M, is a K -affine space, that is

and can be given the structure of a K -algebraic variety. In [1], it is shown that G, is a locally closed
subvariety of M, which gives G, the K -algebraic variety structure. Finally, it follows that we will

have:

M =M,

d=0

which endows M with the structure of an infinite-dimensional algebraic variety and, in turn, yields
G with the structure of an infinite-dimensional algebraic variety. If H C G, let H denote the closure
of H in G for the Zariski topology associated with this structure.

We see that this group G now has two structures: the structure of an infinite-dimensional
algebraic variety and the amalgamated free product structure. It is natural to study the interaction
between these two structures. Furter, in [8], introduced the Valuation Criterion as a way to study

to interaction between these two structures by checking if an automorphism o € G is also in G,;.
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Theorem 1.1.6 (Valuation Criterion). Let ¢ € G. Let 7 = (Fy1, Fy) € G(C((Z)))q such that

F\.F, e ClZ|[X,Y]and T =0 mod Z. Then o € G(C),.

Remark 1.1.7. C((Z)) denotes the field of fractions of C[[Z]], the ring of formal power series in

Z.

Example 1.1.8 (Nagata Map - 1972). Let

y? Y?

Notice that 7 is in the amalgamated free product structure form and has the polydegree of (2, 2);

specifically, 7 € G(C((Z)))(2,2). After composing these polynomial automorphisms on the right,

we will simplify and compute modulo Z:

T=(X—-—+

Y2 V242V Z(ZX —Y?) 4 ZHZX — YV?)?

Y+ Z(ZX —Y?
~ - Y+ 2 )

=(X+2Y(ZX YY)+ Z(ZX =Y )Y + Z(ZX —Y?))

= (X —-2Y"Y) mod Z.

Therefore, for o = (X — 2Y3Y) € Gs, we have, by the Valuation Criterion, o € G2,2)-

This can easily be generalized to show G3y C G(a,9).

1.2 Polydegree Conjecture

The general question to be asked is:

Question 1.2.1. Let d = (dy,...,d;) and e = (eq,...,en) be two polydegree sequences. What

conditions on d and e guarantee that Gy C G,?

An obvious necessary condition for the inclusion G; C G.is G4NG. # (). Friedland and

Milnor discovered a topological constraint on the dimension which is a necessary condition for the

inclusion G; C G..



Theorem 1.2.2 (Dimension Constraint [6]). If G; C G, then
di+dy+--+td Sertert - +ep

Another necessary condition due to Furter ( [7]) states that the length of an automorphism

is lower semi-continuous; this can be reformulated as the following theorem:

Theorem 1.2.3 (Furter [7]). Let d = (dy, ...,d;) and e = (ey, ..., €,,) be two degree sequences. If
GiNG. #0, thenl < m.

The case when [ = 1 and m = 2 is of particular interest and leads to the following conjec-

ture:
Conjecture 1.2.4. Let d, e > 2 be integers. Then Gie—1) C G(d,e)-

The goal is to completely describe the closure of the set of automorphisms of a fixed poly-

degree of length two. That is:

Conjecture 1.2.5. For all integers d, e > 2, we have:

Gao= U Gweru U Yo

d'<d,e’<e c<d+e—1

Furter’s Rigidity Conjecture [9] is an implication of this conjecture. In [5], Edo and van
den Essen discovered a link between the Rigidity Conjecture and the Factorial Conjecture, which
is related to the famous Jacobian Conjecture. It was stated in [1] that the groups of polynomial
automorphisms and their classifications might give a possible approach to proving the Jacobian
Conjecture. Furter, Edo, and Lewis have studied this problem and have classified some families of
polynomial automorphisms.

As aresult of Edo in [2], Conjecture 1.2.4 holds when d — 1 divides e — 1:

Theorem 1.2.6 (Edo). Let d,e > 2 be integers. If d — 1 divides e — 1, then

Gldte—1) C G(d,e)-
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He was also able to extend Theorem 1.2.6 to the following:

Theorem 1.2.7 (Edo). Let d,e > 2 be integers, ife — lisevenand d — 1 € %N, then:

Gldte—1) N Glae) # 0.
To continue with other polydegree properties, we can deduce the following corollary to

Theorem 1.2.6:

Corollary 1.2.8. If we set d = 2 in Theorem 1.2.6, then for all integers e > 2, we will have:
Gletr1) C G2,e)-
We will define the following polydegrees: d = (di,...,d;), e = (eq,...,en), and [ =
(fi,.s fn)- Letd, e := (dy,...,d;, eq, ..., €,,) denote the concatenation of polydegrees.

Lemma 1.2.9. [fG; C G, then G, C Gy

By induction and using the concatenation of polydegrees, we can extend Corollary 1.2.8 to

show that:

Corollary 1.2.10. For all integers d > 2,

Gy C G222 = Yo

where (2)? is the polydegree sequence of 2’s of length d.

Proof. Let d > 2 be an integer. By Corollary 1.2.8, G4y C G(2,4-1) and Gg—1) C G(2,4—2). By the

concatenation of polydegrees, G4y C G(2,2,4—2). By induction, we will then see that:

9@ CYp2d2 CYe22d3 C - CGuoa.

Therefore, Ga) C G(2)a- ]



In Chapter 4, we will prove that when we have a polydegree sequence of 2’s of length 5 or

greater, we will not be able to write it as a union of some G, for some polydegree d.

1.3 Main Theorems

Theorems 1.2.6 and 1.2.7 are great improvements on Conjecture 1.2.4; however, it would
be ideal to remove the restrictions on d and e in order to improve on this conjecture. In his paper,
Edo points out that the next step is to prove that Gy N % # (). These theorems and this last
challenge gave motivation towards this dissertation.

In Chapter 2, we will be able to improve Conjecture 1.2.4 when e = 3:
Theorem 1.3.1 (Main Theorem 1). For all integers d > 2, G(a42) C G(4,3)-

In Chapter 3, using the same method from Chapter 2, we will show the first step in proving

the conjecture when e = 4 and 2 < d < 45.
Theorem 1.3.2 (Main Theorem 2). For all integers 2 < d < 45, G(ay3) N G(aa) 7# 0.

In Chapter 4, we will discuss more about the union of polynomial automorphisms with a

longer polydegree sequence.

Theorem 1.3.3 (Main Theorem 3). Let b > 5 be an integer. Then G(Q)b is not a union of some Gy

for some polydegree d.



CHAPTER 2

PROOF OF MAIN THEOREM 1

In Theorem 1.2.7, if we set e = 3, then we know for all integers d > 2, G(q42) N G4,3) 7# 0.
In this chapter, we will prove that we have inclusion, which will prove that Conjecture 1.2.4 is true

when e = 3.
Theorem 2.0.1. For all integers d > 2, G(412) C G(a,3)-

Proof. Let o € G4.9) be a triangular automorphism of degree d + 2. Then we can write

o=mX+ di% arY® Y +1s)
k=0

for some 1,7y, 04,0 € C* and r3,a; € Cfor0 < ¢ < d+ 1. To prove o € % using the
Valuation Criterion (1.1.6), we will explicitly construct an automorphism o € G(C[Z]) such that,
writing 0z = (fz, gz) and working modulo Z, f; = o(X) and gz = o(Y).

LetU(Y,Z),V(Y,Z),W(Y), and W, (Y) be arbitrary polynomials for now; we will define
them momentarily, but we will assume deg, U(Y, Z) = 3, degy, V(Y,Z) = d, degW(Y) < d,
and deg W1 (Y') < d. Let us consider the following polynomial automorphisms:

Uy, 2)

7'1:(7”1X+ Zd

)

a=(X,Y + 2 X)

V(Y,Z) W(Y
TQZ(X— (Zd )+ é)—f—Wl(Y),TQY—FTg)




Set 07 = ma7. Notice that o7 € G(C((Z)))(4,3)- Direct computation shows:

UY,Z) VY+2ZUY,2),Z) WY +ZU(Y,Z))
7 74 + 7

gz =0z(Y) =Y + Z X + ZU(Y, Z) + 1y

fz=0z(X)=rmX+ + Wi (Y)

and we will show fz, gz € C[Z][X,Y], and

d+2

oz(X)=rX+ Zakyk mod Z
k=0
oz(Y)=mrY +r3 mod Z.

We specify further that U(Y, Z) = 37 Ui(Y)Z" € C[Y, Z] such that deg, _\U(Y,Z) <
2. By the Formal Inverse Function Theorem [14], we define I(Y, Z) € C[[Y, Z]] to be the formal
inverse of Y + ZU (Y, Z). In other words, I (Y, Z) is the uniquely determined element in C[[Y, Z]]
satisfying [(Y + ZU(Y, Z), Z) = Y. We can write

UI(Y. ivk ke [y, Z]]

k=0

where, a priori, v(Y") € C[[Y]], but in fact we will see v;(Y) € C[Y]. We now define V (Y, Z) as
the truncation of U(I(Y, Z), Z):

d—2
V(Y,Z) =) w(Y)Z" e Cly, Z].
k=0
Then we will have:

UY,Z)=U(I(Y + ZU(Y, Z), Z), Z)

V(Y +2ZU(Y,Z),Z) mod Z%7!

—2

IS

wn(Y + ZU(Y, 2)) Z* mod 7971,
0

il



Applying Taylor’s Formula, we have

Recalling U(Y, Z) = Uy + ZU, + Z*Us,, we further specify Uy = ¢;Y2, Uy = ¢41Y?3, and

U, = cq_2Y3, where ¢4, c4_1, c4—s € C remain arbitrary for now. Then:

d—2 m
1 . .
— m (j—a—2b)rrj—2a—3brraysh
vz =3 2"y ), bl — 20 3y o T Uy,
m=0 7=0 0<2a+3b<j

Comparing coefficients of Z*, we obtain the following recursive relation for v (Y):

vg = Uy

Vv = U1 — U6U0
(2.0.1)

1
Vg = UQ — [UIIU() + §UgU02 + U6U1]

. g 1 (j—a—2b) 7 rj—2a—3brrarTh
== D albl(j — 2a — 3b) " bo Uit

7=1 0<2a+3b<j5

Lemma 2.0.2. degv,(Y) < r+ 2.

Proof. Proof by induction. Writing Uy = ¢;Y2, U; = cq_1Y?3, and U, = c4_,Y? as above,

Vg = Uo = CdY2,

thus deg vy = 2.
vy = Uy — vy = (cq_1 — 262)Y3,

thus deg vy, = 3.

1
Vg = U2 — [’UllU() + QUgUg + U6U1] = Cd72Y3 =+ Cd(_5cd71 + 5C?[>Y47

10



thus deg vy = 4.
Now let’s suppose degv,.(Y) < r + 2. We will show that degv,1(Y) < r + 3. By

definition,
r+1 1

_ (j—a—2b)r7j—2a—3byrayrh
= 2 A —2a —3py s Do U

7=1 0<2a+3b<j

Note the following degrees:

degvpy1—; <r+3—7
dequ(nﬁa_fb) <r+3-2j+a+2b
deg Ui 2% < 2 — 4a — 6b
deg U < 3a

deg U? < 3b

When looking at each term in the above summation for v, 1, we will see that
deg(vV US> URUL) < v 4+ 3 b

When b = 0, we will get the maximum degree of r + 3. [

We can also study the forms of each v, (Y") through the next lemma.

Lemma 2.0.3. [. Ifriseven, v,(Y) = AV + 7, Y™ + M.(Y), with \, € Q|c2, cq_1],
Y € Q[ca, ca—1, ca—2), and M.(Y') € C[Y| such that deg M.(Y') < r.

2. Ifrisodd, v,(Y) = \ Y™ 2+, Y™ 4 M.(Y), with A\, € Q[c2, ca_1], 7 € Qlca, ca—1, Ca—2),
and M,(Y') € C[Y] such that deg M,.(Y') < r.

11



Proof. We proceed by induction from Equation 2.0.1:

r=0: u(Y)="U=cY” Therefore \o = 1 and v, = 0.

r=1: v(Y)=U —vlU = (ca1 — 2¢3)Y?. Therefore A\; = c4_1 — 2¢; and v; = 0.
1

r=2: 0(Y)=Us— [0+ S0U + vl = caa¥”® + ca(—5ca-1 + 5¢)Y ",

Therefore Ay = —5cy_1 + 563 and 7, = cq_o.

Suppose v (Y) = A\pcgY ¥ 247, Y+ 4 M (V) when kis even or vy, = A\ Y #7244, YA+
M;(Y)) when k is odd with A\, € Q[c2, ca-1], V& € Q|ca, ca_1, a2, and deg M, (Y) < k for all
0 < k < r. We want to show that v, 1(Y) = A\ Y™ + 4,V + M, (Y) when 1 is
even or U4 1(Y) = A\py1caV™3 4+ 4, Y2 + M, (V) when 1 is odd with \,,; € Q[c2, ca_1],
Yr1 € Q[ea, ca-1,ca-2), and deg M, (V) <7 + 1.

By definition,

r+1
o 1 (j—a—2b)r7j—2a—3byrayrh
== ) bl —2a —ap) - o T U

j=1 0<2a+3b<j

By the induction hypothesis, v, ;_; has the correct form. There are two cases to consider:

1. Whenr—+1 —] is even: Ur41—j (Y) = )\TJrl,deYT_jJ'_S +7T+17jY7”—j+2 + MT+1,j (Y) where
Mt1—j € Q[c3, c4—1] and ,41—; € Q|cg, Ca—1, Ca—s). Each term in the summation for v,

where r + 1 — j is even will have the form
/81AT+1_deCZ'l—2a—3ng_1CZ_2y7“+3—b 4 /827r+1_jcg_2a_3bcg_1CZ_QYT.—FZ_IJ + K(Y)

where 51, s € Cand deg K(Y) <r+1—b.

When b = 0, we can see that the coefficient of Y3 will be 3, )\TH_jcdcg_zacg_l. When

12



b = 1 in the first term and b = 0 in the second, the coefficient of Y2 will be

Bidvs1—jcac 73 caio + BovrasC 00
. Whenr +1—jisodd: v, ;(Y) = ANg1 ;Y773 + 4,00 Y792 4 My (V) where
Ary1—j € @[C?p ca—1) and v, 41-; € Qlca, cg-1, C4-2).

Each term in the summation for v,,; where r 4+ 1 — j is odd will have the form

—2a—3b b 3—b j—2a—3b b 2—b
Bridrii-icy Ci-1Ca2Y" T 4 Bovrrajcy Ci1Ca2Y T+ K(Y)

where 51, € Cand deg K(Y) <r+1—b.

When b = 0, we can see that the coefficient of Y3 will be /3, )\Hl_jczl_zac?,_l. Whend =1

in the first term and b = 0 in the second, the coefficient of Y2 will be

| —2a—3 | —2a
Bidri1-C, Cq_1Ca—2 + Boyry1—jcy Cq_y.

Now we will show:

. Whenriseven, v, 1(Y) = N\ Y3 + 4, 1 Y2 + M, (Y).

If r is even and 7 4+ 1 — j is even, then j and j — 2a must be odd. So the coefficient of Y"+3,

51>\r+1_j62_2a+10371 € Q[C?l, Cd—l]' Call this term 57~+1_j.

If r is even and 7 4+ 1 — j is odd, then j and j — 2a must be even. So the coefficient of Y73,

Bidrsi—jcy 2c ) € Q[c3, cq—y). Call this term &/ ;.

Therefore, the coefficient of Y3 in v, ; will be

Ar1 = Z Or41—j + Z 51c+17j€@[cglucdfl]-

r4+1—j even r+1—7 odd
It is easy to see that the coefficient of Y"*2 in v,,; will be in Ql[ca, Ca—1, Ca—2)-

13



Therefore, v, 1(Y) = A1 Y™™ + 4,0 Y2 + M, (V) where A\, € Q|c%,cq-1] and
Yr1 € Q[ea, ca—1, ca—2)-
2. Whenrisodd, v, 1(Y) = A\p1cgY™ 3 + 4,1 Y2 + M, (V).

If ris odd and » + 1 — j is even, then 7 and j — 2a must be even. So the coefficient of
Yy, /81)\r+1—jchZl “eh_ = ca brdpa- ]C] 2a03 ). Set vy = Bideqa- ]Cj 2a03 1 €
Qlc?, ca_1]-

If r is odd and r + 1 — j is odd, then j and j — 2a must be odd. So the coefficient of Y73,
Bidrsr_ich et = ca(Bideyr_jch 2 et ). Now, j — 2a — 1 is even. Set v/, =

2a-1
By 2 ey € Qled, catl.

Therefore, the coefficient of Y3 in v, ; will be cg)\,,; where

Arp1 = Z Vrgi—j + Z Lz —j € Qe cal-

r+1—j even r+1—j odd

It is easy to see that the coefficient of Y"*2 in v,,; will be in Ql[ca, Ca—1, Ca—2)-

Therefore, v, 1(Y) = A\y1caY ™™ + 4,V + M, (V) where ;1 € Q[c?,cq41] and

Y1 € Qleg, ca—1, Ca—2).
O

Using the recursive definition for v,.(Y’), Equation 2.0.1, we are able to write a recursive

formula for \,. Since )\, is the coefficient of Y2, we will take b = 0:

Urb:OZ—Z Z j—QaIT]Jan QaUa

=1 0<2a<; ¢
— yr—j+2\(j—a) 2a a 2j—a
N S SR
j=1 O<2a<]
(r—j742)---(r—2j+a+3) gy
- Z Z al(j — 2a)! )\T_jclji Y 2
7=1 0<2a<j J

14



Therefore

T (r—j+2) »
A= Z ] ; )‘T*jc(]i Ci—1 (2.0.2)
j=10<2a<; al(j —2a)/(r — 2j + a +2)!

Recall that we want to show o € C[Z][X, Y] and

d+2
o7 = (X + ZakYk,rgY +73) mod Z.
k=0

For the sake of simplicity, let us write o7 (X) as

YS
O'Z(X) = TlX + Z,us’t?.

Taking a look at the degrees, we obtain the following lemma:

Lemma 2.0.4. Let P(Y, Z) € C[Y, Z] be an arbitrary polynomial. If deg, _1y P(Y, Z) = r, then
deg(L_l) P(Y + ZU(Y, Z), Z) S T.

Proof. Suppose deg(; _1)P(Y, Z) = r. Recall that deg; _;, U(Y, Z) < 2. Thus

deg; 1) ZU(Y,Z) < 1, which implies that deg; _1,(Y + ZU(Y,Z)) = 1. When composing
P(Y, Z) with a degree one polynomial the homogeneous degree of P(Y + ZU(Y, Z), Z) will
never be increased. Therefore, deg; 1) P(Y + ZU(Y, Z), Z) <. O

Note a few more homogeneous degrees of some important polynomials for the next step in

our computation:

deg; _nV(Y,Z) =2 (by Lemma 2.0.2)

Y. Z

deg(1,—1) 7

15



Therefore we have

deg(l,fl)JZ(X)

~dego <U(§Z/,dZ) V(Y + ng(Y, 2).2) W + ZZU(Y, ) (Y))

<d+2.

From this, we can conclude that for s > d+2, ps ¢ = 0. More generally, for s+t > d+2, g, = 0.
Since U(Y,2) = V(Y + ZU(Y, Z),Z) mod Z4', us, = 0, for t > 1. All that is left to show is
what happens whent = 0 and ¢t = 1.

To make computations easier, we will multiply o (X) by Z¢ to get:

07(Z2°X) - Z% X =U(Y,Z) - V(Y + ZU,Z) + Z"'W(Y + ZU) + ZW, (Y + ZU)
= 72 0a (Y + ZU) + Z%y(Y + ZU) + Z*W(Y + ZU)
+ ZW (Y + ZU) mod Z*
= 7 g1 (V) + W(Y)]

+ ZU, (V) + UW'(Y) + 0g(Y) + Wi (Y)] mod Z¢

Recall that we have yet to specify ¢4, c4—1,c4—2 € C, and W(Y), W (Y) € C[Y]. The
next step is to show that we can specify these such that v,_1(Y) + W(Y) = 0 and Upv), (V) +
UW'(Y) +va(Y) + W (V) = 82 ap v,

When d is odd, we have vg_1(Y) = A\g_1¢aY T +74 1Y+ My_1(Y), where deg My_1(Y)
<d—1.Wecanset W (Y) = —v4_1Y?— M,_,(Y) and, therefore, we will need \g_1cqY "t = 0.
When d is even, we have vy_1(Y) = A\g_1 Y 4y 1 Y94+ My 1 (Y), where deg My_1(Y) < d—1.
We can set W(Y) = —y;_1 Y% — My_1(Y) and again need \y_,Y 4! = 0. In either case, we have

specified W (Y); suppose we have chosen ¢4, c4_1 such that A;_; = 0. Then

Uo[vd_l(Y) + W(Y)], + Ud(Y) + Wl(Y) = ?)d(Y> + Wl(Y)
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‘We want to show that we can have

d+2

va(Y) + Wi(Y) =Y apY*.
k=0

That is, when d is odd:

d+2

)\de+2 + ’Yde+1 + M ( + Wl Z akyk

when d is even:

d+2

AacaY 2 gV 4 My(Y) + W (V) =) apY™
k=0

where deg My(Y) < d. We need \; € C* and 74 € Clcys_2|\C after choosing cq4,cq_1 . In

summary, we need to show that we can choose c,4, c4_1 such that:
1. \gq-1=0
2. \gis an arbitrary element of C*
3. 74 € Cleg_s]\C.

Taking a closer look at the \;’s, we can write

2
Ai —cd ) c QZ(Cd 1)

0 if 7 1s odd
where ¢; =
1 if 7 is even.

Using the recursive formula for \;, Equation 2.0.2, we can derive an explicit formula for @),

Lemma 2.0.5.

Ly
Ous ca\_ 1 (1) @2n =0 [ &\
"\ (n+1)! N(n —20)! \ cq—1

17



Proof. The proof is by induction on n.

0
n=1Qo =% ( 651> = 1 and by definition of Ay, Ay = ¢4 which would imply that Q, = 1.

Cq—

Let’s suppose that for all integers 1 < n <r,

5] i
Q 1 C?l = 1 (_1)l+n+1 (277/ — l)' CCQl 3] |
"\ ey (n+1)! I —20)! \cq s

=0

We will show that

15

2 2\ L
o 1 lirpe 2r+2-=0D [ 2
r p— —1
Q (Cd1> (7’-'-2)‘ ;( ) l'(T+1—2l)' Cd—1

using the recursive formula for A,.
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_ 92 .
-y ¥ st Ay
al(j —2a)l(r — 25+ a+2)!

Jj=1 0<2a<]

— r_j+2) LTJ+1J 67‘7 2 C]Q(la
Z Z al(j — 2a)!( r—2j+a—|—2)!(d1 )QTJ 4 Cd-1

=1 0<2a<; ¢ Cd—1

'r j+1

B —Z Z Z (—=1)Hr=it2(2r — 25 + 2 —1)! 3
B a']—2a (r—2j4+a+2)1(r—j5+1-20)! \c4-1

7j=10<2a<j [1=0

L%J+acj*2a+€r7j

Ca—1 d
r | =4+ »
(_1)l+’r—]+3(27, B 2j +2 - l)' r—2l—2a l+a
o . ; : c c
o o A 20)(r =2+ a+ 2U(r -+ 1 - 20)! d -1
=l |
_ _ Z (_1)l+7’+1 (27‘ +2 - l) CQLTerlJ_Ql""ErCl
— (r+2W(r+1-20)1 -1
. k=Y .
- : o At TR Tt P

al(G—2a)(r—2j ta+2W(r—j+1—2pl@ ‘ol

PRy ) (2r +2—1)! 2L -2 -1
= iy §: (r+2)0(r +1— 20 Cd-1

r+1

L= —
N (e @rb2=0L (o VU
d -l (r+2)1(r +1—21)! )

75 e
.

Since A\, = cd e Qyr <T> , we deduce that

0 c_fl _ 2 (—1)Hr+2 (2r+2—1)! 3 1%
" Cd—1 (7’ + 2)'“(7" +1-— 21)' Cd—1 ’

and this completes the induction step and the proof.

1This sum is equal to zero. See Appendix A for proof.

s

]

There is an unexpected link between this problem and the theory of hypergeometric func-

tions. For a general reference on Hypergeometric Functions, see [10].
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Lemma 2.0.6 (Gauss hypergeometric polynomials [2]). Let n > 2 be an integer. Let ()1 be

defined as in Lemma 2.0.5. We have:
1. deg Q1 = |5 and Qn_1(t) # 0 forall t > 0,
2. Q,_1 has only simple roots.
3. There exists a complex number u,,_, € C such that Q,,(u,—1) = 0 and Q11(u,—1) # 0.

By this lemma, there exists ¢4, cq_1 € C such that A\;_; = 0 and \y = ag4.2 # 0. In fact,

Ag—1 and A4 have no roots in common.

Lemma 2.0.7. \;_; and \g have no roots in common.

Proof. As we know, we are able to write A\;_; and \; in terms of the polynomial Q, which is a
hypergeometric polynomial. Let us recall some basic definitions and formulas. Let a, b, ¢,z € C,

the classical Gauss hypergeometric series is define by:

oFi(a,b,clz) = Z %

keN

where, for a complex number a € C and an integer k& € N, the Pochhammer symbol (a);, is defined

by (a)o =1and (a)y = a(a+1)---(a+ k — 1). Using this definition, we can write

2d)! d d-—1 >
1= —1d+1(—F—— ——— —2d|4 | —L)).
Qo =(=1) d(d+ 117 g2 Ca1 )

Then:

- (2d + 2)! d+1 d ¢

and

(2d + 4)! d+2 d+1 <c_§>)

= (=1)*! - —2d— 44
Qarr = (-1) (d+2)!(d+ 3)1° i 2 ' 2 | Cd1
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Ifweleta= -2 b=—-4,c=-2d—2,and z =4 ( ), then we will have:

Qdfl - (_1)d+1%2f‘_’1<b,a —+ 1,C—|— 2|Z>
— (—1)d+l%gﬂ(a +1,b,c+2|2)
Qo= (1) DR (a2

(d+ D)!(d+2)!
a1 (2d+4)!
D (d+2)!(d +3)!
(2d + 4)!
(d+2)/(d+ 3)!

Qa1 = (=

oF1(b—1,a,¢c—2|2)

— (_1>d+1

oFi(a,b—1,¢—2|2)

In fact,
2Fi(a+1,b,c+2)2) = 77%;%57
(d+1)!(d +2)!
2Fi(a,b,¢z) = (—1)4(2d + 2)!
(d+2)1(d+ 3)!

2Fl(a7b 1 C— 2| ) ( )d+1(2d—|—4)‘ d+1

There is a linear relation between three hypergeometric polynomials. That is: there exists

functions f,g,h such that

f(Z)ZFl(aa b— 1,C - 2|2) +g(z)2F1(a,b,c|Z) + h(Z)QFl(a + ].,b,C-f‘ 2|Z) =

When looking at Gauss Contiguous Relations, we can figure out what f, g, h have to be. We will

use the following relations:
L. coFi(a,b,c|z) —agFi(a+1,b,c+ 1]2) + (@ — ¢)2 Fi(a,b,c+ 1|2) =
2. (c+1)2F1(a,b,c+1]2)+(b—c—a)2 Fi(a+1,b, c42|2)+(2—1)(c—1)2 Fi (a+1,b, c+1|2) =
3. (c—1)9F(a,b—1,c—1]2)+ (a—c+1)z2F1(a, b, c|z)+ (z—1)(c—1)2Fi(a, b,c—1|z) =
4. (¢—=2)9F1(a,b—1,¢—2|2)— (b—1)2Fi(a,b,c—1|2)+ (b—c+1)aF1(a,b—1,c—1]z) =
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5. (c=1)(z = 1)eaFi(a,b,c — 1]2) + (a — ¢)(b — ¢)aFi(a,b,c + 1|2) + c(c + (a + b — 2¢ +
1)z —1)2Fi1(a,b,c|z) =0

We will solve for o/ (a + 1, b, ¢ + 1|z) in relation 1 and substitute it into relation 2 to get:

2Fila b e+ 1]2) = = ﬁg - ;Eclz e gefiat Lbe+202)
cle=1)(z—-1)

Tt D+ D= Da—g@hd?)

Then, we will solve for o F(a,b — 1, ¢ — 1|z) in relation 3 and substitute it into relation 4

to get:
(a—c+1)(b—c+1)z
Fila,b,c—1|z) = Fi(a,b
S T (et e )
c—2
— Fila,b—1,¢—2
=D =h = (—c—D) =2 @ hem 2
Now, we will substitute these two new relations into relation 5 to see that:
f(2)2F1(a,b—1,¢=2|2) + g(2)2F1(a, b, c[z) + h(2)2Fi(a+ 1,b,c+2[2) = 0
or
(d+2)!(d + 3)! (d+ 1)!(d+2)! dl(d+1)!
h B —— 1 =
T e e 9 Tyia o @t e Tya gy Qe =0
where:

f(z) = 2 =¢)(=1+c)e(a(l+¢) + (a — ) (=1 +)(=1+2))(=1+ 2),
9g2)=(-14+c)(-1+2)2+c(-1+2)—(1+bz)+ (1+a—c)(1+b—c)e(—1+2)z
(a2+ (—14+c¢)z2)+ce(-1+c+z—c2)+c(2+c(—14+2) — (1+b)2)

(—14+c+(1+a+b)z—2c2)(a2+ (—1+¢)2) +c(—14+c+2z—cz2))
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and

hz)=—ala—c)(=b+c)(1=b+c)z24+c(—1+2) — (1 +b)z)

Let us suppose that Q4 and ()41 have a common zero. Then either ()4 or h(z) would
also have this zero.

Claim: h(z) does not have a common zero. The roots of i(z) are z = 0 and

—24c¢  —2(d+2)

T l-bte FP(d+2)

4

=3

We will show that these roots are not roots of ()4. For any hypergeometric function,
2 Fi(a,b,cl0) = 1.

Thus, when z = 0, we have

(2d +2)!
d+ 1) +2)!

Qa(0) = (=1)* 7 0.

2
C
When z = %, we have 4 <Cdd

0, (1) - Z e 244201 (1 L5
3 d+2' 2 z'd+1—2z)

(=1t (1 , (2d+2—1)!
T (d+2)! (3) Z l'd+1—21)

2
1) = %; that 1s C;—dl = % When evaluating, we will deduce that

It is easy to verify that

L (2d+2 1)

(=3) I(d+1—21)! 70

Thus Q4(3) # 0 and we can conclude that )4 and h(z) do not have a common zero. Therefore,

(Q4—1 must have a common zero with (J; and ()411. By induction, @)y, Ql, and (> would have

common zeros. By definition, Qy = 1, Q; = 1 — 205%1, Q2 = =5+ 5. Clearly, these do not

23



have the same zeros, so we have reached a contradiction. Therefore, A;_; and A4 have no roots in

common. O]

Since A\4_; and A4z have no roots in common, it suffices to show that there is a root of
Aq—1 that is not a root of 4. That is, we need to check that with our choice of ¢; and c¢4_1,

Ya € Clea—2]\C.

From Equation 2.0.1, we can derive v,

- 1 (j—a—2b)yrj—2a—3brrayrh
-2 2 albl(j — 2a — 3b)! T Uo UyU;

j=1 0<2a+3b<j

— i Z (Ar—jyr+27j + ’YT—jYT+17j + Kr—j(Y)>(jia72b)cy 2a—3b a Y2] a—3b
- d

&4 e
1bl(7 — — | d—1%d-2
Pl albl(j — 2a — 3b)!

:_zr: Z (7,+2_j)...(7a_2j+a+26+3)>\r_jcziza 3b a yrH2-b

: e
: ) albl(j — 2a — 3b)! d—1%d~2
7=1 0<2a+3b<j

- L—j)(r—2j 2b + 2
_Z Z (r+1—j)---(r=2j+a+ +>Tijcz12a3ba yrl=b

C C
(5 — 2a — 3b)! d—1Cd—2
j=1 0<2a+3b<; alb!(j — 2a — 3b)!

r (r—j)---(?“—2j+a‘|‘2b+1) j—2a—3b a b r—b
-2 > albl(j — 2a — 3b)! rosta a2y
j=1 0<2a+3b<j

where 6,_; € C. To calculate 7,, we will use b = 1 in the first summation and b = 0 in the second

because 7, is the coefficient of Y"1,

d (r+2— r—2j+a+5b 03 4
_Z Z J) - ( ) )Ar_chiQ 3Cd Card

=3 0<2a+3<j al(j —2a —3)!

+1=j) (=2 +a+2) o,
D993 Vgl

r—j
j=1 0<2a<j al(j — 2a)!

(r4+2—7)! -3 a
D3 T e

j= 30<2a+3<j I(j —2(1—3)!(7*—2]4_@_’_4)'

Y e
j—2a N(r—2j4a+1) 70 Tt

j=1 0<2a<j

(2.0.3)
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Claim: 74 € C[cy—2]\C. To see this, it suffices to show that

(d+2—j) s
Z Z j> . ')\dfjcj 2 3Cd 1 ¢ C

j=3 0<2a+3<j .7 _2a—3)!(d—2j +CL—|—4),

In fact, by Appendix B, we have:

(d+2—j)! i—2a—3
Ag—ic 270
Z Z al(j—2a —3)I(d—2j +a+4) "7 Ca-1

7=3 0<2a+3<3

d—2 5 2 1952 —a
_ ij] Z (_1)a+d—1(_3)a<_2)d—2a—2 <Cdd1> '
a=0 N

Now, we will show that there exists a root of ();_; that is not a root of 7,;. Note deg Q41 =
|2] and deg T; = |%2]. Let’s assume all the roots of Q4_; are also roots of T,;. We will prove
by contradiction that they do not have the same roots. Since deg )y 1 = deg T}, + 1, there exist

2 <
) 40T (L

complex numbers s,¢ € C such that )y (653 > = (s ( dc

—1

>. We will solve for s
and ¢ by comparing coefficients and then we will show a contradiction.

15]
Comparing coefficients of ( d72> , we can explicitly compute s:

B (2d)!
T (—2)¢2(d + )ld!

c 15~ ..
Comparing coefficients of (6d32> * 7, we can explicitly compute ¢:

(2d —1)!
(—2)42(d+1)ld — 2!

L9521
Comparing coefficients of ( d_2> , we obtain:

2d—-2)!  (2d)/(=3)2(—2)"5  (2d — 1))(=3)(~2)¢
2(d+ D)I(d—4)!  (d+ Dldl(—2)72 " (d+ 1)(d — 2)l(—2)d-2
_ 144(2d)! — 6(2d)!(d — 1)

(d+ 1)ld!
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which is impossible. Therefore, with our choice of ¢; and c¢4_1, we will see that 74 € Clcg_»]\C.

In summary, we have shown that we can choose ¢; and ¢4 _; so that:
1. Ago1 =0,
2. A4 is an arbitrary element of C*, and
3. 74 € Cleq—o]\C.

We can choose c;_5 so that v; = a4y € C*.

Therefore, we have:
07(Z2°X) — Z% X = Zvg(Y) + Wi(Y)] mod Z4
and dividing by Z%:

oz(X)=rmX +v(Y)+ Wi (Y) mod Z

=1 X + AY T 4V My (Y) + Wi(Y) mod Z

From our choice of ¢4, c4_1,cq-2 € C, \y = agy2 and 74 = ag41. We can finally specify
Ma(Y) + Wi(Y) = S5 apY™,

When looking at o (Y"), after computing, we will have:

oz(Y)=rY + 2% X + ZU(Y, Z) + 13

ET2Y+T3 mod Z

Therefore,
d+2
o=(rmX+ Z arY®,rY +r3) mod Z
k=0
and we can conclude that G419y C G(a3). [
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CHAPTER 3

PROOF OF MAIN THEOREM 2

It is natural to examine what will happen when we increase the value for e. In this chapter,

we will use the same method as chapter 3 in order to prove the following theorem:
Theorem 3.0.1. For all integers 2 < d < 45, Gig43)y N G(aa) 7 0.

Proof. Let o € G4,3) be a triangular automorphism of degree d + 3. Then we can write:

d+3
o= (X+ ZakYk,Y)

k=0
for some ayy3 € C* and a; € Cfor 0 < ¢ < d+ 2. To prove o € % using the Valuation
Criterion (1.1.6), we will explicitly construct an automorphism o, € G(C[Z]) such that, writing
oz = (fz,9z) and working modulo Z, f = o(X) and g = o(Y).

LetU(Y, Z),V(Y, Z), Wi (Y), and W, (Y') be arbitrary polynomials for now; we will define

them momentarily, but we will assume degy, U(Y, Z) = 4, degy V(Y,Z) = d, and deg W, (Y),
W5(Y) < d. The degree of U(Y, Z) here is the first change from the previous case. Consider the
following polynomial automorphisms:

Uy, 7)

YY)

a=(X,Y + Z2972X)

VY, zZ) Wi(Y) +W2(Y)

TQZ(X—
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Set 07 = ma. Notice that 0z € G(C((Z)))(a,4)- Direct computation shows:

fz=02(X)
v uy,z)y VIY+zUY,zZ),zZ) WY +2ZUY,Z)) WY +ZU(Y,Z))
=&+ Zd+1 Zd+1 + 72 + 7

gz =07Y) =Y + 22X + ZU(Y, Z)

and we will show that f~, g, € C[Z][X,Y], and

d+3

07(X) =X+ aY* mod Z
k=0

oz(Y)=Y mod Z.

We specify further that U(Y, Z) = 327 U;(Y)Z' € C[Y, Z] such that deg; _hU(Y,Z) <
2. By the Formal Inverse Function Theorem [14], we define /(Y, Z) € C[[Y, Z]] to be the formal
inverse of Y + ZU (Y, Z). In other words, I(Y, Z) is the uniquely determined element in C[[Y, Z]]
satisfying I(Y + ZU(Y, Z), Z) =Y. We can write

Uy, ka )ZF e C[[Y, Z]]

where, a priori, v (Y) € C[[Y]], but in fact we will see v,(Y) € C[Y]. We now define V (Y, Z) as
the truncation of U(I(Y, Z), Z):
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Then we will have:

U(Y,2)=UI(Y + ZU(Y, Z), Z), Z)

V(Y +2ZU(Y,Z),Z) mod Z97!

¥

w(Y + ZU(Y, 2)) Z* mod Z%!

ol

=0

Applying Taylor’s Formula, we have:

Z Zmz ﬁvm LU, Zy

and substituting in U(Y, Z) = Uy + ZUy + Z?Uy + Z3Us, where Uy = ¢;Y?, Uy = c41Y3,
Uy =cy_oY? and Us = c;_3Y*?, then:

d—2 m
1 pU—a=2b=30) ;rj—2a—3b—dcpragrbyre
Z z" Z Z alble!(j — 2a — 3b — 4¢)! m—j UO Vitzls.
=0 7=0 0<2a+3b+4c<j

Comparing coefficients of Z*, we obtain the following recursive relation for v (Y):

vo = Uy

V1 = U1 — U6U0

vy = Uy — [y Up + v UG + vpUn] (3.0.1)
V3 = U3 — [UéU() + §U11Ug + UllUl + U8UOU1 + UGUQ]

B " 1 (j—a—2b=3¢) y rj—2a—3b—4cyray by e
R Z Z calble!(j —2a — 3b — 40)!Ur—j Uo UilzUs
7=1 0<2a+3b+4c<j

Lemma 3.0.2. degv,(Y) <r+2.

Proof. Proof by induction. Writing Uy = c;Y2, U} = c4_1Y?3, Uy = c4_oY*, and Us = c4_3Y* as
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above,

Uo(Y) = Uo = CdY2

thus deg vy = 2.
Ul(Y> = U1 — U6U0 = (Cd,1 — 2C§)Y3

thus degv; = 3.
1
vo(Y) = Uy — [1Ug + §ng3 +vpUs] = (cq_o — beq_1cq + 5c3)Y?
thus deg vy, = 4.

1
v3(Y) = Us — [vhUy + §v;'U§ + Vi U; + v UpUy + vUs]

= (=3c%_ | — 6c4_ocq + 21cq_1ch — 14¢))Y + cq_sY?

thus deg vz = 5.
Now let’s suppose degv,.(Y) < r + 2. We will show that degv,,1(Y) < r + 3. By

definition,

r+1

1 (j—a—2b-3¢) 1)
j—a 3¢)yrj—2a—3b—4crrarrhyre
Upy] = — - v U, UruyUs.
" Z Z alble!(j — 2a — 3b — 4c)! T 0 1r2es
7=1 0<2a+3b+4c<j
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Note the following degrees:

degvyy1-; <r+3—j

V) <13 -2j+a+2b+3c

degv
deg Ui 2734 < 95 — da — 6b — 8¢
deg U < 3a
deg U? < 4b

deg Uy < 4c
When looking at each term in the above summation for v, 1, we will see that
deg ( (j—a—2b—3c) Uj 2a—3b— 4cUanUc> < r+3—c

and when ¢ = 0, we will get the maximum degree of r 4 3. [

We can also study the forms of each vy (Y") through the next lemma.

Lemma 3.0.3. v,.(Y) = A\, Y2 + 4, Y™ + 6,.Y" + M, (Y), with \, € Q|cq, Ca_1,Ca—2), Vr, Or €
Qlca, ¢a—1, -2, ca—3), and M,(Y') € C[Y] such that deg M, (Y') <r — 1.

Proof. We proceed by induction from Equation 3.0.1:
r=0: v(Y)=Uy=cqY?
r=1: v(Y)=U —v)Uy= (cq1 —23)Y?
1
r=2: w(Y)=U,—[viUy+ v GUZ +vpUy] = (c4_n — Beg_1cq + 5¢) Y
1 1
r=3: U3(Y> Ug— [U2U0+ —v UO +1)1U1+ UOUQU1+UOU2]

= (=3c%_ | — 6cg_ocq + 21cq 15— 14 Y + cq_3Y*?

Suppose Uk(Y) = /\kyk+2 + ’}/kYkJrl + (Skyk + Mk(Y) with /\k: € Q[Cd, Ci—1,Cd—2|,
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Vi, O € Q[ca, Ca—1, a2, cq—3], and My (Y') € C[Y] such that deg M,(Y) < k —1forall0 < k <
r. We want to show that v, 1 (Y) = A\ Y73 4+ 4, Y2 4 6, Y™+ M, (V) with A, €

Qlca, €415 Ca-2)s Vr41,0r+1 € Qlca, Ca—1, Ca—2, ca—3), and deg M, 1 (Y') < r. By definition,

r+1
B 1 (j—a—2b—3¢c) y j—2a—3b—4cyray by e
ora(Y) = = Z Z alblel(j —2a — 3b — 40)!UT+1_j bo UilaUs

j=1 0<2a+3b+4c<j

By our induction hypothesis, we know that each v,1_;(Y") have the correct form with A\, ;_; €

Q[ca, Ca—1, cq—2]- We can deduce that each term in the summation will look like:

j—2a—3b—4c q b

c r4+3—c
Qj,a,b,c)‘rﬂ—jcfi Ca-1Cq—2Cq—3Y

where 0, ... € Q. For the coefficient of Y**3 term, set ¢ = 0 to see that each term will have the

form:
i—2a—3b b
OjaboNrt1-jC5  Ci_1Ca—2-
r+1
j—2a—3b b
Mt =D > Orabodsa—ic ey € Qlea, canr, caa).
j=1 0<2a+3b<j
since each \,1_; € Q[cg, ca—1, ca—2]. It is easy to see that
Yrt1, 041 € Qca, €41, Ca—2, Ca—3]
and when ¢ > 3, we will have a polynomial M, (Y") such that deg M, ., <. O

Using the recursive definition for v,.(Y’), Equation 3.0.1, we are able to write a recursive

formula for \,. Since )\, is the coefficient of Y3, we will take ¢ = 0:
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B - 1 (j—a—2b) 7 1j—2a—3b7rarrh
o ==2, > albl(j — 2a — 3b)I " Yo Uit

j=1 0<2a+3b<j

- 1 r—j —a— j—2a—3b _a —a—
== 2 Al = 2a =35 Y B

j=1 0<2a+3b<j

RS (r—74+2)---(r—=2j4+a+2b+3) i—2a-3b a b yr42
=-> 2 albl(j — 2a — 3b)! Arosta Y
7=1 0<2a+3b<j

Therefore

- (r—j+2)! i—2a—3b b
= - » . 02
Ar 2 2 a!b!(j—2a—36)!(r—2j+a+2b+2)!)\’" a Ci-16-2  (30.2)

7=1 0<2a+3b<j

Recall that we want to show o € C[Z][X, Y] and

d+3
oz = (X + ZakYk,Y) mod Z

k=0

or, for the sake of simplicity, let us write o (.X) as

S

UZ(X) =X+ Z ﬂ!s,tﬁ-
Using Lemma 2.0.4, we can take a look at the degrees of the following polynomials:

deg; _nV(Y,Z) =2 (by Lemma 3.0.3)
V(Y,2)

deg(1,—1)
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Therefore we have:

deg(l,fl) oz(X) =
Uy, z) VY+2ZUY.2),zZ) Wi(Y+2ZUY,Z)) WY +ZU(Y,Z))
deg(y,—1) Zd+1 Zd+1 + 72 * Z

<d+3

From this we can conclude that for s > d+ 3, 1150 = 0. More generally, for s+t > d+3, s, = 0.
Since U(Y, Z2) = V(Y + ZU(Y,Z),Z) mod Z% ', us, = 0 fort > 2. All that is left to show is
what happens whent = 0, 1, 2.

To make computations easier, we will multiply o (X) by Z%*! to get:

07(Z"X) -~ Z"MX =U(Y,Z) = V(Y + ZU, Z) + Z"Wi(Y + ZU) + ZWy(Y + ZU)
=72y (Y + ZU) + Z%g(Y + ZU) + Z% g (Y + ZU)
+ ZW(Y + ZU) + ZWo(Y + ZU) mod Z%+?
= 7% og 1 (V) + WA ()] + ZUU(Y, Z)0, (V) +va(Y) 4+ Wa(Y)
SO, 2)] + 29 S0, (YUY, 2) + (00U, 2)
oY)+ W)U, 2) + S (V)UY, 2)] mod 7%
= 2% g 1 (V) + Wi(Y)] + Z U}y (V) +va(Y) + Wo(Y) + W[ (Y)U]
5L (VYU () e (Y) + WYY )y + SWI(VIUS

+ Ul (V) + U W (Y)] mod Z4

Recall that we have yet to specify cq, ¢q_1, 42, ca—3 € C, and W1 (Y), W5(Y) € C[Y]. The next
step is to show that we can specify these such that vy_1(Y) + W1(Y) = 0, Upv!,_{(Y) + va(Y) +
Wg(Y) + W{(Y)UO =0, and

1

1
S (VYR + 050 )0 + v (V) + WYY )Ty + 5

5 W/ (VUG + Uy (Y) + U W (Y) # 0.
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Specifically, we want it to be Zig apY'*.

By definition, vg_1 = A\g_1 Y 4yy Y454 1Y+ My 1 (Y), where deg My < d—2.
We canset Wi (V) = —v,_, Y%~ 3§41 Y4t — My, (Y) and we will therefore need A\y_; Y ¢! = 0.
Then:

Upvly_1(Y) 4+ va(Y) + Wa(Y) + W (Y) Uy = Up[v_1 (V) + Wi (Y)] + va(Y) + Wa(Y)
= Ud(Y) ‘I— WQ(Y)

= A\Y 2 Y L5,V My(Y) + Wy (Y).

We can set W (Y) = —6,Y? — My(Y) and we will need \; = 0 and 4 = 0. In summary,
we have specified W;(Y') and W5(Y"). Suppose we have chosen cg, ¢q_1, 42 such that \y_; = 0,

A¢ = 0 and 4 = 0. Then:

%Ug [wg1(Y) + WY (V)] + Uo[vg(Y) + Wo(Y)] + Urfog (V) + WIY)] 4 van (V) = vaga (V).

We want to show that we can have

d+3
Vg1 (Y) = )\d+1YdJr3 + ’Yd+1Yd+2 + 5d+1Yd+1 + My (Y) = Z akYk7
k=0

with aqy3 # 0. To show Ggy3) N Gaqy # (), we only need to show that after we have chosen
CdyCd—1, and Cd—2, )\d+1 7& 0.
Taking a closer look at the \;’s, we can write:

; 2
5] e Ca
/\i = Cdfl Cq Kz C—, Cd—2 | -
1

d—

0 if 7 1s odd
where ¢; =
1 if 7 1s even.
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Using the recursive formula for A, Equation 3.0.3, we can derive an explicit formula for

Kii

Lemma 3.0.4.

n—3m

1 (2n — 1 —2m)! 2\

Kn—l — (_1)n+l+2m+1 ( d ) o
(n+1)! 0<2Hz;m<n !m!(n — 20 —3m)! \ c4_1 -2

Proof. Proof by induction.

n=1Ky= g—: = 1 and by definition, \y = ¢4 which would imply that K, = 1.

Let’s suppose that for all integers 1 < n <,

n—3m
1 (2n —1—2m)! 2\ L
Kn, —_ -1 n+l4+2m+-1 d m
T+ 1) 0<2§m<n( ) Mml(n — 20 —3m)! \ c4—1 Cd-2
We will show that
K ! Z (—1)rHi+am2 (2r—1—2m+2)! ci R m
r = - Ca—
(r+2)! oo Iml(r —20 —3m+ 1)! \cgq =2

by the recursive formula for A,.
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y r—j+2)! - ,
A :_Z Z ( N\, 2a=3ba
" b7 — 20 — 30\ (1 — 27 TAr—iCq @ b,
j=1 0<2a+3b<j aldl(j — 2a — 3b)!(r — 2j + a + 2b + 2)!
3 albl(j — 20— 30)!(r — 2j +a+ 20+ 2)1 !

7=1 0<2a+3b<j

€r—j j—2a—3b _a b
¢ T Kojcy Cd—1Cd—2

B Z 3 3 (—1)r—IHH2mE2(9p 25 — [ — 2m + 2)!
S e i albl(j —2a —3b)(r —2j+a+2b+2)U'm!(r —j—20 —3m+1)!

r—2a—2l—3b—3m a+l b+m

€a C4—1Cq—2
= _ Z (—1)rHF2mE2(2p — 25 — | — 2m + 2)!6272173’”02 o
2+3m<r+1 (T + 2)'l'm'(7’ — 2l — 3m + ]_)l _ _

A —2a—30)(r —2j +a+ 26+ 2)Uml(r—j — 21 —3m+ 1)

=0 2a+3b<j 214+3m<r—j+1

6272a72l73b73mcgtl1 Cgtgl -I-
— Z (=1)rt2mE2(9p — 25 — | — 2m + 2)!c'r—2l—3mcl om
iz (rE2)Wml(r =20 = 3m + 1) d d-1Cd—2
r+1 —1)rHA2mA2(9n 95 ] 9 9] . .
:CCLZ_%J T Z (—1) (2r J m+ 2) Czt 7 Qlcil_tl i JCZ”,Q
2 +3m<r+1 (r+2)Um!(r — 20 — 3m + 1)!

L%lJ . (_1)r+l+2m+2(2T _ 2] —1—=92m + 2)[ 63 L7'73;n+1j—l .
E C
(r+2)1Wm!(r — 21 — 3m + 1)! Ca—1 =2

2l14+3m<r+1

. I_ilj . c2
Since A\, = ¢, 3 ¢ K, ﬁ, Cq—2 |, we deduce that

(=1)rHH2mE2(2p — 25 — | —2m +2)! [ 2 m
> |

Nl (r — 2] — ]
2l+3m<r+1 (7“ + 2).l.m.(r 20 = 3m + 1). Cd—

and this completes the induction step and the proof.

1This term is equal to zero. See Appendix C for proof.

Notice when m = 0, K,,_; is equivalent to (),,_; from Lemma 2.0.5.
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We need to show that there exists ¢4, c4_1,cq—2 € C such that A\;_; = 0, A\; = 0 and

Aay1 7 0.

In the previous chapter we used a nice property of hypergeometric polynomials in Lemma
2.0.6 to show that there exists complex numbers such that \; = 0 and A\;;; # 0; however, this
lemma states that if there exists a complex number such that A\;_; = 0, then \; # 0. So we are
unable to use this method here. Using Grobner basis in Mathematica, we are able to check that for
2 < d < 45, we are able to have \; = 0, \y_1 = 0 and \g1 = ag3.

Therefore, we have:
07(Z7°X) — 7°X = 2% vgy1(Y)] mod Z4HH
and dividing by Z4+1:

oz(X) =X +v41(Y) mod Z

=X 4+ A Y 4y Y2 4 60 Y 4 My (V) mod Z

From our choice of ¢4, cq_1,¢q-2 € C, A\gy1 = agy3 # 0.

When looking at o (Y), after the composition we will have:

oz(Y)=Y + 29X + ZU(Y, Z)
=Y mod 7

Therefore,
d+3

oz =(X+ ZakYk,Y) mod Z

k=0

where a413 € C*. Hence, 0 € G(q43) N G(q,4) for 2 < d < 45.

Example 3.0.5. Notice that when d = 5, we have shown G5y N G5.4) # 0.
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To show this is true, we need to show that we can choose ¢4, ¢4_1,cq—2 € C so that Ay =

0,\s = 0, and \g # 0. To simplify computations, define z = Cfl and y = c4_o. By our recursive

formula for A, in Equation 3.0.2,

Ay = 28 — 84x + 422 — Ty + 28zy
A5 = —12 + 1802 — 33022 + 1322% — 72y + 120y + 4y>

g = —165 + 9902 — 128722 4 4292 + 45y — 4952y + 4952%y + 45¢>
When we set Ay = 0 and A5 = 0, we will have a system of equations in two variables:

28 — 84z + 422% — Ty + 282y =0

—12 + 180z — 3302% + 1322 — 72y + 1202y + 4y* = 0

Solving the first equation yields:
_ 62?—122+4

y 1— 4z

We can substitute this into the second equation. With the help of Mathematica, we will get a few
approximate solutions. For instance, z ~ 0.21203733715929782 and y ~ 11.361893628390607.
The last step to show is that these values for  and y will lead to a non-zero value for \g, the
coefficient of Y8,

A A~ 5371.93

Here, we see that if we choose % ~ 0.21203733715929782 and c;_2 ~ 11.361893628390607,

then all our conditions will be satisfied.
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CHAPTER 4

UNION OF POLYNOMIAL AUTOMORPHISMS

The Rigidity Conjecture is related to the union of groups of polynomial automorphisms.

In [9], Furter states the following theorem:

Theorem 4.0.1 (Furter). If d = (dy, dy) is a polydegree with d; or dy < 3, then

g_d:Ugev

e<d
where = is defined in the following way:
Definition 4.0.2. The partial order < is induced by the following relations:

1. 0 =< d (for any polydegree d),

2. (dy,...,dy) =< (€1, ...,e;) when d; < e; for any j,

3. (dy,...,dj_1,dj +djy1 — 1,djpa, ..., di) = (e1,...,ex) When1 < j < k — 1.
Example 4.0.3. G22) = G(2.2) U G3) U G2y U Gy,

This example allows us to write 9(2,2) as a union of certain G;’s. Looking at this example,

we can gather some information such as:
1. G3) N G2 # 0 (Corollary 1.2.8 when e = 2),

2. Gy NGa2) = 0.
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Being able to write the closure of a set of automorphisms as a union of groups of polynomial
automorphisms makes it easier to see the subgroups. It would be ideal to show that Theorem 4.0.1
can be extended to larger values of d; or ds or even longer polydegree sequences.

Recall from Corollary 1.2.8, we have g(m) C 9(276) which can be extended to the follow-

ing property:

Gy C 9e2,.2 = Y2

where (2)? is the polydegree sequence of 2’s of length d.

If we have a polydegree of length b > 5, then the following theorem holds true:

Theorem 4.0.4. Let b > 5 be an integer. Then E(z)b is not a union of some G, for some polydegree

d.
The following theorem by Edo and Furter is essential to the proof of Theorem 4.0.4.

Theorem 4.0.5 (Edo, Furter [3]). Let a,b > 2, ¢ > 1 be integers. Set d = ab — 1. Then

g(cd—i—a) N g(a+(c—l)d7b,a) 7é @

Proof of Theorem 4.0.4. Leta = 2,b > 5, and ¢ = 1. Then using Theorem 4.0.5, we have

Gav+1) N Gapa) # 0

Let’s consider G ;). Note that Gy C G(25—1). Therefore

Gu) CYep-1) CGeop-2 C - CGa,..25
with (b — 5) 2’s. Since G5y C G(2)s ([4]), we have

Gy C Gape-2
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Hence, G(2p11)NG(2) # (). However, Gove) € G (2)» because of the dimension constraint: 20+ 1 f

20. Thus for b > 5, G5y is not a union of some G, for some polydegree d. ]

Remark 4.0.6. This is still open for b = 3, 4.
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APPENDIX A

SUMMATION IN PROOF OF LEMMA 2.0.5

Claim: Let

LT‘ j+1

(2r —2j+2-1)! r—21—2a I+a

S = l+r —J
E: 2 E: al(j—2a)(r—2j +a+2W(r—j+ 120" Y

7=0 0<2a<5 [=0

Then S = 0.

Proof. Leta =1+ a.

ro L3 et T o .
_p)etreai(2p — 925 42—
S:ZZ Z . ( )‘ (2r—2j+2—-a+a) Ty
== = al(j —2a)l(r—274+a+2)(a—a)l(r—j+1—2a+ 2a)!
r+1
PERGRL G S (—1)+ =073 (2r — 2j + 2 — a + a)! o
_ 720

B : al(j—2a)l(r—2j+a+2)(a—a)l(r—j+1—2a+2a)!

LT;IJ . B
_ atr r—2a, @ 1)““’( (8 —b) +3(a —a))!
— LHZ_IJ (_1)a+r ' Qaya - a a+b( ) (ﬁ) (Q(ﬁ — b) + 3(0& — CL))
a=0 Oé“‘ﬂ a=0 b= b Oé‘{’ﬁ— 1

It suffices to show that

L)

a=0 b=0
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and if we replace o — a with a and 8 — b with b, it suffices to show that

a p
’r _ 1\a+b 07 B 2b + 3a -
i _a=0 bO( g (a) (b> <O‘+5—1> -0

Applying the Egorychev Method:

s Sy () () f

=0 b=0 %
= 8
- QLm Za1+/s (;(—U“((j) [(1+ z)ﬂ“) <b§(_1)b<§) (1 +z)2]b) i
- QLm Zalﬂs (1-(1+2%)" (1 (1+2)?)" dz
1 (=32 — 322 — z3)a(_22 _ Z2>,8
- % Za+5 dz
=0

since
(=32 — 322 — 23)%(—2z — 22)
zatB

is an analytic function.
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APPENDIX B

GAMMA IN EQUATION 2.0.3

Claim: Let

(d+2—j)! 2a—3
Al 203
Z 2 al(j—2a—3)(d—2j +a+d) % G

71=3 0<2a+3<]
Then T, # 0.

Proof. Letk = j — 3 andr = d — 3 so that

)\r a a
Z Z al —2a r—2/€+a+1) kCa " a1

k=0 0<2a<k

Recall that we can write

2
=55 erk 4
A?"*k) - Cd—12 Cd Q’f‘*k

where (),_j is defined in Lemma 2.0.5. After substitution and simplifying, we will see that:

I_T k+1

—1)* (2 — 2k 42 — 1) 2A-2a I+
T T’ a (l.
Z 2 Z al(k — 2a NWir—2k+at+ DIl(r—k—20+ )1d

k=0 0<2a<k =

From the previous appendix, we proved that:

I_T ]+1

—1)HI(2r — 25+ 2 —1
g Z Z Z ) (2r —2j + )! g2 e )
a'j—2a (r—25+a+2)(r—j7+1-20)!

7=0 0<2a<j 1=0

Notice the only difference between 7" and S is that S has (r — 2j + a + 2) in the denominator. We

will use the same outline and substitutions as in the proof in Appendix A.
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Letao =1+ a. Thus: T =

\.T-glj o 2a+r—2a+1

(_1)04—}—7‘—(1—/6(27» —2k+2 —a+ a)' r—2a o

ZZ Z G!(k—Qa)!(T—2k+&+1)!(04—@)!(7“—/{4—1—2a+2a)!cd Cd-1

a=0 a=0 k=2a

Letb=k—2aand B =7r — 2 + 1.

2 B
_ a+tr r—2a o (_1)a+b(2(6 - b) + 3(0{ - CL))'
T= ) (F)re e, Za!(a—a)!b!(ﬁ—b)!(ﬁ—Zb—i—Qa—Z’)a)!

a=0 a=0 b=0

==y o B
_ _1\otr r—2a o __1\at+b o 6 2(6-6)-’-3(0&-&)
= a:O( 1) * Cqg "TCe 1 £ %( 1) * <a) (b)( a+t B )

It suffices to show that

Sy ()N

and if we replace o — a with a and 8 — b with b, it suffices to show that

a pB
, yasn [ B\ (2b+ 3a
T_a:ObO( 1)+<a)(b)<a+ﬁ>#0'

Applying the Egorychev Method:

r-E () ()

a=0 b=0

- (i(—l)a(j) 0 +z>3r> (f(—l)b(f) 0 +z>2]b) i

a=0 b=0

:ﬁ]{ﬁ(1—(1+z)3)a(1—(1+z)2)5 dz

1 _ _ 2_304_2_26
(=32 =327 = 20 ZZ)dZ

o 2 sat+B+1

= (-3 (-2)"
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APPENDIX C

SUMMATION IN PROOF OF LEMMA 3.0.4

Claim: Let R =

i Z Z (_1)r7j+l+2m+2<2r o 2] + 2_1]— 2m)!xr72l72a73b73myl+avm+b
PR ald!(j —2a —3b)l(r — 25 +a+2b+2)U!'m!(r —j+1—20—3m)!"

Then R = 0.

Proof. Leta=1+aand 8 =b+m.q=a+ |20 p=p | =1H |

r R g

IIDIDI D

j=0 a=0 b=0 a=a S=b
(—1)r—itaat28-20(9p — 25 + 2 — a +a — 20 + 2b)la" 2=y 2P
albl(j —2a —3b)(r —2j+a+2b+2)(a—a)/(f—b)l(r—j+1—2a+2a—33+3b)!

r+1—-3m T+1
e e e

« B 2a+3b+r—2a—-35+1

ZZZZ 2.

a=0  B=0 a=0 b=0 j=2a+3b
(—1)r—dta=at28=25(9p _ 25 4+ 2 — o+ a — 203 + 2b)lz" 20 By*P
albl(j —2a —3b)(r—2j+a+20+2)(a—a)(B—=b)(r—j+1—2a+2a— 30+ 3b)!

Letu=j—2a—3bandw =7r —2a — 35 + 1.
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|_7“+12 SmJ L'H»lJ

Z u+a+b r—2a— 3,8yav,8

a=0 B=0
(=) (2w — u) 4+ 3(a — a) + 4(8 — b))!
;;;a'b'uw—a )!(B = b)l(w — u)!(w — 2u + 20 — 3a + 35 — 4b+ 1)
| |
— ( 1)u+a+b r—2a— 3Byavﬂ
a=0 B=0
a B w
wrars (N (B (W (2(w —u) + 3(a —a) +4(5 —b)
a_g;;(_1)++(a>(b)(u)< w+a+pf—-1 )

It suffices to show that

S ()G ) =

a=0 b=0 u=

«

and if we replace o — a with a, § — b with b, and w — u with w, it suffices to show that

eSS ()0 ()
Applying the Egorychev Method:
=
- ( (8 sy ) (g(_”b@ [<1+z>41b>
(g—l)“(j)mz)?]“) -

— o i (1 )T (1 ) (1= (2 s

2mi
1 (=32 — 32% — 2%)%(—4z — 62% — 423 —z)(—22—z2)wd
= 2
27i zothtw
=0

50



since
(=32 — 322 — 23)%(—42 — 622 — 423 — 2*)P(—22 — 22)¥

Za+ﬁ—|—w

is an analytic function.
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