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ABSTRACT

Since their invention in the 1920s, control charts have been popular tools for use in
monitoring processes in fields as varied as manufacturing and healthcare. Most of these charts
are designed to monitor a single process parameter, but recently, a number of charts and schemes
for jointly monitoring the location and scale of processes which follow two-parameter
distributions have been developed. These joint monitoring charts are particularly relevant for
processes in which special causes may result in a simultaneous shift in the location parameter
and the scale parameter.

Among the available schemes for jointly monitoring location and scale parameters, the
vast majority are designed for normally distributed processes for which the in-control mean and
variance are known rather than estimated from data. When the process data are non-normally
distributed or the process parameters are unknown, alternative control charts are needed. This
dissertation presents and compares several control schemes for jointly monitoring data from
Laplace and shifted exponential distributions with known parameters as well as a pair of charts
for monitoring data from normal distributions with unknown mean and variance. The normal
theory charts are adaptations of two existing procedures for the known parameter case, Razmy’s
(2005) Distance chart and Chen and Cheng’s (1998) Max chart, while the Laplace and shifted
exponential charts are designed using an appropriate statistic for each parameter, such as the

maximum likelihood estimators.
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CHAPTER 1

INTRODUCTION

1.1  Brief Overview of Joint Monitoring

Control charts are widely used for surveillance or monitoring of processes in a variety of
industries. These graphical displays are designed to allow a practitioner to determine whether a
process is in-control (/C) or out-of-control (OOC) by taking samples at specified sampling
intervals and plotting values of some statistics on a graphical interface which includes decision
lines called control limits. The vast majority of control charts are designed to monitor a single
process parameter, such as the mean or the variance, but it is often desirable to monitor the mean
and the variance simultaneously, since both may shift at the same time and since a change in the
variance can affect the control limits of the mean chart. For some processes, special causes can
result in a simultaneous change in both the mean and the variance. For example, in circuit
manufacturing, an improperly fixed stencil can result in a shift in both the mean and variance of
the thickness of the solder paste printed onto circuit boards (Gan et al., 2004). In such cases,
simultaneous monitoring of both parameters is a logical approach to process control. As
expressed by Gan et al. (2004), “when special causes exist and cause both the mean and variance
to shift simultaneously, then it is more reasonable to combine the mean and variance information
on one scheme and look at their behavior jointly.”

In many cases, practitioners are interested in the general question of whether the process

continues to produce results which have the same, specified distribution. The distribution is most



commonly assumed to be the normal distribution, which is completely characterized by its mean
and variance. Thus, monitoring both mean and variance allows one to determine whether each
sample collected appears to be from the specified normal distribution or come from a normal
distribution which is different from the /C normal distribution in some way. Gan (1995) noted
that “the mean and variance charts are virtually always used together.” The common practice of
using a mean chart together with a variance (or range or standard deviation) chart is one type of
joint monitoring scheme. However, as noted by Gan (1997), doing so is “basically looking at a
bivariate problem using two univariate procedures.” Furthermore, schemes consisting of two
independent charts can be affected by the classical ‘multiple testing’ problem, and if adjustments
are not made to these charts’ control limits to account for this fact, the false alarm rate (FAR) is
inflated, since the process is deemed to be OOC whenever a signal occurs on either chart. For
example, if each chart is set at a nominal FAR of 0.0027 and the charts operate independently,
the overall FAR (the probability of a false alarm on at least one chart) is 1 — (1 — 0.0027)? =
0.0054, a 100% increase from the nominal 0.0027. This FAR inflation can ruin the efficacy of
the resulting monitoring procedure. Therefore, practitioners using a two-chart scheme should
select control limits for each chart such that the overall FAR is a specified value. In the earlier
example, if an overall FAR of 0.01 is desired, each chart should be calibrated at an FAR of

0.005.

1.2  Parametric Charts
As noted earlier, the most typical assumption in statistical process control (SPC) has been
that the process output follows a normal distribution. Under this model assumption, joint

monitoring of processes involves two parameters, the mean (location) and the variance (scale),



and typically uses an efficient statistic for monitoring each parameter. A joint monitoring scheme
links these statistics or the corresponding control charts in some way. These schemes can be
broadly classified as one- or two-chart control schemes, respectively. Ideally, a monitoring
scheme should be “simple to use, easy to understand, and quick to implement” in order to
maximize its usefulness (Chao and Cheng, 1996). A joint monitoring scheme should also clearly
indicate the parameter or parameters which are OOC. We discuss these various schemes and the
associated details below.

Though many processes do produce outputs which follow a normal distribution, there are
also many which do not. As noted by Yang et al. (2011), many service processes produce non-
normally distributed outputs. For example, a variable of interest such as the time to a certain
event that is being monitored may follow a righted-skewed exponential distribution; another
variable may have an underlying distribution that is symmetric but heavier tailed, such as the
logistic distribution. A number of authors have recommended that practitioners avoid using
charts based on the normal distribution for processes which are non-normal, since these charts
may be quite ineffective or perform rather erratically for other distributions, including highly
skewed or heavier tailed processes. Additionally, these existing charting procedures assume the
existence and independence of the mean and the variance. It is not clear how these normal theory
charts would perform for distributions which lack these traits, such as the skewed gamma
distribution, in which the mean and the variance both depend on the scale and the shape
parameters, or the Cauchy distribution, which is symmetric and has a finite median but has no
finite mean or variance. So far, however, research in the area of parametric joint monitoring has

largely overlooked cases in which processes are known to be non-normal. This is an important



area for further research, since few non-normal parametric joint monitoring schemes are

currently available in the literature.

1.3  Nonparametric Charts

There is not always enough knowledge or information to support the assumption that the
process distribution is of a specific shape or form (such as normal). In such cases, nonparametric
or distribution-free charts can be useful. These charts also provide a useful approach for
monitoring processes which are known to be non-normal. However, this is a relatively new area
of research, and only a handful of nonparametric joint monitoring charts are currently available

in the literature.

14 Focus of Dissertation

1.4.1 Shewhart-Type Control Chartsfor Simultaneous Monitoring of Unknown Means
and Variances of Normally Distributed Processes

A number of joint monitoring schemes have been developed for process data which
follow a normal distribution with a known mean and variance. Among these are Chen and
Cheng’s (1998) Max chart and Razmy’s (2005) Distance chart. The performance of these charts,
however, is degraded in situations where the mean and/ or variance must be estimated from
process data. This can be remedied by adapting the charts to account for the variability in the
estimated parameters, a task which can be accomplished by conditioning. The resulting charts
are appropriate for use with normally distributed process data with unknown mean and variance,

though a different charting procedure should be used if the data are not normally distributed.



1.4.2 Control Chartsfor Simultaneous Monitoring of L ocation and Scale of Processes
Following a Shifted (Two-Parameter) Exponential Distribution

The shifted, or two-parameter, exponential, is a right-skewed distribution which is often
used to model the time to some event which cannot occur prior to a specified point in time, 6. Its
two parameters are this location parameter, 8, and a scale parameter, A.

Like the normal distribution, the shifted exponential distribution is completely described
by specifying these two parameters. However, this is essentially the only similarity between the
two distributions. Notably, the mean and the variance of the shifted exponential distribution both
depend on A. As a result, it is not appropriate to jointly monitor the mean and variance of data
which follow a shifted exponential distribution, as these quantities are correlated. As noted by
Ramalhoto and Morais (1999), the mean and standard deviation of process samples are often
inefficient summary statistics, and in such cases, using them for process monitoring is both
wasteful and unreliable. When process data follow the shifted exponential distribution, this
situation occurs, and, as a result, an alternative to monitoring the mean and standard deviation is
necessary.

A few control charts for the shifted exponential distribution appear in the literature.
Ramalhoto and Morais (1999) studied control charts for the scale parameter of the three-
parameter Weibull distribution, which can also be used for the A parameter of the shifted
exponential distribution, since, as mentioned above, the latter is merely a special case of the
former. However, using these charts requires the assumption that the location parameter is
known and fixed. Siiriicii and Sazak (2009) presented a control scheme for this same distribution
based on the idea of using moments to approximate the distribution. We propose more exact

methods in which 6 and A are monitored jointly, using a well-known estimator for each



parameter, in order to determine whether each sample collected appears to be from the specified

IC shifted exponential distribution or to come from a different shifted exponential distribution.

1.4.3 Control Chartsfor Simultaneous Monitoring of L ocation and Scale of Processes
Following a L aplace Distribution

The Laplace, or double exponential, distribution is symmetric but heavier-tailed than the
normal distribution and is commonly used to model the difference between two exponential
distributions with a common scale, for example, differences in flood levels at two different
points along a river (Puig and Stephens, 2000; Bain and Engelhardt, 1973). This distribution can
be completely described by specifying two parameters, a location parameter, a, and a scale
parameter, b. Despite its commonalities with the normal distribution, however, the Laplace
distribution is different enough to necessitate its own monitoring schemes. Simulation studies
indicate that using normal theory charts for Laplace-distributed process data results in a
significantly inflated false alarm rate.

As with the normal distribution, monitoring both location and scale parameters allows
one to determine whether each sample collected appears to be from the specified Laplace
distribution or come from a normal distribution which is different from the /C Laplace
distribution in some way. One way to do this is to build control charts based on appropriate
statistics, such as the maximum likelihood estimators for these parameters. We propose and

compare several monitoring schemes for this distribution.



1.5 Organization of the Dissertation

The dissertation is organized as follows. We present a brief review of parametric and
nonparametric joint monitoring schemes in chapter 2. In chapter 3, we study two Shewhart-type
control charts for simultaneous monitoring of unknown mean and variances of normally
distributed processes. Control charts for simultaneous monitoring of location and scale of
processes following a shifted exponential distribution will be considered and studied in chapter
4, and corresponding control charts for simultaneous monitoring of location and scale of
processes following a Laplace distribution will be considered and studied in chapter 5. Finally,

conclusions and directions for future research will be presented in Chapter 6.



CHAPTER 2

LITERATURE REVIEW

2.1  Parametric Joint Monitoring Schemesfor Monitoring L ocation and Scale
2.1.1 Normal Distribution Joint Monitoring Schemes

Within the control charting literature, the vast majority of joint monitoring schemes are
parametric charts designed for monitoring the mean and variance of normally distributed

processes. A number of one- and two-chart schemes have been developed for this purpose.

2.1.1.1 One-Chart Joint Monitoring Schemes

Of the two major types of joint monitoring schemes for data from a normal distribution,
one-chart schemes have received the most attention in the recent literature. These schemes are
appealing for several reasons. First of all, they are simpler than two-chart schemes, in the sense
that they allow the practitioner to focus on a sole chart (and, in most cases, a single charting
statistic) which makes the operation easier, particularly when the process is /C (which it is far
more often than not). It is also relatively easy to set the control limits for these charts based on
the distribution of the charting statistic, which is often a combination of two statistics, one for the
mean and one for the variance. Many of these schemes also have diagnostic capability; that is,
they can indicate which of the two parameters may have shifted in case the chart signals. We first
discuss some one-chart schemes under the normal distribution when the /C mean and variance

are specified or known (the so-called standards known case).



21111 Standards Known, Parametric One-Chart Schemes

There are situations in practice where the /C mean and variance of a normally distributed
process are known, for example, from external specifications or long-term experience. The term
“standards known” or “case K” is often used in the SPC literature for these situations in which
all relevant process parameters are known. The development, implementation, and interpretation
of control charts are simpler and more straightforward in case K. Thus, although a wide variety
of one-chart joint monitoring schemes have been developed over the years, the vast majority of
these charts have been proposed for case K.

Among the one-chart joint monitoring schemes in case K, there are two major classes:
simultaneous control charts, which use two statistics (one each for mean and variance) plotted on
the same chart, and single control charts, which use a single statistic that may actually be a
combination of two separate statistics, one each for the mean and the variance (Cheng and
Thaga, 2006). Single control charts can further be broken down into those with a two-
dimensional control region, wherein the charting statistics are plotted on a two-dimensional
plane, and those that have “traditional” control limits (i.e. horizontal line boundaries), wherein
the charting statistics are plotted against time. The following three figures use simulated data to
illustrate the various categories of one-chart joint monitoring schemes. Figure 2.1 shows an
example of a simultaneous control chart developed by Yeh, Lin, and Venkataramani (2004),
while Figures 2.2 and 2.3 show examples of single control charts with traditional control limits
(Chen and Cheng’s (1998) Max chart) and a control region (Chao and Cheng’s (1996) semi-
circle chart), respectively. These charts will be discussed in more detail in the sections that

follow.



Figure 2.1: A smultaneous monitoring scheme
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Figure 2.2: A single chart monitoring scheme with atraditional upper control limit
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Cheng and Thaga (2006) presented a nice overview of the simultaneous and single
control charts available before 2006 and concluded that single charts are typically preferable to
simultaneous charts due to their simplicity and clarity. Their article outlined five Shewhart-type
charts, six EWMA-type charts, and two CUSUM-type charts (as well as additional charts for
multivariate and autocorrelated processes). However, major contributions have been made to the

area of joint monitoring in recent years.

211111  Simultaneouscharts

A few monitoring schemes exist in the literature in which a mean statistic and a variance
statistic are plotted within the same chart. These “simultaneous” charts can be thought of as a
compromise between single charts and two-chart schemes, since they maintain separate statistics
but only a single graphical interface. A brief discussion of these charts is provided by Cheng and

Thaga (2006), who concluded that single charts are more appealing.

211112  Singlechartswith traditional control limits

Single charts with traditional control limits comprise the area of research in joint
monitoring that has seen the most development over the years. These schemes are based on a
single charting statistic which is usually some combination (function) of the minimal sufficient
statistics X and S2. However, a few charts have been considered that consist of a single charting
statistic which is not a direct combination of a mean statistic and a variance statistic. Instead,
these schemes incorporate the target process mean and variance (i, and a;) directly into the

charting statistic. For example, Domangue and Patch (1991) considered an EWMA chart based

a

+ (1 —r)A;_;, where r is a weighting constant such

on the charting statistic 4; = r |@
0
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that 0 <r < landi = 1,2, ... denotes the sample number. Later, Costa and Rahim (2004)

considered an EWMA non-central chi-square (NCS) chart based on the statistic

n
W; = Z(xij — Uo + fi%)z
=

where n is the sample size, j = 1,2, ..., n denotes the observation number within each sample,
d is a positive constant, §; = d if (X; — o) = 0,and §; = —d if (X; — uo) < 0. Costa and
Rahim (2006) demonstrated that this NCS chart detects changes in the mean and increases in the
variance quicker than the X — R joint monitoring scheme. However, they did not consider
decreases in the variance. Also, it is not clear why the distribution of W; is a non-central chi-
square as claimed by these authors, as the random variable x;; — uy + ;0, does not appear to
follow a normal distribution.

Among the functions to combine the mean and variance statistics, the maximum has been
quite popular. Chen and Cheng (1998) presented the Max chart which combines two normalized
statistics, one for the mean and one for the variance, by taking the maximum of the absolute

values of the two statistics. The resulting charting statistic is M = max(|U;]|, |V;|) where

Xi—u

0/\/n—i

- 2
U, = V=0 1l M;ni —1|¢,H(w;v) is the cumulative distribution function
0—2

(cdf) of the chi-square distribution with v degrees of freedom, n; is the size of the ith sample,
and @(.) is the cdf of the standard normal distribution. Huang and Chen (2010) provided insight
on the economically optimal choice of sample size, sampling interval, and control limits for Max
charts. They also compared the economically-designed versions of the Max chart and joint X and
S charts and determined that they performed similarly. Chen, Cheng, and Xie (2001) proposed a
MaxEWMA chart which similarly combines two EWMA statistics for mean and variance,
Y=QA-AD)Y_1+AU;and Z; = (1 — A)Z;_; + AV;,0 < 1 < 1, by taking the maximum of the
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absolute values of the two, where U; and V; are the same statistics used in the original Max chart
and A is a specified smoothing constant. However, Costa and Rahim (2004) showed using
simulation studies that their NCS chart is preferable to the MaxEWMA chart for detecting
increases in process variability, whether or not they are accompanied by a shift in the mean.

The MaxEWMA chart has been a popular chart in the literature. Khoo et al. (2010a)
presented a slightly different MaxEWMA chart which utilizes the range R rather than S? as the
basis for the variance statistic. They stated that this EWMA X — R chart is not intended to
replace the standard MaxEWMA chart and is simply an attempt to construct a single chart using
R instead of S2. As noted by Chao and Cheng (2008), any approach using R “is bound to be less
effective” than the approaches which combine the minimal sufficient statistics. Mahmoud et al.
(2010) compared the relative efficiency of S and R and concluded that S is strongly preferable
for normally distributed data. Thus, it seems unlikely that a practitioner would choose this chart
for process monitoring. As a further modification of the MaxEWMA chart, Khoo et al. (2010b)
proposed the Max-DEWMA chart, which combines two double EWMA statistics, W; =
A=W,y +AY;and Q; = (1 — 1)Q;_, + AZ;, where Y; and Z; are the EWMA statistics used
in the MaxEWMA chart. While this chart has an additional layer of complexity, it outperforms
the MaxEWMA chart for small and moderate shifts in mean and/or variance, at least when the
same smoothing constant A is used for both the construction of the EWMA statistics Y; and Z;
and the construction of the DEWMA statistics W; and Q;. As is typically the case for EWMA-
type charts, choosing a small value for A increases the sensitivity of both the Max-DEWMA and
MaxEWMA charts to small shifts.

Another variation on the MaxEWMA chart is Memar and Niaki’s (2011) Max

EWMAMS chart, which combines normalized versions of the EWMA X statistic, 4;, =
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(1 — A)Ag_; + Xy, and the EWMA mean-squared deviations statistic, B, = (1 — A)Bj_; +

AX]- M The resulting charting statistic is

M; = max dk—Ho |d> [H {@, v}” . This chart is effective for most changes
A
\/n(z—A)(l‘(l‘)‘)Zk)"

in mean and variance but is outperformed by other schemes for decreases in variance.

Other ways of combining a mean statistic and a variance statistic for joint monitoring
include using the sum of squares or a weighted loss function or adapting existing tests for
comparing the distributions of two samples, such as the likelihood ratio approach. A loss
function is an equation which indicates the severity of the difference between a point estimate

and the true value it is estimating. Some researchers have proposed charts based on the loss

n L
function L = Tiz1 (xi—po)? (2n 1) [

n

s2 4+ (s — )2
— st (x; — to) ], but recently, charts based on a

general weighted loss function, WL = As? + (1 — A)(x; — py)? where A is a appropriate
weighing factor between 0 and 1, have been shown to be more effective (Wu and Tian, 2005).
Wu and Tian (2005) suggested a CUSUM chart, known as the WLC chart, which is based on this
weighted loss function and is useful for jointly monitoring changes in mean and increases (but
not decreases) in variance. The statistic used for this chart is A; = max(0,4,_; + WL, — ky),
where k, is a reference parameter which is determined using a design algorithm, along with the
weighting factor A and the control limit.

While these approaches been rather ad-hoc, the likelihood ratio-based approach appears
to be a promising idea, rooted in solid statistical theory, for constructing a single chart, since the
joint monitoring problem under an assumed parametric distribution (such as the normal) is

analogous to testing the null hypothesis that the most recently taken sample comes from a
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completely specified population (a simple null hypothesis) versus all alternatives (a composite
alternative hypothesis), repeatedly over time as more test samples become available. The exact
(finite sample) distribution of the likelihood ratio (LR) (also known as the generalized likelihood
ratio (GLR) statistic in this case of composite alternatives) statistic is often difficult to obtain, so
in hypothesis testing, the asymptotic properties of this statistic are generally used instead.
However, as noted by Hawkins and Deng (2009), in the control charting setting, practitioners
rarely use sample sizes large enough to make the asymptotic distribution useful, so the efficacy
of this approach could be a concern.

Hawkins and Deng (2009) proposed a pair of new charts: a generalized likelihood ratio

Z_ 2 _1\c2 _1\c2
Vn(x Ho)) _I_(n 12)5 —nln ((n 12)5 )+

(GLR) chart which has the charting statistic G = ( o - -
nlnn — n and a Fisher chart based on the statistic W = —2log A; A, where A is the p-value
given by the X chart for a specified mean and 4, is the p-value given by the S chart for a
specified standard deviation. They then compared the performance of these two charts to that of
the Max chart and found that the GLR chart has superior performance for detecting decreases in
variance, though another chart performs better for any mean increase not accompanied by a
variance decrease. Additionally, they noted that the Max chart and the Fisher chart both exhibit
bias, that is, the OOC average run length (ARL) is larger than the /C ARL, while the GLR chart
does not share this problem.

A few other authors have also utilized the likelihood ratio approach to control charting.
Zhou, Luo, and Wang (2010) proposed a GLR-based chart for detecting non-sustained shifts in
mean and/or variance, which may occur, for example, in healthcare settings. Zhang, Zou, and

Wang (2010) developed a likelihood ratio-based EWMA (ELR) chart which likewise is able to

detect decreases in variance. Conveniently, setting up the GLR and ELR charts does not require
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specification of an additional parameter such as @ in Domangue and Patch’s chart or d in Costa
and Rahim’s NCS chart. However, the limits for the ELR chart are obtained using a complicated
Markov chain approximation, making it difficult to implement in general, though the authors did
provide a table of control limits for certain sample sizes, IC ARLs, and EWMA weight
smoothing parameters.

Another method which is sometimes used for detecting an impending change is the
Shiryaev—Roberts test. This test “has been proved to be optimal for detecting a change that
occurs at distant time horizon when the observations are i.i.d. and the pre- and post-change
distributions are known” and is based upon the likelihood ratio between the two specified
distributions (Zhang, Zou, and Wang, 2011). A Shiryaev—Roberts chart based upon this test was

proposed by these authors and was shown to perform comparably to the ELR and WLC charts.

211113 Singlechartswith control regions

Some researchers have developed joint monitoring schemes in which the process data are
plotted on a two-dimensional plane and are considered /C if they fall within some defined
control region. Otherwise, the process is declared OOC. A variety of these single control charts
have been developed, with semi-circular, circular, and elliptical control regions. As noted by
Chao and Cheng (2008), “the combined visual effect of points that fall in/out of a certain closed
region is more striking than points just crossing the lines.” While visually appealing, a
disadvantage of such control schemes is that the time-ordered nature of the data is lost, removing
the opportunity for the practitioner to spot time-related trends.

Charts with semi-circular control regions have been popular in the literature. Takahashi

(1989) studied several possible control regions (rectangular, sectorial, and elliptic) and noted that
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each has advantages in detecting a particular type of change: rectangular for changes in mean
only, sectorial for changes in variance only, and elliptic for changes in both. He developed a very
complex chart for which the control region is the common area of a rectangle and a sectorial.

Chao and Cheng (1996) developed a control chart in which the points (X;, ;") are plotted

on the (X, S*) plane, where S* = \/ % Y, (X; — X)2. The control region for the chart is based on

the statistic = (X — pig)? + S*2 . If the sample data are normally distributed, 2T has a chi-
Yy 502

square distribution with n degrees of freedom. Furthermore, the equation for the statistic T neatly
defines a circular region. However, since $* must be non-negative, only half of the region is
needed, and this scheme is known as a semicircle (SC) chart. Chao and Cheng (2008) expanded
upon this concept to construct an SC chart with minimum coverage area. Chen, Cheng, and Xie
(2004) utilized this T statistic as the basis for an EWMA-SC chart. However, despite the chart’s

name, the control region for this chart is the area under a line, not a semi-circle. The T statistic is
. . n(Xi—po)? sf
decomposed into mean and variance components, [— — 1] and [(n —-1) (—l — 1)],
ag a3

respectively, which are used to form the EWMA statistics, U; and V;. The sample points are then
plotted in the U, V-plane (rather than sequentially), and all points falling below a specified line

are taken to be /C.

21112 Standards Unknown, Parametric One-Chart Schemes

Nearly all of the joint mean/ variance control charts available in the literature are
designed under the assumption of normality of the process distribution with specified parameters
(case K). However, in practice, more often than not, one or more of these parameters are

unknown and unspecified. This is referred to as the “standards unknown” case or “case U.”
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Devising and interpreting control charts in case U is more interesting and challenging, because
even under the assumption of a known process distribution, such as the normal, the estimation of
the mean and variance parameters from the data and the use of them to construct the trial control
limits result in statistical dependency (see for example, Chakraborti, Human, and Graham, 2009).
This dependency can affect the performance of the chart in a significant way (such as resulting in
many more false alarms than expected), to such a large extent that the practitioner might lose
faith in the whole endeavor. Thus, the effect of parameter estimation on the performance of
control charts has become an important area of research.

A little background is in order. The development of control charts for statistical
monitoring of a process is typically undertaken in two stages: Phase I, which involves
retrospective examination of the process, and Phase I, which focuses on prospective monitoring.
In Phase I, data are collected at regular intervals, and a charting statistic of interest is calculated
from the data and placed on a control chart. When a charting statistic plots above the upper
control limit (UCL) or below the lower control limit (LCL), a signal occurs, and the process is
said to be OOC. In case U, a major objective of the Phase I study is to obtain a set of /C process
data (i.e. a reference sample) from which the parameters needed to determine the control limits
for the Phase II charts can be estimated. The size and the quality of this reference sample can and
do greatly impact the performance of the chart. This has been an active area of research for the
last decade or so. Jensen et al. (2006) presented a comprehensive review of the literature on the
effects of parameter estimation on various types of control charts, noting that it is particularly
problematic when a small Phase I sample is utilized. Although they did not explicitly mention

joint monitoring schemes, their observations on the impact of parameter estimation almost
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certainly extend to these charts. Further work is necessary to better understand the precise impact
of parameter estimation on joint monitoring schemes.

Traditionally, obtaining the reference sample is accomplished using an iterative
procedure in Phase I in which trial limits are first constructed from the data (several subgroups or
a number of observations), and then some charting statistics are placed on a control chart. It may
be noted that the construction of Phase I control charts has different objectives (see for example
the 2009 review article by Chakraborti et al.) from those in Phase II. Phase II control charts are
designed to have a specific /C ARL, while Phase I control charts should be constructed based on
a specified /C false alarm probability (FAP), which requires consideration of the joint
distribution of the charting statistics. In any case, subgroups corresponding to the charting
statistics which are located outside the control limits are generally considered OOC and removed
from the analysis, and new limits are estimated from the remaining data.' This step is repeated
until no more charting statistics appear OOC so that the remaining data is taken to be /C, at
which point the final control limits may be constructed for Phase II monitoring.

However, control charts for joint monitoring in Phase I, case U, have been largely absent
from the literature so far. This is an important problem since if the Phase I chart used to identify
this /C data is incorrect or ineffective at identifying the OOC samples for removal, the resulting
parameter estimates may not be very accurate, which will affect the performance of the Phase II
chart. In fact, several researchers have demonstrated the pitfalls of estimating the parameters

using data which contains OOC samples. The resulting control limits may be too tight or too

! There are two competing schools of thought concerning the handling of subgroups which plot OOC. Some
practitioners automatically discard these subgroups, while others remove them only if they can be attributed to
“assignable causes.” In our discussion, we focus primarily on the former approach; however, problems can arise
with either method. In the case of the latter approach, the practitioner may fail to identify the cause of a particular
subgroup which plots OOC and therefore not discard it. If, however, the subgroup was, in fact, OOC, failure to
remove it could likewise result /C limits which are too tight or too loose.
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loose, causing an inflated FAR or a higher-than-nominal /C ARL, respectively. On this point, for
example, Mabouduo-Tchao and Hawkins (2011) noted, “Plugging in parameter estimates...
fundamentally changes the run length distribution from those assumed in the known-parameter
theory and diminishes chart performance, even for large calibration samples.” Jensen et al.
(2006) pointed out that “the impact of parameter estimation...depends on the direction of the
estimation error.” Clearly, then, in case U situations, it is important to have very good Phase I
charts; otherwise, the resulting Phase II charts will suffer.

A few case U charts for joint monitoring are present in the literature. A recent example is
the simultaneous chart proposed by Yeh, Lin, and Venkataramani (2004) which involves a pair
of CUSUM mean and variance statistics which have the same scale and then plots them on one
control chart with a single set of control limits.” The CUSUM mean and variance statistics are
computed by taking appropriate functions of X and S? and applying the probability integral
transformation (PIT) to each, producing statistics which have the uniform distribution. Because
the PIT is used, this chart can be extended for processes with known, non-normal distributions as
well.

A substantial amount of recent research has demonstrated that in case U, a large quantity
of reference data is needed before the Phase II charts actually display their expected (nominal)
behavior. Jensen et al. (2006) noted that depending on the type of control chart being utilized,
hundreds or even thousands of reference data points may be necessary. However, it is not always
possible to have such a large “clean” dataset. In these situations an alternative class of control
charts may be useful. Among these are the self—starting charts (Hawkins, 1987) and the Q-charts

(Quesenberry, 1991). For the joint monitoring problem, Li, Zhang, and Wang (2010) recently

? The statistics can also be placed on separate charts, resulting in a two-chart scheme.
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proposed a self-starting EWMA likelihood-ratio (SSELR) chart which has this advantage.
However, this chart is only appropriate for univariate data.

Hawkins and Zamba (2005) presented a single chart based on a “changepoint” model
which also avoids the problem of needing a large reference dataset. In this model, the
“changepoint” is the unknown instant at which a special cause brings about a shift in one or both
of the parameters; as a result, the observations taken prior to the changepoint have a different
mean and/ or variance than the observations taken after it. A GLR test can be used to determine
whether the samples before and after a suspected changepoint seem to have the same parameters.
However, the time of the true changepoint is unknown, and it could occur between any two
samples. Thus, the chart proposed by Hawkins and Zamba (2005) uses the maximum of the GLR
statistics resulting from considering all possible changepoints. They demonstrated that this chart
is effective when as few as three Phase I data points are available. However, they acknowledge

that their procedure is inadequate for non-normal distributions.

21.1.1.3 Disadvantages of One-Chart M onitoring Schemes

In general, one-chart schemes are not without some weaknesses. As noted by Chao and
Cheng (2008), one-chart schemes lack a desirable feature present in two-chart schemes, that is,
they lose either the time-sequential presentation of the data, in the case of single charts with
control regions, or the separate treatment of the mean and variance statistics, in the case of single
charts with traditional control limits. In the former case, the charts do not indicate the order in
which the data are collected, making it difficult to spot time-related trends. In the latter case,
there is a reduction in the information to be gleaned by looking at the charting scheme. A signal

on a single mean-variance chart with traditional control limits cannot be attributed to variance or
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mean without diagnostic follow-up.’ Single charts with control regions, however, do not share
this limitation.

Another disadvantage of one-chart joint monitoring schemes is that they often utilize very
complex charting statistics. Additionally, many single charts have some chart-specific “tuning”
parameters, such as a in Domangue and Patch’s (1991) chart or d in Costa and Rahim’s (2004)
non-central chi-square chart, which must be specified and which greatly affect the chart’s
performance (Zhang, Zou, and Wang, 2010). Choosing appropriate values for these parameters
can be quite complex. Some one-chart schemes also have the disadvantage of being insensitive
to large or small shifts in the parameters or to decreases in variance. While individual one-chart
schemes have been shown to have performance advantages over two-chart schemes, it is

inaccurate to claim that one-chart schemes always have superior performance.

21.1.2 Two-Chart Joint Monitoring Schemes

Since the early days of SPC, there have been joint monitoring schemes, used either
implicitly or explicitly, consisting of two charts. For normally distributed data, these two-chart
monitoring schemes are made up of a mean chart (such as the X chart) and a variance chart (such
as the S chart or the R chart). They can consist of a pair of Shewhart, CUSUM, or EWMA
charts, one for the mean and one for the variance, or even a combination of one CUSUM and one
EWMA chart. The mean charts utilized in these schemes are typically two-sided, while the

variance charts may be either one-sided or two-sided. Figure 2.4 shows an example of a two-

? In contrast, a signal on the variance chart of a two-chart scheme is immediately attributable to a shift in variance,
although the same cannot be said of a signal on the mean chart. This fact will be discussed in greater detail later in
this dissertation, but the main point here is that neither two-chart nor one-chart schemes with traditional control
limits can immediately indicate whether a chart signal is caused by the mean, the variance, or both, though two-chart
schemes do provide slightly more information.
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chart monitoring scheme, constructed using simulated data. The mean of the process appears to

go OOC around subgroup 70.

Figure 2.4: A two-chart monitoring scheme consisting of two EWMA charts

Two-Sided EWMA Mean Control Chart

0.5
g 03 A 10,345
S 01 A NN W
< 01 - A
2 22 CL=-0.345
0 10 20 30 40 50 60 70 80

Sample number

High Side EWMA Variance Control Chart
0.15 UCL=0.144
0.1
0.05

EWMA Value
:
i
p
1
]é
1
1&

-0.05
-0.1

0 10 20 30 40 50 60 70 80
Sample number
A major advantage of two-chart monitoring schemes is their familiarity and the apparent

ease of visual interpretation. Such schemes have been used for many years. Furthermore, it

seems natural to some practitioners to monitor the mean and the variance separately and

simultaneously, since the statistics X and S are independent.
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2.1.1.2.1 Standards Known, Parametric Two-Chart Schemes

As with one-chart monitoring, the vast majority of two-chart monitoring schemes
presented in the literature are for data from a specified distribution, such as the normal, for which
the true parameters are specified. Several authors have considered the construction and
improvement of these schemes. Gan (1995) discussed scheme CC, consisting of a two-sided
CUSUM mean chart and a two-sided CUSUM variance chart; scheme EE,, consisting of a two-
sided EWMA mean chart and a high-sided EWMA variance chart; and scheme EE, consisting of
a two-sided EWMA mean chart and a two-sided EWMA variance chart, comparing these to
Domangue and Patch’s (1991) omnibus chart. He demonstrated that EE performs similarly to
scheme CC and is slightly more sensitive than CC when there is a small shift in the mean
concurrent to a slight decrease in the variance. The other schemes performed poorly in
comparison. Reynolds and Stoumbos (2004) also investigated and compared popular Shewhart,
EWMA, and CUSUM schemes, likewise recommending a pair of EWMA (or CUSUM) charts,
though with a different variance statistic than the one discussed by Gan (1995). Reynolds and
Stoumbos (2005) expanded upon this work, comparing a variety of other two- (and three-) chart
combinations, including some Shewhart-EWMA schemes. They, too, ultimately recommended a

pair of EWMA (or CUSUM) charts).

2.1.1.2.2 StandardsUnknown, Parametric Two-Chart Schemes

The standards unknown situation presents even more complex problems for two-chart
monitoring schemes than it does for one-chart schemes. Perhaps for this reason, such charts (for
both Phases I and II) have not yet been studied in the literature. In the Phase I setting, a major

problem which needs to be addressed is how to conduct the iterative, parameter estimation
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procedure for a two-chart scheme.* Should trial limits be constructed for the two charts
simultaneously and a subgroup discarded if it plots OOC on either chart? Alternatively, should
the iterative procedure be conducted first for the variance chart (since it is independent of the
mean parameter) and then for the mean chart using only the data not already discarded? If this
second method is utilized, should the final control limits be recomputed for the variance chart
using only those samples not discarded during the estimation of the process mean? Another
difficulty is designing the scheme so that it has a specified FAP. Further research is needed to
address all of these issues and make two-chart joint monitoring schemes a viable option for case
U. For the Phase II problems, there is also a current shortage of charts that account for parameter
estimation from a Phase I reference data set. Since the impact of parameter estimation on Phase
IT charts can be serious and parameters are estimated based on reference data obtained by the use
of appropriate Phase I charts, two-chart schemes for both settings should be an area of further

research.

21.1.23 Disadvantages of Two-Chart Monitoring Schemes

Two-chart schemes also have some disadvantages. Cheng and Thaga (2006) noted that
these schemes utilize more personnel, time, and other resources than do one-chart schemes.
Typical two-chart schemes give the illusion of clearly showing whether a process is OOC with
respect to mean, variance, or both, since a signal on the mean chart appears to indicate that mean
is OOC, a signal on the variance chart appears to indicate that variance is OOC, and signals on
both charts seem to indicate that both are OOC. Contrary to popular perception, this can actually

be quite misleading. As noted by Hawkins and Deng (2009), since the control limits for an X

* The appropriate approach may depend, in part, on whether practitioner chooses the discard all subgroups which
plot OOC or only those for which “assignable causes” can be identified.
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chart are functions of the /C standard deviation, an increase in the variability may lead to a false
signal on the X chart, and likewise, a decrease in variability may cause the X to fail to signal
even though a shift in the mean has also occurred. Furthermore, in many two-chart monitoring
schemes, the mean and variance charts are constructed completely independently, so that each
has a specified ARL. Appropriate two-chart joint monitoring schemes, however, should have
control limits which have been adjusted so that the overall ARL of the scheme is a specified

value.

2.1.2 Shifted Exponential Distribution Monitoring Schemes

The shifted exponential distribution has a prominent place in reliability and life testing
research, particularly in the context of guarantee times. As noted by Basu (2006), this
distribution can be useful for predicting the life expectancy of a cancer patient or the life span of
light bulbs. Many research problems arising from the shifted exponential distribution have been
addressed in the literature, particularly those that relate to reliability, which, in a statistical
context, is the probability that a random variable exceeds some value. Parameter estimation from
censored and uncensored data, hypothesis testing, reliability sampling plans, and prediction of
future data points are among the topics for which research on this distribution has been
conducted. A few control charts for shifted exponential data also appear in the literature, but
much more work in this area is needed.

Parameter estimation is one of the relevant areas of research regarding this distribution.
Varde (1969) derived Bayesian point estimates for both parameters. Kececioglu and Li (1985)
presented a method for calculating an optimum confidence interval for the location parameter of

a shifted exponential distribution. Lam et al. (1994) presented a method for estimating both
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parameters in situations where the sample data can be ranked but not precisely measured, and
Basu (1971) provided a sequential rule for estimation of the location parameter when the scale
parameter is unknown.

Several other authors have considered parameter estimation from censored data,
including Epstein (1960), Varde (1969), Viveros and Balakrishnan (1994), and Balakrishnan and
Sandhu (1996). Epstein (1960) derived sufficient statistics and interval estimates for
progressively censored data from this distribution, and Balakrishnan and Sandhu (1996) derived
the best linear unbiased estimators and the maximum likelihood estimators for these parameters.
Viveros and Balakrishnan (1994) derived exact confidence intervals for these parameters.
Thiagarajah and Paul (1997) developed confidence intervals for the scale parameter based of
Type I censored data.

In addition to estimating the parameters of this distribution, several researchers have
focused their efforts on estimating P(X < Y), the probability that one random variable, X, that
follows the shifted exponential distribution is smaller than another random variable, Y, from
another shifted exponential distribution. One application of this problem is the estimation of
stress-strength reliability, that is, the probability that the strength of an object exceeds the stress
placed upon it (Baklizi, 2008). An example of this is the situation is which the breakdown
voltage of a capacitor must exceed the output voltage of a transverter (Hall, 1985). Beg (1980)
provided both minimum variance unbiased and Bayesian estimators for P(X < Y). Baklizi
(2008) provided point estimates and confidence intervals for this probability in the cases where
two shifted exponential distributions share a common scale or location parameter.

Ramalhoto and Morais (1999) studied control charts for the scale parameter of the three-

parameter Weibull distribution, which can also be used for the A parameter of the shifted
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exponential distribution, since, as mentioned above, the latter is merely a special case of the
former. However, using these charts requires the assumption that the location parameter is
known and fixed. Siiriicii and Sazak (2009) presented a control scheme for this same distribution
based on the idea of using moments to approximate the distribution.

There has also been research in a number of other areas. Wright et al. (1978) developed
hypothesis tests for these parameters for Type I censored data. A few authors have considered
the problem of predicting future data points from a shifted exponential distribution, including
Ahsanullan (1980) and Ahmadi and MirMostafaee (2009). Reliability sampling plans have also
been a popular research area. Balasooriya and Saw (1998) considered reliability sampling plans
for progressively censored shifted exponential data.

While the shifted exponential distribution is most commonly identified with guarantee
times, a number of other types of processes follow this distribution. Some examples in
manufacturing and healthcare settings are given by Kao (2010). Furthermore, any process which
follows the one-parameter exponential distribution also follows the shifted exponential with
location parameter zero. If there is any possibility that an assignable cause could effect a change
in that location parameter, then a chart for the shifted exponential distribution is needed to

monitor it.

2.1.3 Laplace Distribution Monitoring Schemes

The symmetric Laplace, or double exponential, distribution occurs whenever the random
variable of interest is the difference between a pair of exponentially distributed random variables
with a common scale parameter (Piug and Stephens, 2000). As noted by Kotz et al. (2001), the

Laplace distribution typically appears in the literature as a counterexample in discussions of the
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normal distribution. However, it has numerous practical applications and is therefore deserving
of careful study in its own right. Examples include differences in flood levels at two different
points along a river (Puig and Stephens, 2000; Bain and Engelhardt, 1973), daily and weekly
observations of individual stocks in the Finnish stock market (Linden, 2001), and sunspot cycles
(Sabarinath and Anilkumar, 2008). Kotz et al. (2001) provided an in-depth overview of the
distribution, outlining its distribution, characteristics, and properties, as well as providing
examples of applications in finance, engineering, operations management, and the natural
sciences. Their extensive work provides the reader a handy reference which synthesizes the
extensive literature on the Laplace distribution into a convenient, usable form. Many research
problems arising from the Laplace distribution have been addressed in the literature, including
parameter estimation, reliability estimation, construction of tolerance limits, and hypothesis
testing. However, extensive contributions are needed in the area of process monitoring.

Most recent work has been undertaken for Type II censored samples. Balakrishnan and
Chandramouleeswaran (1996a) developed BLUESs for each of the distribution’s parameters for
samples with this type of censoring. Balakrishnan and Chandramouleeswaran (1996b) extended
these results to produce a reliability function estimator. They also presented tolerance limits for
the Laplace distribution. Childs and Balakrishnan (1996) constructed confidence intervals for
each of the distribution’s parameters by conditioning on values of some statistics used in the
calculation. Ioliopoulos and Balakrishnan (2011) constructed maximum likelihood-based exact
confidence intervals and hypothesis tests for the distribution’s parameters, likewise for Type II
censored samples.

Tests of fit for the Laplace distribution have been an area of recent research interest. Puig

and Stephens (2000) developed goodness-of-fit tests for this distribution based on the empirical
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distribution function. Choi and Kim (2006) developed goodness-of-fit tests which are instead

based on maximum entropy.

2.2 Nonparametric Joint Monitoring Schemes

All of the methodologies discussed above, and indeed, the vast majority of available
work in the area of joint monitoring, have focused on data with a known or assumed parametric
distribution. Given the existing literature on the performance of individual normal theory charts
for the mean and the variance, it is reasonable to believe that departures from these parametric
assumptions can have a dramatic impact on the effectiveness of at least some such charts. This
can be remedied by applying a nonparametric or a distribution-free control chart that does not
require the assumption of a specific form of the underlying distribution. A recent review of
nonparametric control charts can be found in Chakraborti et al. (2011); however, the literature in
the area of nonparametric joint monitoring, both one- and two- chart schemes, is currently very
limited and thus presents a great opportunity for research and development.

The few nonparametric joint monitoring schemes available in the literature are all one-
chart schemes. Zou and Tsung (2010) proposed an EWMA control chart based on a goodness-of-
fit test. They showed that this chart is effective for detecting changes in location, scale, and
shape. Mukherjee and Chakraborti (2011) adapted a well-known nonparametric test for location-
scale which combines the Wilcoxon rank-sum location statistic with the Ansari-Bradley scale
statistic and constructed a chart based on it. Their Shewhart-type chart is called the Shewhart-
Lepage (SL) chart, and it has post-signal diagnostic capability for determining the nature of the
shift. Within the nonparametric joint monitoring literature, their paper appears to be the first

major foray into the standards unknown case, though more work is currently in progress.
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While there is no doubt that nonparametric two-chart monitoring schemes could be
developed, as far as we know, there are none in the current SPC literature. However, Reynolds
and Stoumbos (2010) presented some schemes consisting of a pair of CUSUM charts which are

robust to the normality assumption.

23 Summary

A variety of control charting schemes are currently available for jointly monitoring the
mean and the variance of a normal distribution. Both one- and two-chart schemes exist in the
literature and can be useful to the practitioners. Though all available schemes have advantages
and disadvantages, one-chart schemes appear to be the more promising option, particularly since
there are many unanswered questions regarding the practical implementation of two-chart
schemes when parameters are estimated in a Phase I study.

Joint monitoring schemes for other parametric distributions, including the shifted

exponential and Laplace distributions, are largely absent from the literature.
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CHAPTER 3

SHEWHART-TYPE CONTROL CHARTSFOR SIMULTANEOUSMONITORING OF
UNKNOWN MEANSAND VARIANCES OF NORMALLY DISTRIBUTED PROCESSES

3.1  Introduction

Since their invention in the 1920s by W.A. Shewhart, Shewhart-type control charts have
been popular tools for use in statistical process control (Montgomery, 2005). These charts are
well-known to be able to detect moderate to large and transient shifts. Most of these charts are
designed to monitor a single process parameter, typically the mean (u) or the variance (o2), but
more recently, a number of charts have been developed for jointly monitoring the mean and
variance of normally distributed processes. The issue of joint monitoring is particularly relevant
for processes in which special causes may result in a simultaneous shift in the mean and the
variance. An example given by Gan et al. (2004) is an improperly fixed stencil in circuit
manufacturing which can cause such a shift in the mean and the variance of the thickness of the
solder paste printed onto circuit boards.

Two major classes of joint monitoring schemes have been developed in the literature:
those which monitor the mean and the variance simultaneously on a single chart, and those
which use two separate charts, one each for monitoring the mean and the variance. Costa and
Rahim’s (2004) NCS chart is an example of the former, while Gan’s (1995) scheme EE is an
example of the latter. Though both types of joint monitoring schemes have advantages and

disadvantages, one-chart schemes seem to be preferable for both practical and statistical reasons.
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In particular, the one-chart schemes typically require fewer process control resources and are
more straightforward to implement. Moreover, they seem to be more useful in situations when
the process is mostly in-control and fewer out-of-control events are anticipated. Cheng and
Thaga (2006) provided a review of the joint monitoring literature until about 2005; McCracken
and Chakraborti (2011) gave a more recent overview.

Among the available one-chart schemes for jointly monitoring the mean and the variance,
the vast majority are designed for situations in which the true parameters are known rather than
estimated from data. The term “standards known” or “case K” is typically used for situations in
which all relevant process parameters are known, while the term “standards unknown” or “case
U” is used for situations in which one or more process parameters are unknown. When one or
both of the parameters are unknown and must be estimated, it is well known that the estimation
has a big impact on the performance of the case K charts, particularly in terms of the ARL and
the FAR, in that many more false alarms are observed. Thus, when parameters are estimated, the
case K control charts must be modified (both in terms of the plotting statistic and the control
limits) to correctly account for parameter estimation, so that the charts perform at a specified
nominal /C ARL.

In this chapter, we consider the modification of a pair of existing joint monitoring
procedures for case K to case U. These are both Shewhart-type one-chart joint monitoring
schemes, useful for detecting large shifts in process parameters: Chen and Cheng’s (1998) Max
chart and Razmy’s (2005) Distance chart. These charts are similar in that both are based on the
idea of combining the estimators X and S? (minimal sufficient statistics) of the mean (u) and the
variance (02) to construct a single charting statistic capable of monitoring the mean and the

variance simultaneously. Additionally, once there is a signal, these charts allow the practitioner
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to easily determine both the direction of the shift and which of the two parameters has shifted.
Furthermore, charts of this type have played a pivotal role in the joint monitoring literature. For
example, many currently available joint monitoring charts are based on the Max chart, including
Chen, Cheng, and Xie’s (2001) MaxEWMA chart; Cheng and Thaga’s (2010) Max-CUSUM
chart; Khoo et al’s (2010a) EWMA X — R chart; Khoo et al’s (2010b) Max-DEWMA chart; and
Memar and Niaki’s (2011) Max-EWMAMS chart. The Max chart is a Shewhart-type chart, and
as noted by Cheng and Thaga (2006), this chart is more effective for detecting large shifts.

For purposes of comparison, we also consider a similarly-modified two-chart (X /S)

scheme in various parts of this chapter.

3.2 Background

It has long been recognized that using estimated parameters in control charts designed for
situations in which the true parameters are known introduces additional variability into a
monitoring scheme. In their well-written review, Jensen et al. (2006) summarized the effects of
parameter estimation on the performance of a variety of control charts. In particular, they noted
that problems abound when a small Phase I sample is utilized. Although they did not explicitly
mention joint monitoring schemes, their observations on the impact of parameter estimation can
be shown to extend to these charts.

To understand the degree of potential impact of parameter estimation on case K joint

monitoring charts, first consider the Max chart. This chart has a plotting statistic M =

{

F Kooty is the cdf of the chi-square distribution with (n — 1) degrees of freedom, and X; and S?

Xi—Ho

_1 (n-1)S? . C e
oo vnl’ |CD {F Xony (—2 )}|}, where @ is the cdf of the standard normal distribution,

)

are the mean and the variance of the ith sample of size n. When the desired /C ARL for this chart
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is 500, the appropriate UCL, 3.29, can easily be calculated using Mathcad or estimated using
Monte Carlo simulations; the corresponding type I error probability (false alarm rate) is 0.002.”

Next, consider the Shewhart distance chart studied in Razmy (2005). The plotting statistic

2

of this chartis D = (%)2 + ((D‘l {F oy ((n;lg)siz)}) . When the desired /C ARL for this

chart is 500, the appropriate UCL, 3.52, can be obtained using Monte Carlo simulations, and the
corresponding FAR 1is 0.002.

Finally, consider the two-chart joint monitoring scheme which consists of an X chart and
an S chart.® The plotting statistic of the X chart is X;, and the plotting statistic of the S chart is ;.
When the desired /C ARL for this scheme is 500, each of these charts should have an /C ARL of

999.5. When n = 5, the appropriate control limits for the X chart are

oo

(o
= —1.47 and py + = 1.47, while the appropriate

Ho = N N
agFX%n_l)«l— /1—%)/2)
control limits for the S chart are — = 0.13 and
02F _; (1—(1— /1—i>/2) ~
ey — > = 2.24. As with the Max and Distance charts, the FAR for the (X, S)
scheme is 0.002.

Now, suppose that the true /C mean and variance are unknown. In practice, one would
typically estimate these parameters from an /C reference sample of size m prior to implementing

a monitoring scheme. Then, one might “plug in” these estimates for the parameters when

> Note that in the known parameter case, the FAR is the reciprocal of the IC ARL.

® The X and S charts discussed in this paper are based on probability limits rather than the 3-sigma control limits
given by Montgomery (2005). The differences between the 3-sigma method and the probability limits method of
constructing these charts is discussed in greater detail in A.4 in the Appendix.
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calculating M and D, resulting in estimated plotting statistics M and D, respectively. However, if
one then uses the same control limits that were used with M and D, the chart performance will be
degraded. In fact, it is expected that the /C ARL for the charts using the parameter estimates
would decrease from the nominal value so that more false alarms would occur.

Likewise, for the (X, S) monitoring scheme, if the true /C mean and variance are
unknown, one might “plug in” parameter estimates to compute the control limits for the X and S
charts. However, doing so without accounting for the additionally variability caused by the
parameter estimation will likewise cause the charts’ performances to be degraded. As for the
Max and Distance charts, it is expected that the /C ARL for the for the (X, S) scheme using the
parameter estimates would decrease from the nominal value so that more false alarms would
occur.

To examine the extent of the effect of parameter estimation on the Max and the Distance
charts and the (X, S) scheme, a simulation study was undertaken. The nominal /C ARL was set at
500, and 25,000 simulations were done.” Table 3.1 shows values of the observed ARL for various
combinations of m and n, where m is the total size of the Phase I reference sample and # is the
size of each Phase II monitoring sample.

It is well known that in the standards known case, increasing n decreases the probability
of type II error for control charts, just as is the case for hypothesis tests (see, for example,
Montgomery, 2005). This is true because larger values of n improve the chart’s ability to
recognize differences between the given parameters and the mean and standard deviation of a
particular process sample. When the true mean and standard deviation are unknown and are

instead estimated from a Phase I sample, increasing n likewise improves the charts’ ability to

’ Throughout this dissertation, the number of simulations is selected to ensure a low standard error of estimation.
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recognize differences between the mean and standard deviation of the Phase I sample and the
mean and standard deviation of a given Phase II sample. However, since the Phase I mean and
standard deviation are estimates rather than the true process parameters, identifying differences
between these values and the mean and standard deviation of the Phase II sample can result in
false alarms. Thus, for a fixed m, increasing n results in a decrease in the nominal ARL. On the
other hand, when n is fixed, increasing m causes the Phase I mean and standard deviation
estimates to converge toward the true mean and standard deviation. Thus, for a fixed n, larger
m’s result in ARLs which are closer to the nominal ARL.

From Table 3.1, it is seen that the Max and Distance charts and the (X/S) scheme are all
affected by parameter estimation. When parameters are estimated, the observed ARL values can
be considerably lower than 500, even when a fairly large reference sample (m = 100) is used.
The departure from the nominal /C ARL is greater when smaller, more typically recommended,
reference samples (m = 30) are used. Thus, it is clear that for typical situations in practice
(m < 100), modifications and adjustments to the “standards known” charts must be made before
they can be used correctly in the “standards unknown” case. This is so that the IC ARL will be
close to the nominal value; otherwise, there can be a large number of false alarms that will

diminish the utility of these charts in practical situations.
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Table3.1: Observed IC ARL for the Max and the Distance charts when the mean and the
standard deviation of a Phase | sample are used to estimate u and o

m n Max Chart Distance Chart (X, S) Scheme
Observed ARL Observed ARL Observed ARL

500 5 493.68 506.62 490.52

400 5 483.07 495.16 486.84

300 5 482.16 491.82 486.03

200 5 476.21 490.90 476.98

150 5 474.02 488.10 468.57

100 5 457.58 471.17 453.99

75 5 444.51 461.56 441.31

50 5 424.94 447.26 419.76

30 5 383.86 408.51 382.09

100 15 324.51 332.96 328.96

75 15 301.91 307.06 299.15

50 15 259.84 260.63 254.84

30 15 206.17 205.47 204.52

100 25 266.95 263.15 263.10

75 25 233.84 233.17 233.39

50 25 177.73 188.90 188.54

30 25 151.22 153.19 140.82

Although from Table 3.1 one can see the effect of the size of the Phase I sample on the /C
ARL, note that these figures are unconditional; that is, they are obtained by averaging over all

possible values of the mean and the standard deviation estimates. Since the sample mean and
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standard deviation are random variables with their own probability distributions, the values of
these estimates would vary in practice even though the Phase I sample is obtained from an /C
process. The magnitudes of these estimates can affect the performance of the chart, and hence it
is fair to examine, in addition to the unconditional performance, the “conditional” performance
of the charts, i.e. what happens when specific values of the estimators are used in setting up the
chart. In order to study this phenomenon, a second simulation uses specific quantiles of the
distributions of ¥ and s? to simulate their values, to show the effects that high, low, and medium
estimates can have on the resulting /C ARL. These ARL values, obtained for some specific values
of the estimators, are called conditional ARL values. Table 3.2 shows the conditional ARL values
which shed interesting light on the effect of parameter estimation on these joint monitoring
charts.

Based on the results in Table 3.2, it is clear that the particular estimates, obtained from
different samples from an /C process, can have a dramatic impact on the observed /C ARL of the
charts. Depending on the values (quantiles) of X¥ and s2 used, the /C ARL may be either greatly
higher or lower than what is nominally expected, and in some cases, the results of particular
combinations are not intuitive. For certain quantiles, the impact is greatest on the (X/S) scheme,
while for other quantiles, the impact is greatest on the Distance chart. “Plugging in” estimates for
u and o in the traditional Max chart, Distance chart, or (X/S) scheme would therefore lead to
unpredictable chart performance. It is thus desirable to modify each chart so that the

unconditional /C ARL is correctly maintained at a specified nominal value.
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Table 3.2: Conditional IC ARL for the Max and Distance charts when specified quantiles of
x and s? are used as estimatesfor g and, m = 30, and n = 58

Mean Variance Max Chart Distance Chart | (X,S) Scheme
Quantile Quantile Observed ARL Observed ARL Observed ARL
5 5t 22.23 20.20 5.06
5t 25" 34.56 31.35 6.23
5t 50" 38.34 34.81 6.55
5t 75" 34.52 31.25 6.27
5 950 22.28 20.18 5.08
25" 5t 71.39 67.06 29.80
25" 25" 139.07 128.84 49.27
25" 50" 165.41 154.35 55.69
250 750 138.98 130.40 49.49
25" 95 70.87 66.68 30.07
50" 5 164.85 162.13 148.86
50 25" 362.47 350.77 324.26
50 50 445.20 435.53 396.66
50" 75" 360.37 352.05 322.87
50" 95™ 164.62 160.77 148.42
75" 5t 357.70 343.11 578.11
750 25" 718.09 728.67 880.58
750 50" 855.02 886.17 944.86
750 750 723.74 726.47 872.09
750 95t 352.78 345.27 576.97

® The nominal IC ARL is 500.
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95t 5 651.80 615.69 440.06
95t 25" 834.43 991.63 437.48
95t 50" 877.19 1098.48 441.65
95t 750 845.33 988.03 442.50
95t 95 648.65 621.72 439.01

3.3  Statistical Framework and Preliminaries

Let Uy, Uy, ..., U,, be a random sample of size m from normal distribution with mean
u; and variance o2, respectively. Further, let V;, V5, ..., V, be a random sample of size n, likewise
from the normal distribution, with mean p, and variance o3, respectively, and let the U's and the
V’s be mutually independent. The parameters y; , iy, 0, and o are all assumed unknown with
—00 < iy, 1y < ooand 0 < g2,0% < oo . When the process is IC, py = p, = pand g2 =
02 = 02 so that the two populations have the same normal distribution, with unknown mean p
and unknown variance o2. When the process is OOC, the normality assumption is still assumed
to hold, but one or both of these equalities among the parameters is violated; in other words, in
the OOC case, either the means, the variances, or both would differ for the two normal

distributions.

Now, let U = %(Ul +Uy+-+ Up)and V = %(Vl + V, + -+ V) be the respective
sample means, and also let S3 = ﬁ (U —U)? and S} = ﬁ T.1(V; = V)? be the

respective sample variances. It is well known that U is normally distributed with mean p; and

. 2 . 1S . . . . .
variance and jn—l, while (mo# is distributed as a chi-square with (m — 1) degrees of freedom.
1

Furthermore, it is well known that U and S3 are mutually independent. Similarly, V is normally

41



distributed with mean u, and variance 22 and Q

— is distributed as a chi-square with (n — 1)
2

degrees of freedom, independently of V. Additionally, (U, S3) and (V, SZ) are mutually
2
independent. Letting N = m + n, denote W; = /";Vn V=D and W, = S—Z
Su U

Next, consider modifying the Max and the Distance charts using the estimators from a
reference sample. The proposed plotting statistics and the resulting control charts are constructed
in the same spirit as in the original case K charts, in that they use the probability integral
transformation, but suitable modifications are made to account for estimation of parameters and
the correct application of the resulting statistical distribution theory. Suppose the U sample
corresponds to an /C or reference sample. Much of what follows is based on correctly accounting
for the impact of the reference sample on the plotting statistics and the chart performance. To
this end, we first consider the distribution of various statistics given (or conditionally on)

Ui, U,, ..., Uy, or, equivalently, on the minimal sufficient statistics, UandS Lz, First, it can be seen

that conditionally, W; follows a normal distribution with mean ’%(MZS—_U) and variance
U

(n-1)s§

2
% :—; ,and W, follows a chi-square distribution with (n — 1) degrees of freedom.
U

o3

Moreover, W, and W, are mutually independent. Next, it can be shown that unconditionally,
when the process is /C, W, follows a ¢ distribution with (m — 1) degrees of freedom, and W,
follows an F distribution with (n — 1) and (m — 1) degrees of freedom. However, W; and W,
are not mutually independent. As a result, the two statistics W;* = ®~1{{,,,_; (W;)}, and

W,* = @ YF,,_1 n_1 (W)}, where {,(.) and E,_,, (.) denote, respectively, the cdf of a ¢

1,2

distribution with v degrees of freedom and an F distribution with v; and v, degrees of freedom,
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are also dependent. As we see next, our plotting statistics are functions of W;* and W, ", and their
dependence plays a crucial role in the correct implementation of the proposed charts. They are:
i.  The Modified Max chart plotting statistic: ¥; = max{|W;; |, | W;;|}. The corresponding
Shewhart-type chart is called the Modified Max chart. The process is declared OOC
when ¥; > H,, where the upper control limit H,; is obtained so that the /C ARL is some

given nominal value.

ii. The Modified Distance chart plotting statistic: A; = ’Wl*iz + W,%. The corresponding

chart is called the Modified Distance chart, which is also a Shewhart-type chart. The
process is declared OOC when A; > Hj, where the upper control limit H, is obtained so
that the /C ARL is equal to some given nominal value.

In order to implement the charts we need to find the control limits, so we next study the

distributions of the plotting statistics.

3.4  Distribution of Plotting Statistics

Distribution of ¥

With the Modified Max chart, the process is declared OOC when for the ith test sample,
P, > H,, where the upper control limit H,, is obtained so that the /C ARL is some given nominal
value. Since when parameters are estimated, the statistics W;" and W, that are components of the
Max chart plotting statistic are dependent, a derivation of the run length distribution is more
complicated. However, this problem can be conveniently solved by conditioning on the reference
sample as demonstrated by Chakraborti (2000). The details of the derivation are given in the

Appendix. It is shown that the (unconditional) cdf of the plotting statistic ¥ is given by
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P(‘TJ = g) = fooo fjomP(ZU'YU)d’(ZU)fX(Zm_l) (yldzydyy, g >0

where

p(Zy,Yy) = {cb lr (jé k\/%Jr \/%ZU + A)l - [T <\/§ h\/%Jr \/%Z” " A)l}

X {F udTYUl —F., ucﬁul},

Xen-v) |(m — 1) Xn-1) [(m — 1)
h={ni{@(=} k = GLi{P (@)} ¢ = Fly (P (=)} d = FiZy no{P(9)} T = 0f /07
A=n(u, — pp)/01, Zy = Nm(U — py)/oy, and Yy = (m — 1)S§/of.

The run length distribution and the associated characteristics, such as the moments and
percentiles, can all be obtained similarly by conditioning. For example, conditionally on Z;; and
Yy, the run length random variable, R, follows a geometric distribution with probability of
success (signal) 1 — p(Zy, Yy), where g = Hy,. Thus,

PR =71|Zy,Yy) = [1—pZy, YDIp(Zy, Y)I" L r =123, ..

As a result, the unconditional run length distribution can be obtained by calculating the

expectation of the conditional run length distribution over the distributions of Z;; and Yy;:

PR=7)= [ [2[1 =P, y)lP(, y) @S 2, Gv)dzydyy
Similarly, the conditional ARL of the Modified Max chart equals [1 — p(Z, Y;)] ! and the

unconditional ARL is given by

ARL = [ [7[1 = p(zy, y)I b (20)f 2, ) dzydyy.
Other moments and percentiles of the run length distribution can be calculated in a similar
manner, that is, first conditionally and then unconditionally, over the joint distribution of Z;; and
Yy.

Note that when the process is /C, we have A= 0 and t = 1, so that
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(Zy, Yy|IC) = ® N |2 +fZ o Np |2 +fz
p(Zy, ylIC) = n Jm—-1 Nm'Y n m—-1 \Nm~Y

(n-1) (n-1)
X [FX(zn—l) [(m—l) dYU] - FX(zn—l) (m-1) CYU”'

Hence, the /C unconditional ARL is given by

[ ] 1= yliorset,  ondzdy,

where g = Hy;, the UCL of the Max chart. The same expression can be used to find the UCL for
a given nominal value of the /C unconditional 4RL, such as 500. Note that since p(Zy, Yy |IC) is
free of A and 7, both the conditional and the unconditional /C run length distributions (and hence
all the unconditional and conditional run length distribution characteristics such as the ARL and
the percentiles) are free of the nuisance parameters when the process is /C. This is an important

practical feature of the Modified Max chart.

Distribution of A

For the Shewhart Modified Distance chart, the process is declared OOC when for the ith
test sample A; > Hp, where the UCL H), is obtained so that the /C ARL is equal to some given
nominal value. As in the case of the Modified Max chart, the plotting statistic A is a function of
Wi and W5, and since the joint distribution (cdf) of W;" and W, can be obtained by conditioning
(as shown in the Appendix), the conditional and the unconditional distribution of A can be

obtained from it. For example, it is shown that the (unconditional) cdf of A is given by

R 00 00 0O \/m
P(A<yg)= f ] f j fwzw; W1, v22y, yy) dvidv, (;b(ZU)fX(Zm_l) y)dzydyy
0 —o0 v —o00 —\/m

where fy» s (v1, v2|zy, yy)denotes the conditional joint pdf of (Wy', W5).
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Again, as in the case of the Modified Max chart, the run length distribution of the
Modified Distance chart can be conveniently obtained, along with the moments and percentiles,

by conditioning on the reference sample. For example, writing

p*(zy, yu) = f_oooo f_\/g%fwf,wz* (v1, v2|2y, yy)dv,dv, where g = H)p
and following the same lines of argument as with the Modified Max chart, the run length
distribution and the associated characteristics, such as moments and percentiles, for the Modified
Distance chart can be obtained. Hence, conditionally on Z;; and Yy, the run length, R*, follows a
geometric distribution, with probability of success (signal) 1 — p*(Zy, Yy). Therefore

PR* =1|Zy,Yy) = [1 = p*Zy, Y)IIp* Zy, Y)I" L r = 1,23 ..
and the unconditional run length distribution can be obtained by calculating expectation over the

distribution of Z;; and Yy;:

PR =)= [ [ 1= G y)llp Gy 6 Gf 2, Go)dzydy

As in the case of the Modified Max chart, the unconditional ARL of the Modified Distance chart
can be calculated by finding the expectation of [1 — p*(Zy, Y;)]~! over the distribution of Z;
and Yy;:

ARL = [* [% [1 =" (20, y)) " b(20)f 2, Gu)dzydyy.
Other moments and percentiles can be calculated in a similar manner. Again, note that when the
process is IC, we have A = 0 and T = 1 so that the unconditional run length distribution is free
of “nuisance” parameters.

Note further that the conditional joint pdf fiy w:s (v1, v2|2zy, yy) needed in the calculation
of p*(zy, yy) can be obtained by differentiating the conditional joint cdf Fyy: y=(v1, v2 |2y, yy)
given in (*) in Appendix A. Hence
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p*(zy,yy) = f_oo f—\/gz——;z v,0v,

{CblT< /ﬂ b ’—y" + ’ﬁzu +A>l -
n m-—1 m
N yu n (n—-1) (n—-1)
® [T <\/; “«/m t w2t A)l}{Fxfn_l) [y deve| = Fe m”yv]}l A dv,.

3.5  Proposed Charting Procedures

We propose the following methods for constructing appropriately Modified Distance and
Max charts to monitor the mean and variance when they are unknown:
Phase Il Modified Max Chart
Step 1. Collect a reference sample of size m from an /C process:

X = (X1, X5, o, Xin)

Step 2. Let Y;;, = (Yj4, Yi2, ..., Yip) be the ith Phase II (test) sample of size n, i = 1,2, ...
Step 3A: Identify the U’s with the X’s and the J”s with the Y’s, respectively. Calculate the
statistics |W;| and |W;| for the ith test sample, for i = 1,2, ...
Step 4A. Calculate the Shewhart max-type plotting statistic: ¥; = max{W;;|, |W5;|}.
Step 5A. Plot ®; against the UCL H,,. Note that ¥; > 0 by definition and larger values of
W; suggest an OOC process.
Step 6A. If ¥; exceeds Hy, the process is declared OOC at the ith test sample. If not, the process
is thought to be /C, and testing continues to the next test sample.
Step 7A. Follow-up: The Modified Max chart requires no additional charting constants for its
follow-up procedure, making it simple to implement. When the process is declared OOC at the
ith test sample, compare each of |Wj;| and |W5;| with Hy,.

() If |W5;| < Hy < |W{;|, a shift in mean is indicated.
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(ii) If |Wy;| < Hy < |W5;], a shift in variance is indicated.

(iii) If |Wy;| and |W5;| both exceedHy,, a shift in both mean and variance is indicated.

Phase Il Modified Distance Chart
Steps 1-2 Same as before.
Step 3B. Identify the U’s with the X’s and the Vs with the ’s, respectively. Calculate the

statistics Wy'?and W,? for the ith test sample, for i = 1,2, ...

Step 4B. Calculate the Shewhart distance-type plotting statistic: A; = ’Wl*iz + W, 7

Step 5B. Plot 4; against a UCL H,,. Note that A; > 0 by definition and larger values of
A; suggest an OOC process.
Step 6B. If A; exceeds Hp, the process is declared OOC at the ith test sample. If not, the process
is considered to be /C, and testing continues to the next test sample.
Step 7B. Follow-up: The following procedure is recommended. When the process is declared
OOC at the ith test sample, calculate p; = P[W;%2 > w;? |IC] and p, = P[W5? > w;? |IC].
Note that since W;2 and W2 each follow a chi-square distribution with 1 degree of freedom,
both of these probabilities can be obtained directly from a chi-square table.

(1) If both p;, p, < 0.01, a shift in both mean and variance is indicated.

(i1) If both p;, p, > 0.05, a false alarm is indicated.

(i)  Ifp; < 0.01 and p, > 0.05, a shift in mean is indicated.

(iv) Ifp, < 0.01 and p; > 0.05, a shift in variance is indicated.

(v) If p;, < 0.01 and 0.01 < p, < 0.05, a major shift in mean with possible associated

shift is variance is indicated.
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(vi) Ifp, <0.01and 0.01 < p; < 0.05, a major shift in variance with possible associated

shift is mean is indicated.

3.6 Implementation

The proposed Modified Max and Distance charts are designed such that the appropriate
UCL is found based on the sample sizes and the desired nominal /C ARL. Although one can use
the analytical expressions for the /C ARL given in the earlier sections to find (solve for) the
control limits, this is bound to be tedious as the formulas involve evaluations of multi-
dimensional integrals. Instead we use simulations in R to calculate the control limits. Note that
we also use the software Mathcad to evaluate the integrals and thus spot check the simulation
results in a number of cases. In Table 2, we provide the appropriate UCL values for both of these
charts for various combinations of m and n, for a nominal /C ARL of 500.

From Table 3.3 it can be seen that the standard unknown values for Hy, and H, approach
the corresponding standards known values 3.29 and 3.52, respectively. Additionally, H does not
change much once the reference sample size m is sufficiently high. It increases only slightly
when n is fixed and m increases from 150. However, when m is fixed and n increases, H
actually decreases slightly. For other values of m and »n within the range of the table,
approximations to the control limit can be obtained. For example, for the Modified Max chart, a
simple polynomial fit for n = 5 yields, y = 6E-09x3 - 6E-06x? + 0.0019x + 3.0626, where

y = Hand x = m. This fit has a remarkably high R*> = 0.9802.
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Table3.3: The H valuesfor the M odified Max and Distance charts
for anominal IC ARL of 500

m n Hy Hp

500 |5 3.27 |3.50

400 |5 326 |3.49

300 |5 325 |3.49

200 |5 3.24 | 347

150 |5 3.23 | 345

100 |5 3.20 |3.43

75 5 3.18 | 341

50 5 3.15 | 3.37

30 5 3.10 |3.31

100 |15 |3.17 |3.39

75 15 |3.13 |3.35

50 15 |3.06 |3.28

30 15 {293 |3.14

100 |25 |3.11 |3.33

75 25 [3.05 |3.26

50 25 294 |3.14

30 25 |2.73 293
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3.7 lllustrative Example

Montgomery (2005) presents a data set for an automotive manufacturing process which
involves a Phase I data set consisting of twenty-five samples of five piston ring diameters and a
Phase II data set consisting of an additional fifteen samples of five piston ring diameters. We use
this example to illustrate the effectiveness of the Modified Max and Modified Distance charts for
jointly monitoring the mean and the variance of the process. Here, m = 125, and n = 5.
Suppose we wish to use an IC ARL of 500. Then, using simulations, the control limits are found
to be Hy; = 3.216 for the Modified Max chart and H, = 3.450 for the Modified Distance chart.
The resulting control charts with the plotted statistics are shown in Figures 3.1 and 3.2,
respectively.

Though the two charts look very similar, the signal occurs at the 12" sample for the Max
chart and at the 13™ sample for the Distance chart, indicating that the Max chart is somewhat
superior in this particular instance. Since the charts both signal, we use the proposed follow-up
post-signal diagnostic procedures and see that both charts indicate a shift in mean only. This is

because for the Max chart, |W1*’12| = 3.239 exceeds Hy; = 3.216, while |W2*'12| = 0.624 does

not. Likewise, for the Distance chart, we calculate the two p-values p; = 0.0001 and p, =
0.7391 using R and reach the same conclusion. It is interesting to note that for the same data set,
Mukherjee and Chakraborti’s (2011) Shewhart-Lepage nonparametric control chart also
signalled at the 12™ sample, but their post-signal diagnostic procedure concluded that there was
evidence of both a location and a scale shift. On the parametric side, based on a two-chart
scheme made up of a traditional 3-sigma X and a 3-sigma R chart as in Montgomery (2005), one

would conclude that there was evidence of a mean shift at sample 12 but no variance shift. Our
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normal theory one-chart procedures reach the same conclusion and are correctly designed for a

specified /C ARL of 500 in the presence of estimated parameters.

Montgomery’s (2005) piston ring data

Figure 3.1: Modified Max Chart Figure 3.2: Modified Distance Chart

Next we examine the performance of the proposed charts through a study of their run

length properties.

3.8  Performance Comparisons

The performance of the Modified Max and Distance charts is evaluated in a simulation
study. The tables and plots in Appendix B compare the performance of the two charts for various
mean and variance shifts and sample sizes, providing the 4ARL, the run length standard deviation,
and specified quantiles of the run length distribution. Note that the underlying distribution is
normal and that ¢ = 0 and o = 1 represents the /C case. For purposes of comparison, the
modified (X/S) scheme discussed in Appendix A.4 is also included in the simulation. It is

important to realize that the control limits for this (X/S) scheme are determined by taking the
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parameter estimation into account. The Montgomery (2005) (X/S) scheme is not directly
comparable to the Modified Max and Distance charts.

Since joint monitoring of the mean and variance of a normal distribution is analogous to
testing the null hypothesis that the sample at hand comes from a completely specified normal
distribution (a simple null hypothesis) versus all alternatives (a composite alternative
hypothesis), a likelihood ratio-based joint monitoring scheme appears to be a promising
alternative. Several researchers have considered control charts based on the likelihood ratio,
including Hawkins and Deng (2009); Zhou, Luo, and Wang (2010); Zou and Tsung (2010); and
Zhang, Zou, and Wang (2010). Following this line of argument, we considered a chart based on
the two-sample likelihood ratio statistic (the LR chart) and compared its performance to that of
the Modified Max and Distance charts in the simulations. However, the LR chart was found to
have the uniformly worst performance, often taking more than twice as long as the Max and
Distance charts to detect a shift. This relatively poor performance may result from the fact that
the many small changes in mean and variance which are detected by the W and W' statistics
(and therefore produce a signal in that Max and Distance charts) are not large enough to produce
a significant change in the likelihood ratio statistic. As a result, the LR chart for joint monitoring
was deemed to be too conservative to be useful in practice and will not be discussed any further
in this chapter.

From the tables and the figures, it is seen that the Modified Max and Distance charts
perform rather similarly, though the Distance chart slightly outperforms the Max chart in most
cases. The Max chart has slightly superior performance in detecting moderate to large shifts in
the mean (0.75 to 3.0) accompanied by smaller or absent shifts in the variance. For example,

when m = 100,n = 5, and the mean shifts from 0 to 1 and there is no shift in the variance, the
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ARL of the Modified Max chart is 9.55, while that of the Modified Distance chart is about 6%
larger. However, the Modified Distance chart has a shorter ARL in the majority of the cases,
including small shifts in the mean (less than .05) with no shift in the variance and moderate-to-
large shifts in the mean accompanied by any shift in the variance. Note that the Max chart is
easier to apply since it has a simpler follow-up post-signal diagnostic procedure. The similarity
in performance of the two charts is not surprising, given that both of these charts are based upon
functions of the same basic statistics W;" and W,'. Both charts quickly detect moderate to large
changes in the mean and/or variance.

The (X/S) scheme exhibits very promising performance, though its performance is
greatly influenced by the size of the reference sample m. The scheme outperforms the Max chart
for all of the shifts studied. When n = 30, this two-chart scheme also outperforms the Distance
chart for all of the shifts studied. However, when a larger set of reference data is used, we see
that the Distance chart outperforms the (X/S) scheme when a medium-to-large shift in the
variance occurs.

Next, an important question about all normal theory control charts is their robustness to
normality, that is, how their performance is affected or degraded by a departure from the
normality assumption upon which the methodology is based. We now examine this issue for the

proposed charts.

3.9 Robustnessto Departuresfrom Normality
It is of interest to examine the performance of the Modified Max and Distance charts
when the underlying process distribution is non-normal. This is particularly important in the /C

case so that one can understand the effect of non-normality on the /C ARL. To study this, we
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performed simulations in which both the Phase I and Phase II data come from the same non-

normal distribution. We considered both skewed and symmetric distributions, as well as the

“normal-like” Laplace and ¢ distributions. The results appear in Tables 3.4 and 3.5.

Table 3.4. The IC run length characteristicsfor the normal theory M odified Distance chart
wherem = 50,n =5,IC ARL = 500,and H, = 3.37.!

Distribution 5th Ist 3rd 95th
(Scaled to mean 0 and ARL| VAR  |Percentile|Quartile| Median|Quartile | Percentile
variance 1)
Laplace 72.88] 9471.88 4 15 38 91 258
Gamma (1,1) 27.77) 966.47 3 7 17 36 89
Gamma (3,1) 82.36/ 11800.07 4 17 44 104 297
1(5) 69.93| 8239.04 4 16 39 88 245
1(4) 48.71| 3732.66 3 11 27 61 168

'H iscalculated on the basis of normal distribution.

Table 3.5. ThelC run length characteristicsfor the normal theory Modified Max chart
wherem = 50,n=5,IC ARL = 500,and H,;, = 3.15.2

Distribution Sth Ist 3rd 95th
(Scaled to mean 0 and ARL | VAR |Percentile|Quartile| Median|Quartile|Percentile
variance 1)

Laplace 76.31| 8370.85 4 17 44 100 263
Gamma (1,1) 37.21| 1661.33 3 10 23 50 119
Gamma (3,1) 129.54| 27521.56 6 26 70 166 463

t(5) 81.56| 9810.29 4 19 48 105 276
t(4) 56.15| 4514.14 4 13 33 73 187

’H is calculated on the basis of normal distribution.

From Tables 3.4 and 3.5, it is clearly seen that non-normality presents a major problem

for both of these charts, in that the /C run length distribution is heavily impacted. For example,

the ARL is seen to be far lower than the nominal /C ARL, which indicates the presence of a high

FAR. Other run length distribution characteristics such as the median and the percentiles are
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impacted similarly. Though the Max chart fares somewhat better than the Distance chart, both
fall far short of the nominal /C ARL. This means that when the data arise from such distributions
a large number of false alarms will be generated, which can ruin the utility and the purpose of
control charts. It has long been known that single-parameter charts based on the normal
distribution, such as the X and S? charts, are non-robust for some distributions including the
skewed and the heavier tailed, so it is no surprise that this problem extends to mean-variance
charts, such as the ones considered in this paper. From the tables, it can be seen that that the
charts have especially poor performance for the skewed Gamma (1,1) distribution. In fact, the
95™ percentile of the /C run length distribution in this case was only 119. The (/C) non-
robustness of normal (parametric) theory based charts should be a matter of considerable concern
to practitioners.

An alternative class of control charts, known as nonparametric or distribution-free control
charts are /C robust by definition, and they can be useful in situations where the underlying
distribution is unknown or is expected to be non-normal. These charts have the same IC
distribution for all continuous distributions, which means, for example, they have the same
known false alarm rate. A number of researchers have contributed to the literature of
nonparametric control charts; for a recent overview, see Chakraborti et al. (2011). However, only
a few nonparametric joint monitoring charts are currently available; these include Mukherjee and
Chakraborti’s (2011) Shewhart-Lepage (SL) chart and Zou and Tsung’s (2010) goodness-of-fit
test-based EWMA control chart. Clearly, more research in this area is necessary.

Finally, we study the effects of parameter estimation on the performance of the proposed

charts.
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3.10 Effectsof Estimation of Parameters

In order to examine the impact of the Phase I estimation of ¢ and ¢ on the /C
performance of the Modified Max and Distance charts, we perform a simulation study to
investigate the actual or the observed ARL resulting from using particular estimates (in a similar
fashion to the simulation study we presented earlier for the original Max and Distance charts).
We find and use the appropriate control limits such that the nominal /C ARL of each chart is 500
when m = 30 and n = 5. For the Distance chart, the UCL is 3.31; for the Max chart, the UCL is
3.10. For purposes of comparison, the (X, S) scheme was also included in this simulation. When

conditioning is used to find the proper control limits for these charts, the control limits for the X

_ . o(1-B)sy o SlZIFxfn_l) (2)
chart are U + — % and the control limits for the S chart are — 0 and

. When m = 30 and n = 5, this p, = .000763.

Table 3.6: Conditional IC ARL for the M odified Max and Distance charts when specified
quantilesare used as estimates for p and 6%, m = 30, and n = 5°

. Modified Max | Modified Distance Modified (X, S)
Mean Variance
Quantile Quantile Chart Chart Scheme
Observed ARL Observed ARL Observed ARL
5t 5th 54.56 41.78 5.49
5t 25th 99.06 74.46 6.83
5t 50th 116.10 86.89 7.12
5th 75th 99.28 74.19 6.81
5th 95th 53.96 41.73 5.49

® The nominal IC ARL is 500.
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25" 5th 195.29 161.76 35.02

25" 25th 416.67 339.78 58.28

250 50th 508.60 414.30 66.08

25" 75th 420.70 338.89 58.81

25" 95th 194.30 161.58 34.99

50 5th 407.85 350.42 186.30
50™ 25th 726.26 666.76 414.86
50" 50th 822.15 782.59 516.07
50™ 75th 729.87 667.71 416.16
50" 95th 407.83 34921 184.73
750 5th 579.48 507.34 769.77
750 25th 742.46 785.59 1167.05
750 50th 770.43 864.29 1249.41
750 75th 741.35 784.15 1163.95
750 95th 584.09 509.40 769.53
95% 5th 496.72 515.00 573.72
95™ 25th 512.54 659.63 575.32
95™ 50th 515.63 689.37 578.05
950 75th 510.73 653.66 578.41
950 95th 498.48 514.55 574.12
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It is seen that the values in Table 3.6 still vary greatly from the nominal /C ARL of 500,
indicating that the particular estimates (quantiles) of X and s2 obtained from the Phase I sample
at hand and used in the chart will greatly affect the charts’ performance.

In many cases, the conditional /C ARLs for the modified (X/S) scheme are further from
the nominal value than those of the Max and Distance charts. The modified (X/S) scheme has
particularly poor performance in this respect when low quantiles of X are used. On the other
hand, when a very high quantile of x is used, the modified (X/S) scheme has a closer-to-nominal
IC ARL than the other two charts.

The conditional /C ARL values in Table 3.6 are typically somewhat closer to the nominal
value than those shown in Table 3.2, indicating that the modifications have improved the charts’
robustness to error in the estimation of the parameters. In particular, note that when the 25"
percentile estimate is used for both X and s?, the conditional /C ARL for the Modified Max chart
(416.67) is nearly three times as large as the corresponding /C ARL for the original Max chart
(139.07), and, similarly, the conditional /C ARL for the Modified Distance chart (339.78) is more
than two-and-a-half times as large as the corresponding /C ARL for the original Distance chart
(128.84). Furthermore, between the two one-chart schemes, the Max chart appears to exhibit
superior performance when a lower estimate (quantile) of the variance is used, while the
Distance chart seems preferable when a higher estimate is used. Nevertheless, the results are not
entirely satisfactory, as it is clear that the Phase I estimate of the mean and variance can greatly
impact the /C performance of the Phase II chart, particularly when m is small to moderate as is
currently recommended in the literature. This is an important problem which would benefit from

further research.
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3.11 Summary and Conclusions

Monitoring the mean and variance is an important problem in statistical process control.
Chen and Cheng’s (1998) Max chart and Razmy’s (2005) Distance chart are applicable when the
IC mean and variance of the underlying normal distribution are known or specified. However,
when these parameters are unknown, it is necessary to estimate them from an /C reference (or a
Phase I) sample. This estimation introduces additional variability which needs to be properly
taken into account in order to apply the charts correctly. Otherwise, the /C ARL can vary greatly
and is usually much lower than what is nominally expected, which means excessive false alarms
which can vastly diminish the utility of the charts in practice. We consider modifications of the
Max chart and the Distance chart for the unknown parameter case and study their
implementation and run length properties. It is shown that the two modified charts perform
similarly, with the Distance chart having a slight advantage in most cases. The modified charts
can be used in practice whenever a Shewhart-type chart for jointly monitoring unknown mean
and variance is desirable. Further refinements, such as using averages-type charts including the
CUSUM and the EWMA charts that can be useful for detecting small and sustained changes will
be considered elsewhere in the future.

Finally, Hawkins and Zamba (2005) proposed an alternative methodology for jointly
monitoring the mean and variance of a normal distribution when the parameters are unknown
based on what is called a changepoint formulation. The “changepoint” is the unknown instant at
which a shift occurs in one or both of the parameters, such that the observations taken before the
changepoint have a different mean and/ or variance than those taken after it. The changepoint
approach to joint monitoring can be attractive in situations where practitioners do not have

access to or prefer not to collect a reference sample prior to starting prospective process
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monitoring. Our approach, on the other hand, is a more traditional one based on current practice
which allows practitioners to use control charts with which they are familiar while making the
necessary adjustments to correct the control limits that account for estimation of parameters.
Moreover, there are situations in practice where it is common to conduct a Phase I study as a part

of routine process analysis before starting prospective monitoring.
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CHAPTER 4

CONTROL CHARTSFOR SIMULTANEOUSMONITORING OF KNOWN LOCATION
AND SCALE PARAMETERS OF PROCESSESFOLLOWING A SHIFTED (TWO-
PARAMETER) EXPONENTIAL DISTRIBUTION

4.1 Introduction

Often manufacturers of consumer products offer a guarantee that some product, if used
properly, will work for a particular amount of time. For example, an automobile may come with
a three-year/30,000 mile guarantee, under which the manufacturer agrees to fix any defects
which occur during that specified period. In order to determine an appropriate guarantee period,
a manufacturer would typically utilize a relevant statistical distribution to model the lifetime of
the product. The two-parameter exponential distribution is often an appropriate statistical model

for such circumstances. Under this model, the assumed distribution of the lifetime, x, of the
productis f(x; 6,4) = %e_("‘e)/ 4 where 0 < x is a period during which no failure can occur,

i.e. the guarantee period, and A > 0 is the scale parameter (Epstein, 1960). Thus, the
determination of a guarantee period can be accomplished by estimating the parameter 6.

A manufacturer may also want to engage in prospective monitoring to determine whether
the distribution of the product’s lifetime has remained unchanged or whether some shift has
occurred in one or both of the distribution’s parameters. He needs a control scheme capable of
accurately determining whether each sample taken comes from the specified shifted exponential
distribution or one that differs from the specified one in some way. External factors, such as
pollution or changes in the materials used to pave roads, could alter the distribution of the

62



product’s lifetime by changing one or both of the distribution’s parameters. Control charts are a
useful tool for engaging in such process monitoring. However, the majority of control charts are
designed for situations in which the data are known or assumed to be normally distributed. When
the data are actually non-normal, however, the use of such charts is inappropriate and can be
quite misleading. Instead of using normal theory charts, practitioners should use charts designed
for the correct distribution, in this case, the shifted exponential distribution.

The monitoring of guarantee times is far from the only situation in which one might need
a control chart for the shifted exponential distribution. Kao (2010) provides examples of
processes which follow this distribution in both manufacturing and healthcare settings. Notably,
he demonstrates that time between MSRA infections in patients at a particular hospital, which
might reasonably be expected to follow a one-parameter exponential distribution, actually has a
location parameter and follows a shifted exponential distribution.

Furthermore, in practice many processes are assumed to follow the one-parameter
exponential distribution, which is simply a special case of the shifted exponential distribution. It
is often plausible that a process whose /C distribution is exponential could experience a location
shift, in which case a control chart for the shifted exponential distribution is needed to monitor it.
For example, suppose that Steve, a preschool student, occasionally bites his classmates. Also
assume that every time Steve bites another child, he is scolded by his teacher and that the time
between Steve’s biting episodes follows a one-parameter exponential distribution. Now, suppose
that following complaints from other’s children’s parents, Steve’s exasperated teacher begins
placing him in seclusion for five minutes immediately following each biting episode. This

intervention by the teacher is an assignable cause which will undoubtedly result in a location
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shift, since Steve cannot bite another student for at least five minutes, but it may or may not
result in a shift in the scale parameter.

A large body of research on testing and estimation for the shifted exponential distribution
has been developed over the years. Researchers including Epstein (1960), Varde (1969),
Kececioglu and Li (1985), and Lam et al. (1994) have developed point and interval estimates for
the location and scale parameters of this distribution. Ahsanullah (1980) and Ahmadi and
MirMostafaee (2009) made contributions to predicting future data points from the shifted
exponential distribution.

Unfortunately, however, while parameter estimation, hypothesis testing, reliability
sampling plans, and prediction of future data points are addressed in the literature, the research
on control charts for data from this distribution is much sparser. Ramalhoto and Morais (1999)
developed a control chart for monitoring only the scale parameter, and Siiriicii and Sazak (2009)
presented a control scheme for this distribution in which moments are used to approximate the
distribution. Neither method is entirely satisfactory for the purposes described above. Instead, the
product manufacturer needs a control scheme capable of jointly monitoring the location and
scale parameters.

At first, it might seem tempting to construct a chart which jointly monitors the process
mean and standard deviation, using the mean and standard deviation of process samples to
monitor the distribution, as is typically done in normal theory situations. However, these
summary statistics can be inefficient and unreliable in this case, as noted by Ramalhoto and
Morais (1999). They point out that “a more reliable alternative is to identify or fit a distributional
model for the output that is more appropriate than the normal model, and then to construct

control charts based on that model.”
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Here, we discuss and compare several possibilities for one-chart schemes for jointly
monitoring the parameters of the shifted exponential distribution. First, we propose a pair of joint
monitoring schemes similar to Chen and Cheng’s (1998) Max chart for normally distributed data.
These schemes transform the estimators for each parameter so that they each have the standard
normal distribution and then combine them together using a max function. The Shifted
Exponential MLE Max (SEMLE-Max) chart utilizes the maximum likelihood estimators (MLEs)
of the location and scale parameters, while the Shifted Exponential MVUE Max (SEMVUE-
Max) chart utilizes the minimum variance unbiased estimators (MVUEs). As mentioned
previously, there are other ways of constructing joint monitoring schemes, but max-type charts
have been popular in the literature and with practitioners, due to their straightforwardness and
relative simplicity. Next, we suggest a max-type joint monitoring scheme similar to the SEMLE-
Max chart except that it transforms the estimators so that both have the chi-square distribution
with two degrees of freedom. Here, we transform the estimators to the chi-square distribution
rather than the normal distribution in effort to address a problem with ARL bias that occurs in
the SEMLE-Max and SEMVUE-Max charts. We call this the Shifted Exponential MLE Chi-
square Max (SEMLE-ChiMax) chart. Finally, we consider a likelihood ratio-type chart, which
we will refer to as the Shifted Exponential Likelihood Ratio (SE-LR) chart.

Additionally, we consider a two-chart joint monitoring scheme made up of a control chart
for monitoring the location and a separate control chart for monitoring the scale. Each of these
component charts utilizes the MLE of the parameter that it monitors, and the control limits for
the two charts are selected individually so that the overall /C ARL of the scheme is a specified

value. We refer to this as the SEMLE-2 joint monitoring scheme.
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4.2  Statistical Framework and Preliminaries

Let us first consider the case where the /C parameters, 6, and A, are known or specified.
Let V,,V,, ..., V, be a random sample of size n from the shifted exponential distribution, with
location parameter 8, and scale parameter 1,."° The parameters 0, and A, are unknown;
however, when the process is IC, 8, = 6, and 1, = 4,. When the process is out-of-control
(00Q), one or both of these equalities is violated; in other words, either the location parameter,
the scale parameter, or both differ from the specified /C parameters, 6, and A, respectively.

However, at the outset, it is unclear whether or not the distributions are the same.

43 TheSEMLE-Max Chart

Letf, = V(1) be the first order statistic of the sample. This is known to be the MLE for

E?:l(vi_’éz) — 211‘1=1Vi _ é‘
n n

the location parameter (Johnson and Kotz, 1970). Also, let A, =

V — 0,. This is the MLE of the scale parameter (Johnson and Kotz, 1970). Furthermore, 8, and

/Tz are independent (see Johnson and Kotz, 1970; Govindarajulu, 1966; Tanis, 1964). However,

A2

they are not unbiased, since E(8;) = 6, + —and E(/iz) =11 -n"1).

Since 0, is simply the first order statistic of the V;,V,, ..., V, sample, its distribution is

well known to be the shifted exponential distribution with location parameter 6, and scale

6,-6 . T .
parameter A, /n. As a result, w has a chi-square distribution with 2 degrees of freedom.
2

The distribution of A, is less straightforward but still obtainable. First, observe that

?:1(Vi — éz) = Z?zl(Vl - V(l)) = Z?zz(n —i+ 1)(V(l) — V(i—l))' NOW,/,LZ—2 ?zz(n -0+

' For consistency across chapters of this dissertation, we use 8, and A, for known IC parameters and 6, and
A, for Phase 2 parameters. 8; and 1, are reserved for use in discussion of Phase I parameters.
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1)(V(i) - V(i—l)) has a chi-square distribution with 2n — 2 degrees of freedom (Tanis, 1964).

2nd; 2 on

Thus, = i—o(n—i+ 1)(V(i) — V(i—1)) has a chi-square distribution with 2n — 2 degrees
Az Az
of freedom.
Now, let B; = &1 {G (@,2)} where G(.,v) denotes the cdf of a chi-square
0

distribution with v degrees of freedom, and let B, = ®~1 {G (Zzi, 2n — 2)} Note that both B,

(0]

and B, have a standard normal distribution when the process is /C. We will use these two

statistics to construct the SEMLE-Max chart.

4.3.1 Proposed Charting Procedurefor the SEMLE-Max chart

We propose the following method for constructing SEMLE-Max charts when the location
and scale parameters, 6, and A, are known or specified:
Step 1. Let Y;,, = (Y;1, Yi2, ..., Vi) be the ith Phase II sample of size n,i = 1,2, ...
Step 2. Identify the V’s with the Y’s. Calculate the statistics B;; and B,; for the ith test sample,
fori =1,2,..
Step 3: Calculate the plotting statistic M; = max{|By;|, | By;|}-
Step 4. Plot M; against a UCL H,,. Note that M; = 0 by definition so that the LCL is 0 and that
larger values of M; suggest an OOC process.
Step 5. If M; exceeds Hjy, the process is declared OOC at the ith test sample. If not, the process
is considered to be /C, and testing continues to the next sample.
Step 6. Follow up: When the process is declared OOC at the ith test sample, compare each of
|By;| and |By;| with Hy,.

(1) If |B,;| < Hyp < |By;l, a shift in the location parameter is indicated.
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(i1)  If |By;l < Hpp < |Byil, a shift in the scale parameter is indicated.
(iii)  If|By;| and |B,;| both exceed Hj, a shift in both the location and scale parameters is

indicated.

4.3.2 Distribution of the Plotting Statistic for the SEMLE-Max chart

For the SEMLE-Max chart, the process is declared OOC when M > H;, where the UCL
H, is obtained so that the /C ARL is some given nominal value. B; and B, are independent
because A, and V — 8, are, and as mentioned previously, both have the standard normal

distribution when the process is IC. The cdf of the plotting statistic M is given by P(M < g) =

2. G-1(d(g), 2) + 6y —

2n

P(max{|By;|, |B} < 9) = P{(IBii| < 9) &(|Bx| < 9)} = {G (i—:(

92),2) —G (j—’: (3267(0(=9),2) + 6, - 6;),2)} x {G (j—ZG—l(cb(g), 2n—2),2n—2) -

G (i—ZG‘l(Cb(—g), 2n—2),2n — 2)} Rt

When the process is IC, the cdf of the plotting statistic M simplifies to P(M < g|IC) =

! = ! Thus, the UCL

_ _ 2 . 1 —
{0(9) —2(=9)} . The ICARL is e = o o = T

1
1+ ,1——
IC ARL
H]Vf = q)—l e

- 2

44  TheSEMLE-ChiMax Chart

Next, let D; = 2n(82=60) and D, = G™¢ {G (%,Zn - 2),2} where 8, and 1, are the

0 /10

maximum likelihood estimators given above. Note that both D; and D, have a chi-square

" Further details are given in section C.3 of the Appendix.
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distribution with two degrees of freedom when the process is /C. These are the two statistics that

we will use to construct the SEMLE-ChiMax chart.

4.4.1 Proposed Charting Procedurefor the SEMLE-ChiMax chart
We propose the following method for constructing SEMLE-ChiMax charts when the

location and scale parameters, 8, and A,, are known or specified:
Step 1. Let Y;,, = (Y;1, Yi2, ..., Vi) be the ith Phase II sample of size n,i = 1,2, ...
Step 2. Identify the V's with the Y’s. Calculate the statistics D;; and D,; for the ith test sample,
fori = 1,2, .... Note that if the process is IC, both of these quantities should be positive. If
D;; < 0, the process is declared OOC at the ith test sample. If D;; > 0, continue to step 3.
Step 3: Calculate the plotting statistic T; = max{D;;, Dy;}.
Step 4. Plot T; against a UCL Hy. Note that T; > 0 so that the LCL is 0 and large values of T;
suggest an OOC process.12
Step 5. If T; is greater than Hy or less than 0, the process is declared OOC at the ith test sample.
If not, the process is considered to be /C, and testing continues to the next sample.
Step 6. Follow up: When the process is declared OOC at the ith test sample, compare each of Dy;
and D,; with Hr.

(1) If D,; < Ht < Dy;, a shift in the location parameter is indicated.

(11) If D,; < Hy and Dy; <0, a shift in the location parameter is indicated.

(ii1)) IfDy; < Hr < D,; and Dy; = 0, a shift in the scale parameter is indicated.

12 By its design, the SEMLE-ChiMax chart is able to detect both increases and decreases in the location parameter,
though only increases in the scale parameter. In this sense, it is not particularly different from numerous normal
theory schemes which detect increases and decreases in the mean but only increases in the variance.
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(iv)  If Dy; and D,; both exceed Hr, a shift in both the location and scale parameters is
indicated.

(v) If D,; > Hy and D;; <0, a shift in both the location and scale parameters is indicated.

4.4.2 Distribution of the Plotting Statistic for the SEMLE-ChiMax chart
For the SEMLE-ChiMax chart, the process is declared OOC when T < 0O or T > Hy
where the UCL Hey is obtained so that the /C ARL is some given nominal value. D; and D, are
independent because 8, and V — 8, are, and as mentioned previously, both have the chi-square
distribution with two degrees of freedom when the process is /C. The cdf of the plotting statistic
T is given by
P(T<g&D;>0)=P(max{D;,D,} < g&D; >0)

- {G i—j(lz"—f+ 6, 92),2] —G [%(90 - 92),2]}
x [G {%G‘l[G(g, 2),2n — 2], 2n — z}}.w

When the process is IC, the cdf of the plotting statistic T simplifies to P(T < g & D; > 0]IC) =

{G(g,2)}G(g,2)} = {G(g,2)}? The IC ARL is

HT=G_1< 1—— ,2>-
IC ARL

1 1
P(T>g or D;<0)  1—{G(g.2)}>" Thus, the UCL

1 Further details are given in section C.4 of the Appendix.
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45 TheSEMVUE-Max Chart

nV(l)—V ~ _ n(V—V(l))
n—-1 -

Next, let 6, = and 4, . These are the minimum variance unbiased

estimators for 6, and A,, respectively, though unlike 8, and A,, they are not independent (Cohen

_22
and Helm, 1973). In fact, they have covariance - (nl_

X The distribution of 1, is clearly

. C . A -7 . T .
proportional to the distribution of 4,, so that % has a chi-square distribution with 2n —
2

2 degrees of freedom. The distribution of 8, is much more complicated to obtain, and we could

find no references to it in the literature. However, using the Jacobian method (see Appendix

C.1), we find that the joint distribution of 8, and 1, is

nn—1D""1 Py, Y2
f8,2,r1,52) :mﬁ e 22T Ty > 0, =y, > 0.

It can easily be shown that fooo ) 9°:_y_2 f3,3, (y1,¥2)dy;dy, = 1. The marginal distributions can

be obtained by integrating this pdf. Doing so, we confirm that Z(n;—% has the distribution

2
specified above. The pdf of 8,is

“*nln—1)n? “n(Y2+y1-6)

) = | e yn? T dy, I, o

N joo n(n — 1)”‘1 5 —n(y2+y1—-63)
n

Vs ‘e A Ay, I~ 9,1 (1).
(62-y1) /131—'(1’1—1) ’ 2 2

The details of the derivations can be found in Appendix C.2. When n = 5, one can easily obtain

the cdf,

256
59 - _[o(562-5y1)/2, _ 1 0., < <
Fg,(n) = { 525 ¢ | f<yi<o

a -0 <y <0,
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where a = ﬁe(zoh‘zoez)/lz[—100,000y13 +27,000,y,2 + 300,0000,y,% —
2

300,0000%y, — 54,0004,0,y; — 3,66043y, + 100,00003 + 27,0001,60% + 3,660136, +
221.423], by integrating f %, (y1). It is easy to see that this distribution has two parameters, 6,

and A,.

Now, let C; = @71 {G (2(7:—1)712 ,2n — 2)} , and let C, = ®HA(0,,0,,2)} where

0

A(.,a,b) denotes the cdf of 8,, F g, (1), with parameters a and b. Note that both C;and C; have a

standard normal distribution when the process is /C. We will use these two statistics to construct

the SEMVUE-Max chart.

45.1 Proposed Charting Procedurefor the SEMVUE-Max chart

We propose the following method for constructing SEMVUE-Max charts when the
location and scale parameters, 8, and A,, are known or specified:
Step 1. Let Y; , = (Y;1, Yi2, ..., Vi) be the ith Phase II sample of size n,i = 1,2, ...
Step 2. Identify the V’s with the Y’s. Calculate the statistics C;; and C,; for the ith test sample,
fori =1,2,...
Step 3: Calculate the plotting statistic X; = max{|Cy;], |Cy;|}. 14
Step 3. Plot K; against a UCL Hy. Note that X; > 0 by definition so that the LCL is 0 and that
larger values of X; suggest an OOC process.
Step 4. If X; exceeds Hy, the process is declared OOC at the ith test sample. If not, the process is

considered to be /C, and testing continues to the next sample.

' Although C; and C, are correlated, the distribution of the plotting statistic can be obtain be using their joint
distribution.
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Step 5. Follow up: When the process is declared OOC at the ith test sample, compare each of
|Cy;| and |C;| with Hy.

(1) If |C,;| < Hyg < |Cy;l, a shift in the location parameter is indicated.

(i)  If|Cy;| < Hg < |Cy), a shift in the scale parameter is indicated.

(i)  If|Cy;| and |Cy;| both exceed Hy, a shift in both the location and scale parameters is

indicated.

4.5.2 Distribution of the Plotting Statistic for the SEMVUE-M ax chart

For the SEMVUE-Max chart, the process is declared OOC when X > Hy where the UCL
Hy, is obtained so that the /C ARL is some given nominal value. Note that C; and C, are not
independent; however, both have the standard normal distribution when the process is in-control.

The cumulative distribution function of the plotting statistic X is given by

PR < g) = P(max{|Cy;], |1} < 9) = P{(ICy;] < g) &(ICi] < 9D}

[2(2_31)‘;_1(‘1’(9)'2"—2)] [47(®(9),60.20)]
f5,7, V1 y2)dy1dy,
0

et @ (-g)2n-2)] J6,

2 [z 6 (@(g)2n-2)]
+ f5,2,V1, ¥2)dy.dy;.
[

A=Y (D(-g),00,10)] 'n(62-y1)

46  TheSE-LR Chart

Since joint monitoring of the location and scale is analogous to repeatedly testing the null
hypothesis that the sample at hand comes from a completely specified shifted exponential
population (a simple null hypothesis) versus all alternatives (a composite alternative hypothesis),

we also wish to consider a chart based upon the perspective of a likelihood ratio statistic. It can
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be shown (see the appendix) that the likelihood ratio statistic for the shifted exponential
.o . . . n V—V(l) n — . . . .o
distribution is given by A = e (/‘1—) exp{—n(V — 68,)/2,}. This will be a plotting statistic
0

used to define the SE-LR chart.

4.6.1 Proposed Charting Procedurefor the SE-LR chart

We propose the following method for constructing SE-LR charts when the location and
scale parameters, 6, and A, are known or specified:
Step 1. Let Y, = (Y;1, Yi2, ..., Vi) be the ith Phase II sample of size n,i = 1,2, ...
Step 2. Identify the V’s with the Y’s. Calculate the statistics A; for the ith test sample, for
i=12,..
Step 3: Step 3. Plot A; against a LCL H,. Note that A; < 1 by definition so that the UCL is 1 and
that smaller values of A; suggest an OOC process.
Step 4. If A; is lower than H,, the process is declared OOC at the ith test sample. If not, the

process is considered to be /C, and testing continues to the next sample.

Step 5. Follow up: When the process is declared OOC at the ith test sample, calculate 2n(02-60)

0

27’112

and ™

. When the process is /C, each has a chi-square distribution (with 2 and 2n — 2 degrees

zn(éz—eo)

of freedom, respectively). Let p; = P[x2 > ———=]andp, = Plx3,_, > 2nt,
0

/'l_o] . Both can be
obtained directly from a chi-square table.
(1) If both p;, p, < 0.01, a shift in both the location and scale parameters is indicated.
(i1) If both p;, p, > 0.05, a false alarm is indicated.

(i)  Ifp; < 0.01 and p, > 0.05, a shift in the location parameter is indicated.
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(iv)  Ifp, < 0.01 and p; > 0.05, a shift in the scale parameter is indicated.

(v) If p;, < 0.01 and 0.01 < p, < 0.05, a major shift in the location parameter with
possible associated shift in the scale parameter is indicated.

(vi) Ifp, <0.01 and 0.01 < p; < 0.05, a major shift in the scale parameter with possible

associated shift in the location parameter is indicated.

4.6.2 Distribution of the Plotting Statistic for the SE-L R chart

For the SE-LR chart, the process is declared OOC when A < Hp, where the LCL Hp, is
obtained so that the /C ARL is equal to some given nominal value. However, the distribution of A
is rather intractable.

When m and n are large, it is useful to consider the asymptotic properties of A. Consider
: n (V)" v
a function of A, —2InA = —21nje (/1—) exp{—n(V — 6,)/A,}{. It can be shown (see for
0

example Hogg, McKean and Craig (2005)) that —2In A converges in distribution to a chi-square
random variable with 2 degree of freedom. Using this property, it is simple to obtain H, as long
as m and n are appropriately large. However, when m and n are small or moderate as is typically

the case in control charting, H, can easily be obtained through Monte Carlo simulation.

4.7  TheSEMLE-2 Scheme

2n(6,-6
n(z O)a
0

LetE, = nd E, = 2;‘& Note that when the process is /C, both E;and E, have
0

a chi-square distribution (with 2 and 2n — 2 degrees of freedom, respectively). These are the two

statistics that we will use to construct the charts which make up the SEMLE-2 scheme.
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4.7.1 Proposed Charting Procedurefor the SEMLE-2 scheme
We propose the following method for constructing SEMLE-2 schemes when the location

and scale parameters, 6, and A, are known or specified:
Step 1. Let Y;,, = (Y;1, Yi2, ..., Vi) be the ith Phase II sample of size n,i = 1,2, ...
Step 2. Identify the V’s with the Y’s. Calculate the plotting statistics E;; and E,; for the ith test
sample, for i = 1,2, .... Note that if the process is /C, both of these quantities should be positive.
If E;; < 0, the process is declared OOC at the ith test sample. If E;; > 0, continue to step 3.
Step 3. Plot E,; against a UCL Hg, . Note that the LCL is 0, and large values of E7; suggest an
OOC process.
Step 4. On a separate chart, plot E,; against an UCL Hg,,, and LCL Hg,, .
Step 5. If Ey; is greater than Hg and/or E,; is greater than Hg, or less than Hg, the process is
declared OOC at the ith test sample. If not, the process is considered to be /C, and testing
continues to the next sample.
Step 6. Follow up: When the process is declared OOC at the ith test sample, compare E;; with
Hg, and E,; with Hg,  and Hg,, .

(1) If E; > Hg, and Hg,, < E,; < Hg, , a shift in the location parameter is indicated.

(i1) If Hg,, <Ey < Hg,, and Eq; <0, a shift in the location parameter is indicated.

(i)  IfEy; > Hg,, and 0 < Ey; < Hg , a shift in the scale parameter is indicated.

(iv)  IfEz; < Hg,, and 0 < Eq; < Hg_, a shift in the scale parameter is indicated

%) If Eq; > Hg, and E;; > Hg, , a shift in both the location and scale parameters is

indicated.
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(vi)  IfEy; <0and Ey; > Hg,,, a shift in both the location and scale parameters is
indicated.

(vii) IfEq; > Hg, and E;; < Hg,,, a shift in both the location and scale parameters is
indicated.

(viii) IfE;; < 0and Ey; < Hg, , a shift in both the location and scale parameters is

indicated.

4.7.2 Distribution of the Plotting Statistics for the SEMLE-2 scheme
The SEMLE-2 control scheme consists of two charts. The process is declared OOC
whenever a signal occurs on either chart, that is, any time E; < 0, E; > Hg , E; > Hg, , or E;

< Hg,, where the control limits Hg , Hg, , and Hg, are obtained so that the /C ARL is some

given nominal value. E; and E, are independent because 8, and V — 8, are, and as mentioned
previously, both have the chi-square distribution (with 2 and 2n — 2 degrees of freedom,
respectively) when the process is I/C. The joint cumulative distribution function of the two
plotting statistics E;and E, is given by

P[0<E; <91 &(92<E;<g3)]=P(0<E; <g,)P(g, <E; <g3)

gl

2n(6, — ;) ol—¢ 2n(6, — 6,)
Ay ’ Ay '

= { A_z(gl) +

X {G {i—z (g3),2n — 2} -G {j—z (g2),2n — 2}}

When the process is IC, the joint cumulative distribution function of the plotting statistics E;and
E, simplifies to P[(0 < E; < g1) & (g2 < E; < g3)] = {G (g1, 2)HG (g3, 2n - 2) —

G(g, 2n —2)}.
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4.8

In order to use the proposed charts, one must select the appropriate control limits for each

corresponding to the desired nominal /C ARL. For several of the charts, this can be accomplished

I mplementation

using the analytical expressions for the /C ARL given in the earlier sections. For the remaining

charts, we use can obtain the control limits through simulation. Here, we used simulations in R to
compute all of the control limits, and where possible we used the analytical expressions to verify

the results. As expected, we find that higher nominal ARLs require higher UCLs and lower LCLs.

Table4.1: Appropriate control limitsfor the shifted exponential chartswhen @ and A are
known and n = 5, for various IC ARLsS
IC ARL SEMLE- SEMVUE- SEMLE- SE-LR SEMLE-2 Scheme
Max Chart | Max Chart ChiMax Chart | Chart (Location Chart UCL/
UCL UCL UCL LCL Scale Chart UCL/
Scale Chart LCL )
125 2.88 2.82 11.04 0.000899 11.04/24.35/1.04
250 3.09 3.02 12.43 0.000365 12.43/26.12/0.86
500 3.29 3.20 13.82 0.000154 13.82/27.87/0.71
750 3.40 3.29 14.63 0.0000929 | 14.63/28.88/0.64
1000 3.48 3.35 15.20 0.0000659 | 15.20/29.59/0.59
49 Performance Comparisons

The performance of the four one-chart schemes and the two-chart SEMLE-2 scheme for

various location and scale shifts is evaluated in a simulation study so that they can easily be

compared. Tables 4.2, 4.3, and 4.4 provide the ARL, run length standard deviation, and specified
quantiles of the run length distribution when n = 5. We use 8 = 0 and 1 = 1 for our /C shifted

exponential distribution.
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Table 4.2: Run length characteristics for the SEMLE-Max and SEMVUE-Max chartsfor
variousvaluesof 8, and A, when 8y, = 0,4 =1,andn=>5

SEMLE-Max Chart SEMVUE-Max Chart

0, 2 ARL SDRL 5%, 25%, 50%, 75%, 95% ARL SDRL 5%, 25%, 50%, 75%, 95%
0 1 49867 49885 26, 142, 346, 696, 1492 500.81 502.66 27, 144, 347, 692, 1514
0.1 1 539.96 539.34 26, 155, 374, 748, 1603 546.42 536.07 28,163, 387, 758, 1627
0.25 1 359.83 355.74 20, 106, 251, 501, 1062 42043 421.85 23,122, 288, 582,1274
0.5 1 141.72 140.99 8, 41,98, 198, 420 205.33 204.97 10, 59, 143, 285, 614
0.75 1 4450 4345 3,13,31,61, 132 73.96 73.65 4,22,52,102,223

1 1 13.23 12.53 1,4,9,18,38 2274 22.08 2,7,16,31, 66

1.25 1 377 3.28 1,1,3,5,10 6.68 6.27 1,2,5,9,19

L5 1 1.10 0.33 1,1,1,1,2 1.93 134 1,1,1,2,5

0 1.25 136.85 135.79 8,40, 96, 191, 398 115.85 117.50 6,33, 79, 158, 357
0.1 1.25 126.36 125.17 7,37, 88,176,373 132,52 131.14 8, 39,92, 183,390
0.25 125 91.62 91.17 5,27, 64, 125,274 109.23 108.99 6,32, 76,150,327
0.5 1.25 46.44 45.49 3,14,32, 65,138 6751 66.81 4,18, 47,94, 200
0.75 1.25 19.91 19.79 1,6,14,27,58 32.10 31.60 2,10, 23,44, 95

1 125 778 7.26 1,3,6,11,22 1358 13.11 1,4,10, 19,39

1.25 1.25 291 2.38 1,1,2,4,8 529 4.73 1,2,4,7,15

15 1.25 1.09 0.30 1,1,1,1,2 2.00 142 1,1,1,3,5

0 15 4188 41.04 3,12, 29, 58, 122 36.63 36.16 2,11, 25,51, 107
0.1 15 39.08 37.44 3,12,28,55,115 39.03 39.10 3,11,27,54. 116
0.25 15 3176 31.54 2,9,22,44, 94 35.10 34.74 2,10, 24, 49, 105

0.5 L5 19.78 19.22 1,6,14,28,59 26.26 25.65 2,8,19,36,76

0.75 L5 1091 10.33 1,4,8,15,32 16.69 16.19 1,5,11,23,49

1 15 5.26 4.67 1,2,4,7, 14 8.88 8.38 1,3,6,12,26

1.25 L5 237 1.79 1,1,2,3,6 437 3.86 1,2,3,6,12

L5 L5 1.06 0.26 1,1,1,1,2 201 143 1,1,2,3,5

0 1.75 17.83 17.43 1,5,12,24,53 16.15 15.58 1,5,11,22,47

0.1 175 1658 16.00 1,5,12,23,48 16.87 16.37 1,5,12,23,49

0.25 1.75 14.44 13.92 1,5,10,20, 42 1557 14.90 1,5,11,22, 46

0.5 1.75 10.31 9.73 1,3,7,14,30 12.89 1231 1,4,9,18,37

0.75 175 6.76 6.30 1,2,5,9,19 957 9.08 1,3,7,13,27

1 1.75 3.85 3.28 1,1,3,5,10 6.27 574 1,2,4,9,18

1.25 1.75 2.10 1.52 1,1,2,3,5 3.60 3.04 1,1,3,5,10

15 1.75 1.05 0.24 1,1,1,1,2 1.95 1.37 1,1,1,2,5

0 2 9.75 926 1,3,7,13,28 8.92 834 1,3,6,12,25

0.1 2 9.16 8.60 1,3,7,12,27 9.28 8.76 1,3,7,13,27

0.25 2 8.15 771 1,3,6,11,24 873 8.14 1,3,6,12,25

0.5 2 6.47 5.97 1,2,5,9,18 7.66 7.08 1,3,5,10,22

0.75 2 462 4.04 1,2,3,6,13 6.13 5.55 1,2,4,8,17

1 2 3.00 244 1,1,2,4,8 450 3.96 1,2,3,6,12

1.25 2 181 1.20 1,1,1,2,4 2,97 246 1,1,2,4,8

15 2 1.05 0.22 L1,1,1,1 1.85 1.25 1,1,1,2,4
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Table 4.3: Run length characteristicsfor the SE-LR and SEMLE-ChiMax chartsfor
variousvaluesof 8, and A, when 8y, = 0,4 =1, andn =25

SE-LR Chart SEMLE-ChiMax Chart
0, 22 ARL SDRL 5%, 25%, 50%, 75%, 95% ARL SDRL 5%, 25%, 50%, 75%, 95%
0 1 506.65 512.37 27,143, 350, 697, 1519 499.21 500.19 26, 141, 346, 696, 1505
0.1 1 339.11 332.76 19,101, 235, 473, 1009 380.14 381.13 20, 110, 263, 528, 1144
0.25 1 193.34 192.78 10, 57, 134, 267, 579 22361 222.46 12, 66, 156, 310, 668
0.5 1 7155 71.35 4,21,49,99,213 75.61 74.73 4,22,53,105,223
0.75 1 27.25 26.18 2,8,19,38,80 22.83 22.45 2,7,16,31, 68
1 1 10.70 10.15 1,3,8,15,31 6.79 6.23 1,2,5,9,19
1.25 1 4.35 3.74 1,2,3,6,12 1.93 1.34 1,1,1,2,5
1.5 1 1.84 1.26 1,1,1,2,4 1 0 1,1,1,1,1
0 1.25 323.75 322.02 18,94, 224,451,974 87.35 86.78 5,26,61, 121,260
0.1 1.25 22241 219.80 11, 65, 156, 311, 666 74.33 74.41 4,21, 52,102,225
0.25 1.25 127.88 126.77 7,37,90, 177,380 55.23 55.15 3,16, 38,77, 165
0.5 1.25 5151 50.91 3,15,36,71,153 27.10 26.63 2,8,19,37,81
0.75 1.25 20.79 20.07 2,6,15,29,61 11.60 11.07 1,4,8,16,34
1 1.25 8.76 8.18 1,3,6,12,25 4.49 3.96 1,2,3,6,12
1.25 1.25 381 3.27 1,1,3,5,10 1.68 1.07 1,,1,1,2,4
1.5 1.25 1.74 1.16 1,1,1,2,4 1 0 1,1, 1,1,1
0 1.5 120.79 119.82 7,36, 84, 168, 362 27.76 27.20 2,8,19,38,82
0.1 L5 88.77 87.67 5,25,62, 124,264 2554 24.97 2,8,18,35,75
0.25 1.5 54.74 54.61 3,16, 37,76, 166 20.78 2035 2,6,14,29,62
0.5 1.5 26.50 26.16 2,8,18,36,78 12.90 12.44 1,4,9,18,37
0.75 L5 12.63 12.20 1,4,9,17,37 6.89 6.33 1,2,5,9,20
1 1.5 6.01 5.50 1,2,4,8,17 3.34 2.75 1,1,2,4,9
1.25 1.5 2.96 2.44 1,1,2,4,8 153 0.91 1,1,1,2,3
1.5 1.5 1.56 0.93 1,1,1,2,3 1 0 1,1,1,1,1
0 1.75 47.55 46.74 3,14, 34,65, 139 12.65 12.09 1,4,9,17,37
0.1 1.75 36.34 35.58 2,11, 26, 50, 106 11.79 11.23 1,4,8, 16,34
0.25 175 25.08 2528 2,7,17,34,76 10.19 9.67 1,3,7,14,29
0.5 1.75 13.28 12.54 1,4,9,18,39 7.36 6.87 1,2,5,10,21
0.75 1.75 7.29 6.85 1,2,5,10,21 4,70 4.15 1,2,3,6,13
1 175 4.14 3.62 1,2,3,5,11 2.68 2.15 1,1,2,3,7
1.25 1.75 2.36 1.78 1,1,2,3,6 1.43 0.78 1,1,1,2,3
1.5 1.75 142 0.78 1,1,1,2,3 1 0 1,1,1,1,1
0 2 22.57 21.97 2,7,16,31, 66 7.24 6.78 1,2,5,10,21
0.1 2 17.85 17.24 1,6, 12,25,52 6.85 6.38 1,2,5,9,19
0.25 2 13.14 12.64 1,4,9, 18,38 6.16 5.60 1,2,4,8,17
0.5 2 7.94 751 1,3,6,11,23 4.81 427 1,2,3,6,13
0.75 2 4.86 4.31 1,2,4,7,13 3.45 2.90 1,1,3,5,9
1 2 3.01 2.47 1,1,2,4,8 222 1.64 1,1,2,3,6
1.25 2 1.93 1.34 1,1,1,2,5 1.33 0.67 1,1,1,1,3
1.5 2 131 0.64 1,1,1,1,3 1 0 1,1, 1,1,1
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Table 4.4: Run length characteristics for the SEM L E-2 scheme for various values of 8, and
Athen 00 = 0,),0 = 1,andn: 5

SEMLE-2 Scheme
0, A2 ARL SDRL 5%, 25%, 50%, 75%, 95%
0 1 503.12 503.82 26, 145, 350, 696, 1510
0.1 1 380.19 380.06 20, 109, 264, 526, 1135
0.25 1 222.28 221.88 12, 64, 154, 308, 667
0.5 1 76.28 75.72 4,22,53,105,228
0.75 1 23.09 22.62 2,7,16,32,68
1 1 6.71 6.21 1,2,5,9,19
1.25 1 1.93 1.33 1,1,1,2,5
1.5 1 1 0 1,1, 1,1,1
0 1.25 116.35 115.47 7,34,81, 161, 347
0.1 1.25 95.83 95.58 6,28, 66, 132,286
0.25 1.25 65.14 64.95 4,19, 45,90, 194
0.5 1.25 29.49 29.02 2,9,21,41,87
0.75 1.25 11.88 11.37 1,4,8,16,35
1 1.25 454 4.03 1,2,3,6,13
1.25 1.25 1.69 1.08 1,1,1,2,4
L5 1.25 1 0 L1,1,1,1
0 1.5 36.70 36.26 2,11,25,51, 109
0.1 1.5 32.23 31.69 2,10, 23, 44, 96
0.25 L5 24.99 24.49 2,8,17,34,74
0.5 1.5 14.44 13.92 1,5, 10, 20, 42
0.75 1.5 7.31 6.79 1,2,5,10,21
1 L5 341 2.85 1,1,3,5,9
1.25 1.5 154 0.91 1,1,1,2,3
1.5 1.5 1 0 1,1,1,1,1
0 175 16.12 15.60 1,5,11,22,47
0.1 1.75 14.65 14.07 1,5, 10, 20, 43
0.25 1.75 12.27 11.70 1,4,9,17,36
0.5 175 8.29 7.76 1,3,6,11,24
0.75 1.75 4.99 4.46 1,2,4,7,14
1 1.75 2.74 2.19 1,1,2,4,7
1.25 1.75 1.43 0.78 1,1,1,2,3
1.5 1.75 1 0 1,1, 1,1,1
0 2 8.90 8.42 1,3,6,12,26
0.1 2 8.25 7.71 1,3,6,11,24
0.25 2 7.32 6.77 1,2,5,10,21
0.5 2 5.40 4.89 1,2,4,7,15
0.75 2 3.68 3.12 1,1,3,5,10
1 2 229 1.71 1,1,2,3,6
1.25 2 1.35 0.68 1,1,1,2,3
1.5 2 1 0 LL1,1,1
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From the Table 4.2, it is seen that the SEMLE-Max chart exhibits reasonably good
performance for detecting shifts in parameters of processes with shifted exponential
distributions. There is one noticeable defect in the performance of the SEMLE-Max chart,
however. In the second line of the table, we see that when n = 5 and there is a location shift of
0.1 but no variance shift, the resulting ARL is approximately 539.96, a value larger than the /C
ARL of 500. This suggests than when a very small location shift occurs and is not accompanied
by a variance shift, the chart is unable to detect it and that the OOC ARL may actually be higher
than the /C ARL. To see this mathematically, note that whenn = 5, 8, = 0.1, and A, = 1, the

probability of exceeding the UCL Hy; = 3.29 is P(M > 3.29) =1—- P(M < 3.29) =

0.00182695. The OOC ARL is simply is ————— = 547.36.
P(M>3.29)

To investigate this issue more carefully, we took a closer look at the relationship between
the sample size (n), location shift, and OOC ARL for the SEMLE-Max chart. Table 4.5 provides
the run length characteristics for several very small locations shifts (0.01 to 0.20) at various
sample sizes (5, 10, and 30). From this table, we see that the larger the sample size, the smaller
the shift size that the chart can correctly detect. For example, when n = 5, the chart is unable to
detect shifts of size 0.1; however, shifts of this size can be detected when n = 10 or 30.
Moreover, when n = 10, the chart is unable to detect shift of size 0.07 or smaller, though the
chart can detect shifts as small as 0.03 when n = 30.

The bias can be investigated mathematically as well. From section C.5 in the Appendix, it
can be seen that when 6, = 0 and 4, = 1 and there has been a shift in the location parameter but

G (@(9)2)-6"Hao(g)-o(-9),2}
2n ’

not in the scale parameter, bias occurs when 0 < 8, <
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Table 4.5: Run length characteristics for the SEMLE-Max chart for small location shifts
not accompanied by scale shiftsfor variousvaluesn

n=>5 n=10 n=30
)53 o, | ARL SDRL 5%, 25%, 50%, 75%, 95% | ARL SDRL 5%, 25%, 50%, 75%, 95% | ARL SDRL 5%, 25%, 50%, 75%, 95%
0 1 501.37 494.70 27, 144, 350, 697, 1470 500.53 498.97 26, 141, 350, 696, 1507 500.36  S511.14 26, 140, 338, 683, 1522
0.01 1 648.37  644.33 33,188, 452, 890, 1960 636.76  627.98 32,183, 445, 879, 1907 590.84  588.61 30,173,410, 821, 1745
0.02 1 64445 636.15 33,191, 454, 895, 1925 61829 619.69 31,180,421, 861, 1890 513.70 507.97 28,154, 355,711, 1543
0.03 1 63252 633.83 32,181,436, 879, 1923 604.33 600.88 31,177,417, 836, 1838 44809  453.89 23,126,310, 624, 1342
0.04 1 621.79 613.15 32,177,433, 865, 1853 581.69 58536 31,168,400, 806, 1745 37658 371.10 20,110,267, 523,1113
0.05 1 600.82 597.19 33,174,422, 824, 1794 54419 54155 32,159,379, 762,1612 309.70  307.00 17, 89, 215, 428, 926
0.06 1 598.68 593.15 31,173,425, 823, 1765 51857 519.68 28,148,364, 721, 1538 24918  246.86 12,71, 173, 347, 741
0.07 1 58590 579.16 32,175,409, 814, 1742 501.03 496.67 26, 145,352,697, 1498 198.89  192.90 11, 60, 141, 275, 582
0.08 1 580.14 584.88 31,165,401, 812, 1688 477.05 482.54 23,133,325, 668, 1450 15156 15243  9,45,104, 207,463
0.09 1 564.78 560.18 29,167,399, 781, 1688 44753  446.84 22,127,308, 620, 1367 12069 119.44 6,36, 84,167,362
0.10 1 562.28 558.75 30,165,396, 772, 1679 426.39 42690 21, 118,295, 596, 1273 90.15 90.19 5,26, 62,125,266
0.11 1 54047 54522 27,155,367, 750, 1619 39956 39830  21,117,275,561,1184 69.26 68.69 4,20, 48,97, 206
0.12 1 520.79  522.69 27,151,361, 722, 1556 37468 369.67  20,111,261,517,1105 52.25 51.72 3,15,36,72,155
0.13 1 504.78 497.85 26, 147, 348, 705, 1511 34948  353.88 19, 97, 240, 480, 1052 38.64 38.37 2,12,27,53,117
0.14 1 49553 49449 26, 144, 346, 686, 1475 334.09 336.77 17,95,232, 460, 989 29.42 2903 2,9, 21, 40, 88
0.15 1 486.74  486.70 26,139, 339, 675, 1454 310.04 306.24  16,91,216, 430,922 21.70 21.66 2,6, 15,30, 64
0.16 1 47955 48131 24,138,328, 668, 1455 289.49  287.69 16, 83, 200, 406, 876 16.06 15.64 1,5,11, 22,47
0.17 1 464.77 46445 23,133,329, 646, 1391 269.29 268.08 14,80, 188,373, 795 11.85 11.46 1,4,8,16,34
0.18 1 44343 44337 22,127,304, 617, 1336 24775 24794  14,72,169, 346, 749 8.97 8.50 1,3,6,12,26
0.19 1 43265 429.44 22,128,302, 600, 1270 22835 223.49 12,67, 164, 318, 670 6.63 6.08 1,2,5,9,19
0.20 1 42515 42335  23,123,298,597, 1270 211.88  211.27 10, 60, 145, 296, 646 4.89 4.35 1,2,3,7,14

As noted by Acosta-Meija (1998), “a desired feature is to have all of [the control chart’s]

out-of-control ARL values smaller than the in-control ARL.” Charts which have this property are

called ARL-unbiased. Charts like the SEMLE-Max Chart, in which the OOC ARL is larger than

the /C ARL for certain shift sizes, are called ARL-biased.

The presence of this undesirable quality might lead us to question whether it was caused

by the use of biased estimators for the location and scale parameters. However, Table 4.2 shows

us that the SEMVUE-Max chart, which is composed of unbiased estimators, is also ARL-biased.

Furthermore, the SEMVUE-Max chart typically performs more poorly than the SEMLE-Max

chart. Given its generally poor performance, the SEMVUE-Max will not be considered further in

this paper.
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The SEMLE-ChiMax chart, on the other hand, is not ARL-biased for detecting changes in
the location parameter and increases in the scale parameter, and it substantially out-performs the
other charts except when there is a small location shift (< 0.5) which is not accompanied by a
mean shift. It seems likely, then, that the bias is a result of using the probability integral
transform to put the location and scale estimates on the normal scale.

The SE-LR chart is also ARL-unbiased, but it has worse performance for nearly every
shift size than does the SEMLE-ChiMax chart. It also performs worse than the SEMLE-Max
chart whenever a shift in variance occurs. In many cases, its performance is also worse than that
of the SEMVUE-Max chart.

The SEMLE-ChiMax chart has the best overall performance among the one-chart
schemes, in addition to its favorable quality of ARL-unbiasedness. Note, however, that unlike the
other charts discussed, this chart is not suitable for detecting decreases in the scale parameter.'
If detection of this type of change is desirable, the practitioner should use another chart. The
SEMLE-2 scheme is a promising alternative. In general, it has the second-best performance
among the charts considered and can detect both increases and decreases in both parameters. The
SEMLE-2 scheme is also ARL-unbiased for increases in the parameters; however, note that it
exhibits bias for small decreases in the scale parameter which are accompanied by small or no

changes in the location parameter.

4.10 Performance Comparisonsversus Normal Theory Charts
It is of interest to determine whether the proposed charts perform better for process data

from a shifted exponential distribution than would normal theory charts. Here, we consider the

"1t is not uncommon for control charts to be ineffective for detecting decreases in scale parameters. For example, a
number of normal theory charts are useful only for detecting increases in the variance.
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performance of two normal theory charts for various location and scale shifts and sample sizes.
The UCLs for the normal theory charts must be selected so that they have a specified nominal /C
ARL. For n = 5, the appropriate UCL for the normal theory max chart is 3.29. Table 4.6 provides
the ARL, run length standard deviation, and specified quantiles of the run length distribution.
Note that the underlying distribution of the process data is shifted exponential. We again use

6 = 0 and A = 1 for our /C shifted exponential distribution. The mean of the distribution is

6 + 4, and its variance is A2 (Johnson and Kotz, 1970). In other words, the mean and variance of
our IC distribution are both 1, and these are values to which the normal theory max and distance
charts will compare the sample means and variances.

At first glance, one might note that Chen and Cheng’s (1998) normal theory Max chart
and Ramzy’s (2005) Distance chart have shorter ARLs than the shifted exponential charts
explored above and conclude that they are preferable. However, note that the /C ARLs for the
normal theory charts are far lower than the nominal value of 500. This means that the charts will
have an unacceptably high number of false alarms, rendering them virtually useless for

monitoring this type of process.
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Table 4.6: Run length characteristicsfor normal theory charts applied to shifted
exponential data for variousvaluesof 8, and 1, when8; =0,4;, =1,andn =75

Normal Theory Max Chart Normal Theory Distance Chart
0, 2z ARL SDRL 5%, 25%, 50%, 75%, 95% ARL SDRL 5%, 25%, 50%, 75%, 95%
0 1 37.38 37.15 2,11, 26,51, 110 20.43 19.74 2,7,14,28,59
0.1 1 35.17 34.92 2,10, 25, 49, 105 19.51 19.11 1,6, 14,27, 57
0.25 1 30.88 30.50 2,9,22,43,92 17.07 16.30 1,5,12,24,49
0.5 1 21.78 21.19 2,7,15,30, 63 12.97 12.21 1,4,9,18,37
0.75 1 12.55 12.17 1,4,9,17,37 8.27 7.57 1,3,6,11,24
1 1 6.72 6.15 1,2,5,9,19 5.19 4.67 1,2,4,7, 14
1.25 1 3.58 3.09 1,1,3,5,10 2.99 2.48 1,1,2,4,8
1.5 1 212 1.51 1,1,2,3,5 1.77 1.18 1,1,1,2,4
0 1.25 14.20 13.59 1,5, 10, 20, 41 9.18 8.60 1,3,6,13,27
0.1 1.25 13.19 12.56 1,4,9,18,38 8.31 7.71 1,3,6,11,23
0.25 1.25 11.32 10.88 1,4,8,15,34 7.14 6.47 1,2,5,10,20
0.5 1.25 7.88 7.41 1,3,6,11,22 541 4.88 1,2,4,7,15
0.75 1.25 515 4.59 1,2,4,7,14 3.91 3.42 1,1,3,5,11
1 1.25 3.32 2.76 1,1,2,4,9 2.80 2.26 1,1,2,4,7
1.25 1.25 217 1.58 1,1,2,3,5 1.97 1.39 1,1,1,2,5
1.5 1.25 152 0.89 1,1,1,2,3 1.40 0.76 1,1,1,2,3
0 1.5 7.00 6.50 1,2,5,9,20 4.92 4.43 1,2,4,7, 14
0.1 L5 6.43 6.02 1,2,5,9,18 4.55 4.04 1,2,3,6,13
0.25 1.5 552 4.97 1,2,4,7,16 3.94 3.36 1,1,3,5,11
0.5 1.5 4.18 3.64 1,2,3,6,11 3.16 2.60 1,1,2,4,8
0.75 L5 3.02 2.50 1,1,2,4,8 253 1.95 1,1,2,3,6
1 1.5 2.16 1.60 1,1,2,3,5 1.92 1.34 1,1,1,2,5
1.25 1.5 1.61 1.00 1,1,1,2,4 154 0.91 1,1,1,2,3
1.5 1.5 1.30 0.64 1,1,1,1,3 122 0.51 1,1,1,1,2
0 1.75 4.23 3.63 1,2,3,6,12 3.18 2.63 1,1,2,4,8
0.1 1.75 3.96 3.48 1,1,3,511 3.02 2.44 1,1,2,4,8
0.25 175 3.52 2.94 1,1,3,5,10 2.68 2.14 1,1,2,3,7
0.5 1.75 2.80 2.23 1,1,2,4,7 2.25 1.67 1,1,2,3,6
0.75 1.75 217 1.58 1,1,2,3,5 1.85 1.24 1,1,1,2,4
1 175 1.67 1.05 1,1,1,2,4 155 0.93 1,1,1,2,3
1.25 1.75 1.38 0.72 1,1,1,2,3 1.32 0.65 1,1,1,1,3
1.5 1.75 118 0.46 ,1,1,1,2 114 0.39 1,1,1,1,2
0 2 2.99 2.46 1,1,2,4,8 2.36 1.79 1,1,2,3,6
0.1 2 2.76 2.19 1,1,2,4,7 224 1.67 1,1,2,3,6
0.25 2 253 1.98 1,1,2,3,7 207 1.49 1,1,2,3,5
0.5 2 211 1.52 1,1,2,3,5 1.79 1.19 1,1,1,2,4
0.75 2 1.72 1.13 1,1,1,2,3 1.56 0.92 1,1,1,2,3
1 2 1.43 0.78 1,1,1,2,3 1.35 0.69 1,1,1,2,3
1.25 2 125 0.57 1,1,1,1,2 1.20 0.49 1,1,1,1,2
1.5 2 111 0.36 1,1,1,1,2 1.09 0.31 1,1,1,1,2
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4.11 Summary and Conclusions

Monitoring the location and scale parameters of a shifted exponential distribution is an
important problem in statistical process control. This chapter provides some possibilities for
monitoring data from a known shifted exponential distribution, of which the SEMLE-ChiMax
chart and the SEMLE-2 scheme appear to be the most promising. However, much more work in
this area is needed. In particular, these charts are only suitable for sample sizes larger than 1,
since they rely on statistics which are functions of order statistics. Additionally, these charts are
suitable only for Case K, and their performance may be degraded significantly if the parameters
are estimated from a Phase I sample. Finally, the adaptation of these charts for Case U is not

straightforward.
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CHAPTER 5

CONTROL CHARTSFOR SIMULTANEOUS MONITORING OF KNOWN LOCATION
AND SCALE PARAMETERS OF PROCESSESFOLLOWING A LAPLACE
DISTRIBUTION

51 Introduction

The Laplace, or double exponential, distribution is the appropriate statistical model in a
variety of circumstances. Suppose, for example, that some process arises as the difference
between two exponential distributions with a common scale, such as flood levels at different
points along a river. Then the difference follows a Laplace distribution (Puig and Stephens,
2000; Bain and Engelhardt, 1973). This distribution also has applications for modeling

measurement error and financial data (Kotz, Kozubowski, and Podgorski, 2001).
The Laplace distribution has pdf% e 1x—al/b for —c0 < x < 0, —0 < a < o, and

b > 0. It is similar to the normal distribution in the sense that it is symmetric, yet the
distributions also differ greatly. In Chapter 3, it was demonstrated that case U charts for the
normal distribution do not perform well when the underlying data actually have a Laplace
distribution. The Laplace distribution is heavier-tailed than the normal, and it has a sharp peak
rather than a gentle curve in the center. The difference in its tails, in particular, makes the
development of charts for Laplace data essential.

There are a number of possible approaches to monitoring processes which follow a

Laplace distribution, including exploiting the distribution’s relationship to the exponential and
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chi-square distributions and monitoring the location and scale parameters directly using a max-
type chart designed specifically for the Laplace. Here, we discuss and compare several
possibilities for one-chart schemes for jointly monitoring the parameters of this distribution.
First, we propose a joint monitoring scheme similar to the max charts we have discussed for the
normal and shifted exponential distributions. This scheme, known as the Laplace MLE Max
(LapMLE-Max) chart, transforms the estimators for each parameter so that they each have the
standard normal distribution and then combines them together using a max function. Next, we
consider a chart known as the Laplace/Chi-square (LapChi) chart which utilizes the relationship
between the Laplace and chi-square distributions. Third, we consider a likelihood ratio-type
chart, which we will refer to as the Laplace Likelihood Ratio (Lap-LR) chart. Finally, we suggest
transforming data so that the Shifted Exponential ChiMax Chart discussed in the previous
chapter can be used to monitor it.

Additionally, we consider a two-chart joint monitoring scheme made up of a control chart
for monitoring the location and a separate control chart for monitoring the scale. Each of these
charts utilizes the MLE of the parameter that it monitors, and the control limits for the two charts
are selected so that the overall /C ARL of the two-chart scheme is a specified value. We refer to

this as the LapMLE-2 joint monitoring scheme.

52  Statistical Framework and Preliminaries

Let us consider the case where the /C parameters, a, and b, are known or specified. Let
Vi, Vs, ..., V, be a random sample of size n from the Laplace distribution, with location parameter
a, and scale parameter b, > 0. In the interest of simplicity, let n be an odd number; in other

words, n = 2k + 1 where k is some positive integer. The parameters a, and b, are unknown;
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however, when the process is IC, a, = a, and b, = b,. When the process is OOC, one or both of
these equalities is violated; in other words, either the location parameter, the scale parameter, or
both differ from the /C parameters, a, and b,. However, at the outset, it is unclear whether or not

the distributions are the same.

53 ThelLapMLE-Max Chart
Now, let @, be the sample median. This is the MLE for the location parameter, and it is

_ Z?=1|Vi_d2|

unbiased (Johnson and Kotz, 1970). Also, let b, . This is the maximum likelihood

estimator of the scale parameter (Johnson and Kotz, 1970). When n is odd, n = 2k + 1 where k

is some positive integer. Then d, = V(441) the (k + 1)th order statistic of the sample, and

b, = It is clear that @, and b, are independent in this case, since the V;’s

[Eiis2Vol S vl
n n

are mutually independent and V., 1) is not used in computing b,.

Since d, is the (k+ 1)th order statistic of the sample, its pdf is

n
fa,(v1) = %G) ble"(""*l)'yl‘aZ'/bZ(Z — e"J’l‘aZ'/bZ)k (Kotz, Kozubowski, & Podgorski,
. 2

2001; Karst and Polowy, 1963). When a =0 and b =1, the cdf of @, is Fg,(y1) =

1

(E)n i=k+1 (711) V(2 = &) (oo 0y (1) + G)n i=k+1 (711) e DY1(2 — e 71) g ) (y1).

e3y

321 {10(2 — e¥1)? + 5e¥1(2 — e¥1) +

When n =5, this further simplifies to Fg, (y1) =

(2—-e™Y1)3

e2Y1} oo 0y)(y1) + 32 {10721 + 5e71(2 — e™1) + (2 — e 71)*}[g 00y (V1)
The distribution of b, is more complicated to obtain. However, Karst and Polowy (1963)

derived the pdf of s = T;ﬁ. They demonstrated that when n = 5, its pdf is f;(y,) = [(—% +
2
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292 _ 595

1553\ _ 48e” 2 e~Y2
—yz)e 2 4
6 4 48

— 1t ]I[O,m)(yz). By integrating, it is easy to show that its

. . . 15 3 _ 5 o _ 202 - 389 _ 2
cdf in this case is F = [—— e V2 +—yre V2 ——y,e V2 +—eV2——e" 2 —
s(¥2) 2872 1672 28 V2 =2 S

1
=72 4 1] .00y (72).

Now, let R; = ®~1{7(d,, ay, by)} where 7(.,a,b) is the cdf of the (k + 1)th order
statistic of a Laplace distribution with location parameter a and scale parameter b. Also, let

nEZ

R, =97t {M (K;ao»bo)} where M(., a, b) is the cdf of s. Note that both R; and R, have a

standard normal distribution when the process is /C. We will use these two statistics to construct

the LapMLE-Max chart.

5.3.1 Proposed Charting Procedurefor the LapMLE-Max chart

We propose the following method for constructing LapMLE-Max charts when the
location and scale parameters, a, and by, are known or specified:
Step 1. Let Y; , = (Y;1, Yi2, ..., Vi) be the ith Phase II sample of size n,i = 1,2, ...
Step 2. Identify the V’s with the Y’s. Calculate the statistics Ry; and R,; for the ith test sample,
fori =1,2,..
Step 3: Calculate the plotting statistic Y; = max{|Ry;|, |R,;|}-
Step 4. Plot Y; against a UCL Hy. Note that Y; > 0 by definition so that the LCL is 0 and that
larger values of Y; suggest an OOC process.
Step 5. If Y; exceeds Hy, the process is declared OOC at the ith test sample. If not, the process is

considered to be /C, and testing continues to the next sample.
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Step 6. Follow up: When the process is declared OOC at the ith test sample, compare each of
|Ry;| and |R,;| with Hy.

(1) If |R,;| < Hy < |Ry;], a shift in the location parameter is indicated.

(i)  If|Ry;] < Hy < |Ry;l, a shift in the scale parameter is indicated.

(iii)  If |Ry;| and |R,;| both exceed Hy, a shift in both the location and scale parameters is

indicated.

5.3.2 Distribution of the Plotting Statistic for the LapMLE-Max chart

For the LapMLE-Max chart, the process is declared OOC when Y > Hy where the UCL
Hy is obtained so that the /C ARL is some given nominal value. R; and R, are independent
because @, and b, are, and as mentioned previously, both have the standard normal distribution

when the process is /C. The cdf of the plotting statistic Y is given by

P(Y < g) = P(max{|Ry;|, [Rz[} < g) = P{(IRul < 9) &(IRx| < 9)}

={([77"(®(9), a0, bo), az, b,]) — ([T (P(—9), ao, bo), az, b2}

X {M (Z—ZM‘l(CD(g), ay, by), Az, bz) - M (Z—ZM‘l(CD(—g), ay, by), a, bz)}.16 When the process

is IC, the cdf of the plotting statistic Y simplifies to P(Y < g|IC) = {®(g) — ®(—g)}>. The IC

1
1+ (1
. 1 1 _ 1 . e IC ARL
ARL is Pog) — 1@ P F — 1o Thus, the UCL is Hy = ® — |

' Details of the derivation are given in D.1 in the Appendix.

92



54  TheLapChi Chart

22?=1|Vi_

Next, note that %l has a chi-square distribution with 2n degrees of freedom.

2

22?=1|Vi_a0|

Now, define a statistic X = >
0

. When the process is IC, X always has a chi-square

distribution with 2n degrees of freedom. This will be a plotting statistic used to define the

LapChi chart.

5.4.1 Proposed Charting Procedurefor the Lap-Chi chart
We propose the following method for constructing LapChi charts when the location and
scale parameters, a, and b, are known or specified:
Step 1. Let Y; , = (Y;1, Yi2, ..., Vi) be the ith Phase II sample of size n,i = 1,2, ....
Step 2. Identify the V’s with the Y’s. Calculate the statistics X; for the ith test sample, for
i=12,..
Step 3: Step 3. Plot X; against a UCL Hy. Note that X; > 0 by definition so that the LCL is 0 and
that larger values of X; suggest an OOC process.
Step 4. If X; is larger than Hy, the process is declared OOC at the ith test sample. If not, the
process is considered to be /C, and testing continues to the next sample.
Step 5. Follow up: When the process is declared OOC at the ith test sample, calculate @, and b,.
Letp, = Pla, > @, |IC] and p, = P[b, > b,| IC]. These values can be determined via Monte
Carlo simulation.
(1) If both p;, p, < 0.005 or both p;, p, > 0.995, a shift in both the location and scale
parameters is indicated.

(i)  Ifboth p;,p, > 0.025 or both py,p, < 0.9975, a false alarm is indicated.
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(i)  If p; < 0.005 and p, > 0.025, a shift in the location parameter is indicated.

(iv) Ifp; > 0.995and p, < 0.975, a shift in the location parameter is indicated.

(v) If p, < 0.005 and p; > 0.025, a shift in the scale parameter is indicated.

(vi)  Ifp, > 0.995 and p; < 0.975, a shift in the scale parameter is indicated.

(vii) Ifp; < 0.005 and 0.005 < p, < 0.025 or 0.975 < p, < 0.995, a major shift in the
location parameter with possible associated shift in the scale parameter is indicated.

(viii) Ifp; > 0.995 and 0.005 < p, < 0.025 or 0.975 < p, < 0.995, a major shift in the
location parameter with possible associated shift in the scale parameter is indicated.

(ix) Ifp, < 0.005and 0.005 < p; < 0.025 or 0.975 < p; < 0.995, a major shift in the
scale parameter with possible associated shift in the location parameter is indicated.

(x) If p, > 0.995 and 0.005 < p; < 0.025 or 0.975 < p; < 0.995, a major shift in the

scale parameter with possible associated shift in the location parameter is indicated.

5.4.2 Distribution of the Plotting Statistic for the LapChi chart
For the LapChi chart, the process is declared OOC when X > Hy where the UCL Hy is
obtained so that the /C ARL is some given nominal value. The cdf of the plotting statistic X is

givenby PX< g) =P (M
0

< g). When the process is /C, the cdf of the plotting

1
P(X>g) 1-G(g,2n)

statistic X simplifies to P(X < g|IC) = G(g,2n). The IC ARL is Thus, the

UCL is Hy = X1 (1 -—, Zn).
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55 TheSEMLE-ChiMax Chart for Laplace Data

Now, note that |V; — a,| has a shifted exponential distribution with location parameter
0 = 0 and scale parameter A = b,. Define a statistic V;* = |V; — ay|. When the process is IC, V;"
has a shifted exponential distribution with location parameter & = 0 and scale parameter A = b,,.

Thus, 8, = V(l)*, the first order statistics of the transformed sample, is the MLE for 8 and

A, = S ) ST 6, = V* — 8, is the MLE of the scale parameter. Let D; =

n n

2n(9,-0)

> and D, = G71 {G (ZZA, 2n — 2) , 2}. Note that both D; and D, have a chi-square
0

0

distribution with two degrees of freedom when the process is IC. We will use these two statistics

to construct the SEMLE-ChiMax chart for Laplace-distributed data.

55.1 Proposed Charting Procedurefor the SEMLE-ChiMax chart for Laplace data

We propose the following method for transforming Laplace data for use with the
SEMLE-ChiMax chart when the location and scale parameters, a, and b, are known or
specified:
Step 1. Let Y; , = (Y;1, Yi2, ..., Vi) be the ith Phase II sample of size n,i = 1,2, ...
Step 2. Identify the V's with the Y’s. Calculate Y; ,," = |V;; — a,| for = 1,2, ..., n. Calculate the
statistics Dy; and D,; for the ith test sample, for i = 1,2, .... Note that if the process is /C, both of
these quantities should be positive. If D;; < 0, the process is declared OOC at the ith test sample.
If D;; > 0, continue to step 3.
Step 3: Calculate the plotting statistic T; = max{D;;, Dy;}.
Step 4. Plot T; against a UCL Hy. Note that T; > 0 so that the LCL is 0 and that large values of T;

suggest an OOC process.
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Step 5. If T; is greater than Hy or less than 0, the process is declared OOC at the ith test sample.
If not, the process is considered to be /C, and testing continues to the next sample.
Step 6. Follow up: When the process is declared OOC at the ith test sample, use the follow-up

procedure described above for the LapChi chart.

5.5.2 Distribution of the Plotting Statistic for the SEMLE-ChiMax chart for Laplace data
When the SEMLE-ChiMax chart is used with Laplace data, the process is declared OOC
when T < 0or T > Ht where the UCL Hry is obtained so that the /C ARL is some given nominal
value. As mentioned previously, D; and D, are independent because 8, and V — 8, are, and both
have the chi-square distribution with two degrees of freedom when the process is /C. The cdf of

the plotting statistic T is given by P(T < g & D; > 0) = P(max{D;,D,} < g&D; > 0) =

P (0 < %z—o) < g) P (G_1 {G (%, 2n — 2) ,2n — 2} < g). When the process is /C, the cdf

of the plotting statistic T simplifies to P(T < g & D, > 0]IC) = {G(g,2)}{G(g,2)} =

1 1
P(T>gorD;<0)  1-{G(g,2)}*"

HT=G‘1< 1—— ,2).
IC ARL

{G(g,2)}*. The IC ARL is Thus, the UCL is

56 Thelap-LR Chart

Since joint monitoring of the location and scale is analogous to repeatedly testing the null
hypothesis that the sample at hand comes from a completely specified Laplace population (a
simple null hypothesis) versus all alternatives (a composite alternative hypothesis), we once
again wish to consider a chart based upon the perspective of a likelihood ratio statistic. It can be

shown that the likelihood ratio statistic for the Laplace distribution is given by
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n A
L= (%) elZitalVimal/b]=[Zi11vi=al/b] This will be a plotting statistic used to define the Lap-LR

chart.

5.6.1 Proposed Charting Procedurefor theLap-LR chart

We propose the following method for constructing Lap-LR charts when the location and
scale parameters, ag and by, are known or specified:
Step 1. Let Y; , = (Y;1, Yi2, ..., Vi) be the ith Phase II sample of size n,i = 1,2, ...
Step 2. Identify the V’s with the Y’s. Calculate the statistics L; for the ith test sample, for
i=12,..
Step 3: Step 3. Plot L; against a LCL H;. Note that L; < 1 by definition so that the UCL is 1 and
that smaller values of L; suggest an OOC process.
Step 4. If L; is lower than Hy,, the process is declared OOC at the ith test sample. If not, the
process is considered to be /C, and testing continues to the next sample.
Step 5. Follow up: When the process is declared OOC at the ith test sample, use the follow-up

procedure described above for the LapChi chart.

5.6.2 Distribution of the Plotting Statistic for the Lap-LR chart

For the Lap-LR chart, the process is declared OOC when L < H;, where the LCL Hy, is
obtained so that the /C ARL is equal to some given nominal value. However, the distribution is
rather intractable.

When m and n are large, it is useful to consider the asymptotic properties of L. Consider
n n n Ay~
a function of L, —2InL = —21n {(%) elZizalVimal/b]-| i=1|Vi_a|/b]}. As mentioned previously, it

can be shown (see for example Hogg, McKean and Craig, 2005) that —2In L converges in
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distribution to a chi-square random variable with 2 degree of freedom. Using this property, it is
simple to obtain Hy, as long as m and n are appropriately large. However, when m and n are

small or moderate, Hy, can easily be obtained through Monte Carlo simulation.

5.7 TheLapMLE-2 Scheme

Letl; =d,and 2, =s = nb—bz. Note that when the process is /C, the distribution of 2, is
0

n
fa,(y1) = % G) ble_("“)'yl_%'/bo (2- e"yl‘“("/bo)k and the distribution of 2, is f;(y,) =
. 0

3Y2
173 | 29y, 5y2 15y§') _y, , 48e 2 e™4Y2 _
[( Tt Sttt |l (y,) when n = 5. These are the two

statistics that we will use to construct the charts which make up the LapMLE-2 scheme. Note
that as before we will use 7(., a, b) to denote the cdf of @,, the (k + 1)th order statistic of a
Laplace distribution with location parameter a and scale parameter b and M(., a, b) to denote the

cdf of s.

5.7.1 Proposed Charting Procedurefor the LapMLE-2 scheme

We propose the following method for constructing LapMLE-2 schemes when the
location and scale parameters, a, and b, are known or specified:
Step 1. Let Y; , = (Y;1, Yi2, ..., Vi) be the ith Phase II sample of size n,i = 1,2, ...
Step 2. Identify the V’s with the Y’s. Calculate the plotting statistics 2;; and 2,; for the ith test
sample, fori = 1,2, ....
Step 3. Plot 2,; againsta UCL H,,, and an LCL H, ;.

Step 4. On a separate chart, plot 2,; against a UCL H,,,, and an LCL H-,, .
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Step 5. If 2y; is greater than H, , or less than H, , and/or 2y; is greater than H,, or less than

H,,,, the process is declared OOC at the ith test sample. If not, the process is considered to be

IC, and testing continues to the next sample.

Step 6. Follow up: When the process is declared OOC at the ith test sample, compare 2,; with

H, , and Hy , and 2; with Hy, and LCL H,,,.

(i)
(i)
(iif)
(iv)
v)

(vi)

(vii)

(viii)

If3y; > H,,, and Hy,, <3, < H,, , ashift in the location parameter is indicated.
If3,; < H,,, and H,,, <3y < H,,, ashift in the location parameter is indicated.
If3,; > H,,, and Hy ; <31y; < H,,, a shift in the scale parameter is indicated.
If3,; < Hy,, and Hy ; <3y; < H,,,, a shift in the scale parameter is indicated
If24; > Hy,, and 2,; > H,, a shift in both the location and scale parameters is
indicated.

If24; < H,,, and 2,; > H,_, a shift in both the location and scale parameters is
indicated.

If24; > Hy,, and 2,; < H,,,, a shift in both the location and scale parameters is
indicated.

If34; < H,,, and 2,; < H,,,, a shift in both the location and scale parameters is

indicated.

5.7.2 Distribution of the Plotting Statistics for the LapM L E-2 scheme

The LapMLE-2 control scheme consists of two charts. The process is declared OOC

whenever a signal occurs on either chart, that is, any time 3; < H, ,,2; > H, ,2; < H,y, , or

3, > H,,,,where the control limits Hy ,, H, ,, Ha,,, and H,, are obtained so that the /C ARL
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is some given nominal value. 2; and 1, are independent and have the distributions specified

above. The joint cdf of the two plotting statistics 2; and 2, is given by
b
P[(g1 <31 < g2) & (g5 <23 < gu)] = [7(92, a2, bz) — 7(g1, az, b2)] X [M (b—zg4: az, bz) -
M (Z—O g3, ay, bz)]. When the process is /C, the joint cdf of the plotting statistics 2; and
2

2, simplifies to [(g; < 21 < g5) &(g3 < 2; < g)IIC] = [1(g2, az, by) —7(g1, az, by)] X

[M(g4, @y, b)) — M(g3, a,, b,)].

5.8 Implementation

In order to use the proposed charts, one must select the appropriate control limits for each
corresponding to the desired nominal /C ARL. This can be accomplished using the analytical
expressions for the /C ARL given in the earlier sections, though doing so is rather tedious.
Instead we use 100,000 simulations in R to calculate the control limits. As expected, we find that

higher nominal ARLs require higher UCLs and lower LCLs.

Table5.1: Appropriate control limitsfor the Laplace chartswhen a and b are known and
n =5, for variousIC ARLs

LapMLE-2 Scheme
IC | LapMLE-Max |SEMLE-ChiMax | Lap-LR | Lap-Chi g;??fgcif’earcthi%
ARL Chart UCL Chart UCL Chart LCL | Chart UCL UCL/ Scale Chart

Lcrn)"’
125 | 2.88 11.04 00263 23.85 ©2.83/15.26/0.36
250 | 3.09 12.43 00113 2581 +2.72/14.92/0.39
500 | 3.29 13.82 000475 | 27.72 12.58/14.45/0.43
750 | 3.40 14.63 000285 | 28.82 2 .35/13.54/0.52
1000 | 3.48 15.20 000195 | 29.59 £2.11/12.65/0.62

7 We selected the control limits for the LapMLE-2 Scheme so that both of the underlying charts have the same
ARL.
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5.9  Performance Comparisons

The performance of the three charts for various location and scale shifts is evaluated in a
simulation study so that they can easily be compared. Tables 5.2, 5.3, and 5.4 provide the ARL,
run length standard deviation, and specified quantiles of the run length distribution when n = 5.
Weuse a = 0 and b = 1 for our /C Laplace distribution.

From the tables, it is seen that the Lap-LR chart performs best among the four charts
when there is a shift in only the location parameter. However, when there is a scale shift, it is
always outperformed by the LapChi chart and usually outperformed by one of the other charts as
well.

The SEMLE-ChiMax chart performs surprisingly well for this data. For most of the shifts
considered, its performance was second-best among the charts. However, this chart is not ideal,

since it is unable to detect decreases in the scale parameter.
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Table5.2: Run length characteristicsfor the SEMLE-ChiMax chart for Laplace data and
the Lap-LR chart for variousvaluesof a, and b, whenag = 0,by =1,andn =5

SEMLE-ChiMax Chart

Lap-LR Chart

a; b, ARL SDRL 5%, 25%, 50%, 75%, 95% ARL SDRL 5%, 25%, 50%, 75%, 95%
0 7 502.44 507.55 25, 142, 348, 689, 1511 29911 496.82 26, 146, 350, 691, 1471
0.1 1 49058 47823 26, 145, 345, 689, 1459 455.95 451.69 25,138, 319, 634, 1341
0.25 1 452.25 451.87 24,127, 317, 626, 1349 324.25 330.47 16, 89, 221, 449, 991
0.5 1 326.16 325.96 18,93, 225, 449, 988 137.50 135.27 8, 41,98, 191, 404
0.75 1 195.97 193.84 11,57, 136,272, 583 56.99 56.48 3,17, 40, 78, 168

1 1 93.95 93.85 5,26, 65, 132, 281 2417 23.75 2,7,17,33,72

1.25 1 37.16 36.82 2, 11,26, 51, 109 11.48 10.86 1,4,8,16,33

L5 1 13.79 13.39 1,4, 10,19, 41 6.05 5.50 1,2,4,8,17

0 1.25 88.82 87.50 5,26, 63, 125, 260 298.27 296.01 15, 87, 208, 416, 889
0.1 1.25 88.08 87.93 5,26, 60, 123,263 280.16 276.99 16, 82, 194, 391, 823
0.25 1.25 85.02 85.68 5,24, 58, 116,258 221.89 221.53 12, 65, 156, 308, 653
0.5 1.25 71.97 71.16 4,21,50,100,213 115,03 115.10 7,34, 80 159 347
0.75 1.25 53.68 53.84 3, 15,37, 74, 165 53.99 53.16 3,16, 38,74, 157

1 1.25 35.60 35.18 2, 11,25, 49, 105 25.62 2529 2,8,18,36,75

1.25 1.25 20.44 19.79 2,6, 14,28, 59 12.76 1248 1,4,9,17,37

L5 1.25 10.84 10.20 1,3,8,15,31 7.05 6.48 1,2,5,10,20

0 1.5 28.19 27.80 2, 8, 20, 39, 83 99.63 98.50 6,29, 69, 138, 207
0.1 L5 27.93 27.40 2,8,20,38, 82 96.69 95.56 6,28, 67,135,285
0.25 L5 2735 2692 2,8,19,38, 81 86.15 87.54 5,25, 59, 119, 260
0.5 L5 24.72 24.05 2,7,17,34,73 58.22 58.10 3,17, 40, 80, 177
0.75 L5 20.68 2045 1,6, 14,28, 62 34.66 34.46 2, 11,24, 48, 103

1 15 16.39 16.13 1,5,11,22,49 2011 19.58 2,6, 14,27, 60

1.25 15 11.67 11.16 1,4,8,16,34 1145 1091 1,4,8,16,33

L5 L5 7.69 7.19 1,3,5,10,22 6.87 6.44 1,2,5,9,20

0 1.75 12.77 12.18 1,4,9,17,37 37.73 37.55 2,11, 26,52, 112
0.1 175 12.44 11.72 1,4,9,17,36 37.18 35.90 2, 11,26, 52, 110
0.25 175 12.28 11.87 1,4,9,17,36 35.42 35.08 2, 10,24, 49, 106
0.5 175 11.63 11.15 1,4,8,16,34 27.77 27.37 2,8,19,38,83

0.75 1.75 10.91 10.35 1,4,8,15,31 19.94 19.34 1,6,14,27,58

1 175 9.01 8.54 1,3,6,12,26 13.69 13.17 1,4, 10, 19, 40

1.25 175 7.16 6.54 1,2,5,10,20 8.95 8.44 1,3,6,12,26

L5 1.75 541 493 1,2,4,7,15 6.02 5.54 1,2,4,8,17

0 2 7.23 6.71 1,2,5,10,21 1813 17.70 1,6,13,25,53

0.1 2 7.25 6.72 1,2,5,10,21 17.72 1721 1,5,12,24,52

0.25 2 7.14 6.56 1,2,5,10,20 17.18 16.76 1,5,12,24,50

0.5 2 6.91 6.43 1,2,5,9,20 14.96 14.45 1,5, 10,21, 44

0.75 2 6.40 5.79 1,2,5,9,18 11.72 1120 1,4,8, 16,34

1 2 5.69 5.18 1,2,4,8,16 9.04 8.55 1,3,6,12,26

1.25 2 496 439 1,2,4,7,14 6.66 6.14 1,2,5,9,19

L5 2 401 3.46 1,2,3,5,11 492 437 1,2,4,7,14

102




Table5.3: Run length characteristicsfor theLapMLE-Max and LapChi chartsfor various

values of a, and b, whenay = 0,by =1,andn =5

LapMLE-Max Chart LapChi Chart
a; b, ARL SDRL 5%, 25%, 50%, 75%, 95% ARL SDRL 5%, 25%, 50%, 75%, 95%
0 1 49987 497.96 26, 143, 347, 694, 1495 502.11 507.23 26, 143, 345, 695, 1508
0.1 1 489,67 488.18 26, 142, 340, 680, 1465 49178 487.77 26, 140, 338, 689, 1466
0.25 1 438.49 436.48 23, 128, 305, 607, 1307 448.78 449.14 23,129,310, 621, 1345
0.5 1 306.82 306.56 16, 89,212, 425,924 324.26 31822 17,95, 225, 453, 964
0.75 1 180.41 180.24 10, 52, 125, 249, 539 205.05 204.70 11,59, 142, 284, 609
1 1 99.90 99.32 5,29, 69, 139,297 116.84 116.24 6,34, 81, 162, 349
1.25 1 51.50 5127 3,15,36,71, 155 59.41 59.02 4,17,41, 83,176
L5 1 26.66 26.07 2,8,19,37,79 30,61 3025 2,9,21,42,91
0 1.25 108.35 107.94 6,31, 75, 150, 324 69.98 70.00 4,21,48,97,211
0.1 1.25 106.09 105.43 6,31, 74,146,318 69.42 67.77 4,20,48,97,207
0.25 1.25 100.47 100.72 6,29, 70, 139, 300 65.25 64.89 4,19, 46,90, 193
0.5 1.25 79.74 79.07 5,23,56, 111,238 54.69 54.16 3,16, 38,75, 162
0.75 1.25 56.70 56.14 3,17, 40, 79, 169 41.09 40.93 2,12,29,57, 124
1 1.25 37.19 36.79 2,11,26, 51,110 2878 28.39 2,8,20,40, 85
1.25 1.25 23.34 22.82 2,7,16,32,69 18.85 18.14 1,6, 14, 26,55
L5 1.25 1437 13.95 1,4,10,20,42 12.23 11.90 1,4,9,17,36
0 1.5 33.26 32.67 2, 10, 23, 46, 98 21.19 20.92 2,6, 15,29, 62
0.1 L5 33.04 32.81 2,10, 23, 46,98 2081 20.52 2,6,14,29, 61
0.25 L5 32,09 31.56 2,10,22, 44,95 20.26 19.79 2,6, 14,28,59
0.5 L5 28.13 27.70 2,8,20,39, 83 17.92 16.86 1,6,13,25,51
0.75 L5 2291 2247 2,7,16,32,68 14.77 14.10 1,5,11,20,43
1 L5 17.41 16.84 1,5,12,24,51 11.85 11.29 1,4,8, 16,34
1.25 L5 1276 12.25 1,4,9,18,37 9.04 8.63 1,3,6,12,26
15 15 8.95 8.43 1,3,6,12,26 6.60 6.12 1,2,5,9,19
0 1.75 14.56 14.05 1,4,10,20,43 959 9.12 1,3,7, 13,28
0.1 175 14.43 13.97 1,5, 10,20, 42 9.50 8.98 1,3,7,13,28
0.25 1.75 14.14 13.54 1,4,10,20, 41 9.29 8.80 1,3,7,13,27
0.5 175 13.11 12.54 1,4,9,18,38 856 7.96 1,3,6,12,25
0.75 175 1152 11.00 1,4,8,16,34 758 7.05 1,3,5,10,22
1 1.75 9.70 9.20 1,3,7,13,28 6.47 591 1,2,5,9,19
1.25 1.75 7.83 730 1,3,6,11,22 531 483 1,2,4,7,15
L5 1.75 6.14 5.63 1,2,4,8,17 427 375 1,2,3,6,12
0 2 8.09 7.58 1,3,6,11,23 555 5.0l 1,2,4,7,16
0.1 2 8.06 752 1,3,6,11,23 552 4.99 1,2,4,7,15
0.25 2 7.89 7.33 1,3,6,11,23 5.42 494 1,2,4,7,15
0.5 2 751 6.98 1,3,5,10,22 5.20 471 1,2,4,7,15
0.75 2 6.92 6.40 1,2,5,9,20 465 4.07 1,2,3,6,13
1 2 6.13 5.62 1,2,4,8,17 416 3.55 1,2,3,6,11
1.25 2 531 478 1,2,4,7,15 3.66 3.10 1,1,3,5,10
15 2 445 391 1,2,3,6,12 3.18 2.59 1,1,2,4,8
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Table5.4: Run length characteristicsfor the LapML E-2 scheme for various values of
a, and b, whenayg =0,bg =1,andn =5

LapMLE-2 Scheme
a, b, ARL SDRL 5%, 25%, 50%, 75%, 95%
0 1 503.17 504.90 26, 145, 348, 697, 1509
0.1 1 490.78 489.29 26, 142, 341, 679, 1458
0.25 1 437.65 435.72 23,126, 304, 607, 1312
0.5 1 302.64 303.01 16, 87, 210, 419, 904
0.75 1 178.53 177.32 10, 52, 124, 247, 534
1 1 97.29 96.59 6,28, 68, 134,291
1.25 1 50.80 50.14 3,15,35,70, 152
1.5 1 26.13 25.71 2,8,18,36,77
0 1.25 107.83 107.28 6,31,75, 149, 321
0.1 1.25 107.28 107.24 6,31, 74, 148, 322
0.25 1.25 99.81 98.77 6,29, 69, 139,298
0.5 1.25 79.43 79.03 5,23,55,110,238
0.75 1.25 55.93 55.43 3,17,39,77, 166
1 1.25 36.69 36.25 2,11, 26,51, 109
1.25 1.25 22.98 22.44 2,7,16,32,68
L5 1.25 14.08 13.59 1,4,10, 19, 41
0 1.5 33.30 32.76 2,10, 23, 46, 99
0.1 1.5 33.19 32.89 2,10,23,46,99
0.25 1.5 31.90 31.45 2,9,22,44,95
0.5 1.5 27.97 27.39 2,8, 20,39, 83
0.75 1.5 22.80 22.30 2,7,16,32,67
1 L5 17.35 16.82 1,5,12,24,51
1.25 1.5 12.57 12.04 1,4,9,17,37
1.5 1.5 8.89 8.39 1,3,6,12,26
0 1.75 14.70 14.21 1,5, 10, 20, 43
0.1 1.75 14.57 14.03 1,5, 10,20, 43
0.25 1.75 14.20 13.68 1,4,10, 19,42
0.5 175 13.05 12.57 1,4,9,18,38
0.75 1.75 11.44 10.96 1,4,8,16,33
1 1.75 9.66 9.10 1,3,7,13,28
1.25 175 7.80 7.30 1,3,6,11,22
1.5 1.75 6.05 5.49 1,2,4,8,17
0 2 8.06 7.55 1,3,6,11,23
0.1 2 8.01 7.54 1,3,6,11,23
0.25 2 7.93 7.40 1,3,6,11,23
0.5 2 7.50 7.00 1,3,5,10,21
0.75 2 6.90 6.36 1,2,5,9,20
1 2 6.09 5.59 1,2,4,8,17
1.25 2 5.28 4.78 1,2,4,7,15
L5 2 4.43 3.89 1,2,3,6,12

The LapMLE-Max chart performs fairly poorly in comparison to the other charts, nearly

always performing worse than the SEMLE-ChiMax and LapChi charts. Its best performance is
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seen where there is a small shift in location and no scale shift; however, the Lap-LR chart
outperforms it in this case. The LapMLE-2 scheme performs analogously to the LapMLE-Max
chart, because the two charts are equivalent.

The LapChi chart has the best performance among the charts studied, except when there
is a location shift but no scale shift. As a result, this is the best joint monitoring scheme to use
with processes that follow a Laplace distribution, unless it is expected that the most commonly

occurring assignable causes will produce shifts only in the location.

5.10 Performance Comparisons versus Normal Theory Charts

It is again of interest to determine whether the proposed charts perform better for process
data from a Laplace distribution than would normal theory charts. Here, we consider the
performance of two normal theory charts for various location and scale shifts and sample sizes.
The UCLs for the normal theory charts must be selected so that they have a specified nominal /C
ARL. For n = 5, the appropriate UCL for the normal theory max chart is 3.29. Table 5.5 provides
the ARL, run length standard deviation, and specified quantiles of the run length distribution.
Note that the underlying distribution of the process data is Laplace. We again use a = 0 and
b = 1 for our IC Laplace distribution. The mean of the distribution is a, and its variance is 2b?
(Johnson and Kotz, 1970). In other words, the mean of our IC distribution is 0, its variance is 2,
and these are values to which the normal theory max and distance charts will compare the sample

means and variances.
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Table5.5: Run length characteristics for normal theory charts applied to L aplace data for

variousvaluesof a, and b, whena; =0,b; =1, andn =5

Normal Theory Max Chart

Normal Theory Distance Chart

a; b, ARL SDRL 5%, 25%, 50%, 75%, 95% ARL SDRL 5%, 25%, 50%, 75%, 95%
0 1 66.97 66.72 4,20, 46, 93, 201 39.13 38.66 2,12,27, 54, 116
0.1 1 66.41 65.93 4,19, 46, 92,199 38.65 38.16 2,12,27,53,115
0.25 1 62.22 61.72 4,18,43, 86, 186 36.00 3541 2,11, 25, 50, 106
0.5 1 4865 48.42 3,14, 34, 67, 145 27.92 27.54 2,8,19,38,83
0.75 1 32.04 3147 2,10, 22, 44,95 18.67 18.09 1,6,13,26,55
1 1 18.42 17.79 1,6,13,25,54 11.30 10.80 1,4,8,15,33
1.25 1 10.19 9.73 1,3,7,14,30 6.45 5.94 1,2,5,9,18
15 1 5.70 5.18 1,2,4,8,16 3.86 3.34 1,1,3,5,11

0 1.25 19.46 18.82 1,6, 14,27, 57 12.68 1221 1,4,9,17,37
0.1 1.25 19.25 18.62 1,6,14,27, 56 1256 12.12 1,4,9,17,37
0.25 1.25 1851 17.98 1,6,13,25,54 12.06 11.59 1,4,8,17,35
0.5 1.25 1578 15.25 1,5,11,22,46 10.39 9.92 1,3,7,14,30
0.75 1.25 12.28 11.74 1,4,9,17,36 8.21 771 1,3,6,11,24
1 1.25 8.79 8.26 1,3,6,12,25 6.11 5.54 1,2,4,8,17
1.25 1.25 5.99 5.46 1,2,4,8,17 436 3.82 1,2,3,6,12
L5 1.25 4,08 355 1,2,3,5,11 3.10 2.55 1,1,2,4,8

0 1.5 8.43 7.91 1,3,6,11,24 6.07 5.56 1,2,4,8,17
0.1 L5 8.37 7.88 1,3,6,11,24 6.05 5.52 1,2,4,8,17
0.25 L5 8.18 7.66 1,3,6,11,23 5.87 5.33 1,2,4,8,17
0.5 L5 7.42 6.88 1,2,5,10,21 5.38 4.86 1,2,4,7,15
0.75 L5 6.36 5.84 1,2,5,9,18 467 4.16 1,2,3,6,13

1 L5 5.15 4.65 1,2,4,7, 14 3.86 332 1,1,3,5,10
1.25 15 403 351 1,2,3,5,11 311 2.57 1,1,2,4,8
15 L5 311 2.57 1,1,2,4,8 2.48 1.92 1,1,2,3,6

0 1.75 484 431 1,2,3,6,13 3.74 322 1,1,3,5,10
0.1 1.75 483 431 1,2,3,6,13 371 3.17 1,1,3,5,10
0.25 175 472 420 1,2,3,6,13 365 3.11 1,1,3,5,10
0.5 175 444 3.92 1,2,3,6,12 344 2.89 1,1,3,5,9
0.75 1.75 403 3.49 1,2,3,5,11 3.13 2.59 1,1,2,4,8

1 175 350 2.95 1,1,3,5,9 278 2.22 1,1,2,4,7
1.25 1.75 2.99 244 1,1,2,4,8 2.40 1.83 1,1,2,3,6
15 1.75 250 1.93 1,1,2,3,6 2.06 1.48 1,1,2,3,5

0 2 328 272 1,1,2,4,9 2.66 211 1,1,2,3,7
0.1 2 3.27 2.73 1,1,2,4,9 265 2.09 1,1,2,3,7
0.25 2 323 2.70 1,1,2,4,9 264 2.07 1,1,2,3,7
0.5 2 311 2.57 1,1,2,4,8 254 1.98 1,1,2,3,6
0.75 2 2.88 232 1,1,2,4,8 237 1.80 1,1,2,3,6

1 2 264 2.07 1,1,2,3,7 219 1.61 1,1,2,3,5
1.25 2 2.38 1.81 1,1,2,3,6 1.98 1.39 1,1,1,2,5
L5 2 2.10 1.51 1,1,2,3,5 179 1.18 1,1,1,2,4
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The results here are similar to those found for in the previous chapter. At first glance, one
might note that Chen and Cheng’s (1998) normal theory max chart and Ramzy’s (2005) distance
chart have shorter ARLs than the Laplace charts explored above and conclude that they are
preferable. However, the /C ARLs for the normal theory charts are far lower than the nominal
value of 500, indicating that the normal theory charts will have an unacceptably high number of

false alarms and rendering them virtually useless for monitoring this type of process.

511 Summary and Conclusions

Monitoring the location and scale parameters of a Laplace distribution is an important
problem in statistical process control. It is necessary, for example, for processes which arise as
the difference between two exponential distributions with a common scale. This chapter provides
some possibilities for monitoring data from a known Laplace distribution, among which the
LapChi chart appears to be the most promising. However, much more work in this area is
needed. In particular, these charts are only suitable for sample sizes larger than 1, since they rely
on statistics which are functions of order statistics. Additionally, these charts are suitable only for
case K, and their performance will be degraded significantly if the parameters are estimated from

a Phase I sample. Finally, the adaptation of these charts for case U is not straightforward.
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CHAPTER 6

CONCLUSIONS AND FUTURE RESEARCH

6.1 Summary

Two-parameter distributions constitute important problems for process monitoring. In
general, it is desirable to utilize control schemes capable of identifying shifts in either or both of
the parameters. This dissertation examined control schemes for jointly monitoring the two
parameters of a shifted exponential or Laplace distribution with known /C parameters, as well as
those for a normal distribution with unknown /C parameters. For the shifted exponential and
Laplace distributions, a variety of new one- and two-chart schemes were introduced, studied, and
compared. For the normal distribution, a pair of charts designed for the known parameter case
were adapted to account for the additional variability introduced by parameter estimation.

In Chapter 3, Chen and Cheng’s (1998) Max chart and Razmy’s (2005) Distance chart
were modified for monitoring normally distributed processes with unknown means and
variances. The modified charts were shown to perform similarly, with the Modified Distance
chart being slightly superior in most cases. Additionally, both charts were shown to have good
performance for normally distributed data but far poorer performance for data from other
distributions, whether they are skewed or symmetric.

In Chapter 4, we introduced and compared five schemes for jointly monitoring the
location and scale parameters of a shifted exponential distribution with known parameters: the

SEMLE-Max, SEMVUE-Max, SEMLE-ChiMax, and SE-LR charts, and the two-chart SEMLE-
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2 scheme. The two max-type charts were shown to be ARL-biased for small mean shifts
unaccompanied by variance shifts. The SEMLE-2 scheme was shown to have the best overall
performance, followed closely by the SEMLE-ChiMax chart.

In Chapter 5, we introduced and compared the LapMLE-Max, LapChi, and Lap-LR
charts and the two-chart LapMLE-2 scheme. We also considered transforming the data so that it
could be monitored using the SEMLE-ChiMax chart introduced in the previous chapter.
Overall, the LapChi chart was shown to be the best joint monitoring scheme to use with
processes that follow a Laplace distribution, unless the most commonly occurring assignable
causes are expected to produce shifts only in the location parameter. The Lap-LR chart was

shown to perform best among the four charts when there is a shift in only the location parameter.

6.2  FutureResearch

In chapter 3, we considered the unconditional and conditional /C ARL of the normal
theory charts when parameter estimates were used for the mean and standard deviation. The
“unconditional” /C ARL was obtained by averaging over the distributions of the mean and the
standard deviation, while the “conditional” /C ARLs were obtained by considering particular
values of the estimators. It was seen that the conditional /C ARLs vary widely depending on
whether low, medium, or high estimates of each parameter are used, and in most cases, the
conditional /C ARLs deviate substantially from the nominal /C ARL. However, in practice, one
would have no way of determining whether the parameter estimates being utilized were low or
high since the true parameters are unknown. Therefore, it is desirable to create monitoring
procedures which are less dependent on the quality of the parameter estimates. More research is

needed to create charts for which both the unconditional /C ARL and the conditional /C ARLs
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resulting from particular parameter estimates are correctly maintained at a specified nominal
value.

For the Laplace and shifted exponential distributions, only charts for monitoring known
parameters are presented. Modifications are needed to produce one- and two-chart schemes
suitable for monitoring unknown parameters. Doing so is not particularly straightforward, and
much more work is needed to produce the charts.

Each of the charts presented in this dissertation is suitable for data from a particular
parametric distribution: the normal, the Laplace, or the shifted exponential. However, in practice,
it is not uncommon for a practitioner to be unsure of his data’s underlying distribution. For this
reason, it is imperative that more work be done in the area of nonparametric joint monitoring of
location and scale parameters.

Finally, all of the charts considered in this dissertation are univariate. In practice, many
monitoring problems are multivariate in nature, so these charts should be adapted for use with

multivariate data.
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APPENDIX

A: SUPPLEMENTARY DERIVATIONS FOR CHAPTER 3

A.1  Distribution of W3 and W5,

Recall that Wy = @71, 1 (W)} and Wy = &~ 1{Fy 1 1 (W,)}, where W, =

77T 2
/% (VS D and W, = ;—‘2’ First, consider the joint cdf of W;" and W5
U U

FWf,Wz"(vlﬂvZ) = P[Wy < v, Wy < v,]

=P{W;, < L (0o, m— 1), W, < Fpy g (PGvn—1,m— 1))}

= P[W; < b,W, < d], where b = {1 {P(Vv1)}, d = Fily jn_1{P(Vv2)}. Note that since
W, and W, are not independent, the calculation of the joint probability is not straightforward.

However, this can be conveniently obtained by conditioning on U and S or, equivalently, on

T _ 2
= M, Yy = w To this end, first, conditionally on Z;; and Y;; we can write

g1 o7
N Yy n (n—1)
Z, < /n b |-t /mZU +0T, < 2= dy,

Zy

Fy: ws (v, V212, Y) = P

- . i )
where Z, = W‘;_zﬂz) T, = % r=2% anda= \/ﬁ(uoll 1)

Now since Zy, and Ty, have a standard normal and a chi-square distribution with (n — 1)

degrees of freedom, respectively, and are mutually independent, we have,

N Y (n-1)
Fyews (01,0212, Y) = @ (T <\/; b /m—fl + \/%ZU + A)) (Fx(zn_l) ((11:1_—1) d’l’YU)) (*)
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Finally, the unconditional cdf of W;* and W5 can be obtained by calculating the
expectation of the conditional cdf in (*) over the distributions of Z;; and Y}, which are mutually
independent and follow the standard normal distribution and the chi-square distribution with
(m — 1) degrees of freedom, respectively. Thus the unconditional joint cdf of W;* and W5 is

given by:

Fy: ws (vy,v,)

= fooo f_°°oo {cb lt <\/§ b\/% + \/%Z + A)l lFX(Zn—n ((:l_—11)) dfy]l} (,l)(z)fx(zm_l) (y)dzdy.

RESULT 1.1

Note that in the /C case, A = 0 and 7 = 1, so that from (*) and Result 1.1 it is clear that neither
the conditional nor the unconditional joint cdf depends on any nuisance parameters; in other
words, the /C joint distributions do not depend on any unknown parameters. This result implies
that the /C run length distributions of all control charts based on W;" and W, are free from any
nuisance parameters. Hence, for example, the false alarm rates and all /C run length distribution
characteristics, such as the standard deviation and the percentiles, are all free from any unknown

parameters.

A.2  Distribution of @

The cdf of the Max chart plotting statistic ¥ can be obtained directly from the above
results. For example, for the unconditional cdf, using Result 1.1, we get for any g > 0,
P(P < g) =P(max{|W;|,IW; [} < g)=P(h < Wy <k,c <W; <d)

where h = (L {®(=g)} k = (L {P(g)} ¢ = Fn_—ll,m—l{q)(_g)} andd = Fr?—11,m—1{q)(g)}~
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This probability can then be easily found by first noting that P(h < W < k,c < W, <
d) = F(k,d) — F(h,d) — F(k,c) + F(h,c) where F(.,.) denotes the cdf of W," and W, given
in Result 1.1. Alternatively, a direct calculation can be used to show that the unconditional cdf is

given by P(‘TJ < g)

=fo°°f_°°oo{cblr<\/§ k\/%+\/%z+A>l—q’:T<_\/§ h\/%Jr\/%HA)l}

-1 -1 ]
X {F (n—1) dryl F (n— 1) Ty }(b(z) f Xomos) (y)dzdy.

X(Zn—1) (m-1) B X(zn—l) (m-1) ¢

RESULT 1.2

A.3 Distribution of A

Next consider the distribution of A. This can also be obtained in a similar manner using
the joint cdf of W;" and W5'. For example, for the unconditional cdf, for some g > 0,

2
ge—v2

P(Z = g) =P(W? +W,%? < g%) = fjooo f_mfwl*,w; (v1,v2)dv, dv,
where fy wz (v, 1) is the unconditional joint pdf of (Wy', W) which can be obtained by
differentiating the unconditional joint cdf Fy» . (v4, v,) given in Result 1.1.

Alternatively, we can write P(A < g) = fooo JZ PWY2 + W32 < g2|Zy, Yy) dZydYy,.

2
ge—vz

b * * co
Now since P(Wl 2 + Wz 2 < g2|ZU, Yu) = f_oo f_\/mfwl*,wz* (vl, v2|ZU, Yu) dvldvz, an
equivalent expression for the unconditional cdf can be then obtained in terms of the conditional

joint pdf of W;" and W'
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R 0 00 0O \/m
P(A<yg)= f ] f j fwzw; W1, 022y, yy) dvidv, (;b(ZU)fX(Zm_l) y)dzydyy
0 —o0 Y —o00 —\/m

RESULT 1.3

A4 The(X/S) scheme

Consider a two-chart control scheme consisting of an X chart and an S chart, in which a
signal on either chart is taken as an indication that the process is OOC.

The X and S charts recommended by Montgomery (2005) are based on 3-sigma control
limits, rather than probability limits. Because X and S have different statistical distributions, the
standards known X and S charts with 3-sigma control limits have different /C ARLs. The X chart

has an /IC ARL of 370.40 regardless of the sample size n, while the /C ARL of the S chart

1 1
P(signal)  1-P(LCL<S;<UCL)

depends on n. For Montgomery’s S chart, the /C ARL is

1 1

1-P(B500<S;<Bsdy) F o ((n—l)(3600)2>_F 5 <(n—1)(3500)2
X(n-1) a4 X(n-1) a8

where §; is the standard deviation
- )

of the ith sample, n is the sample size, Bs = ¢, — 34/1 — ¢ and Bg = ¢4 + 3/ 1 — ¢Z are the

r(Z)

sample size-dependent charting constants, and ¢, = ’ﬁr_l) For n = 5, Montgomery’s S
T2

chart has an IC ARL of 257.13. The FAR for the combined (X/S) scheme is

1- (1 ;) (1 ;), and the corresponding /C ARL is ﬁ . The table

" UCARL)g hart) \~  (IC ARL) chart
below shows the /C ARL of the charts and the resulting two-chart scheme for various values of n.
These values were calculated using Mathcad and confirmed using simulations in R. From the

table, it is clear that the FAR of the combined (X, S) scheme depends upon 7.
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Table A.1: IC ARL for the (X/S) scheme and its component charts when the mean and the
standard deviation are known

n X Chart IC ARL S Chart /IC ARL (X,S) Scheme IC ARL
5 370.40 257.13 151.77
15 370.40 350.99 180.22
25 370.40 359.28 182.38

Montgomery’s standards unknown X and S charts also have 3-sigma control limits.
However, because these control limits incorporate parameter estimates obtained from a Phase |
data set, their /C ARLs depend upon the number of samples 7 in the Phase I data set.'®

For the X chart, the control limits are X + A35 where X is the grand mean of the Phase I
data set, 5 is the mean of the standard deviations of the » Phase I samples, and A; = 3/ (c4\/ﬁ) is
the sample size-dependent charting constant. For this chart, a signal occurs anytime a Phase 11

sample has a sample mean greater than X + A33 or less than X — A5S.

. . . — — 3
Likewise, for the S chart, the control limits are B3S and B,S, where B; = 1 — Zw/ 1—c?

and B, =1+ Ci 1 — ¢? are sample size-dependent charting constants. For this chart, a signal
4

occurs anytime a Phase II sample has a sample standard deviation greater than B,S or less than
Bss.

It is worth noting that the standards unknown X and S charts and the two-chart scheme
they comprise do not necessarily have the same /C ARL as their standards known counterparts,
since the parameter estimation introduces addition variability. Through simulation in R, it is easy

to see that a large number of Phase I samples must be used for the parameter estimation in order

*® Each of the r samples has sample size n, resulting in a total Phase I data set of size m = rn.
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for the standards unknown IC ARLs to be roughly equal to their standards known counterparts.'’
As r increases, the observed IC ARL for the standards unknown scheme approaches that of the

standards known scheme.

Table A.2: Observed IC ARL for the (?) scheme and its component charts when the mean
and the standard deviation of a Phase | sample are used to estimate u and o

n T X Chart Observed | S Chart Observed | (X,S) Scheme Observed
IC ARL IC ARL IC ARL
5 10 607.67 1634.11 382.34
5 20 440.15 571.15 233.86
5 50 390.19 339.18 177.97
5 500 | 370.65 262.80 153.99
15 10 336.75 410.57 174.63
15 20 341.63 401.62 180.07
15 50 356.58 379.00 182.22
15 500 | 369.65 354.93 181.82
25 10 307.15 340.21 153.58
25 20 327.22 358.26 166.78
25 50 343.98 362.55 176.29
25 500 | 366.51 360.09 182.35

In order to directly compare a two-chart (X/S) scheme to the Modified Max and
Distance charts, it is necessary to make some modifications to the X and S charts recommended

by Montgomery. First, in case K, probability limits should be selected so that X and S charts

** The precise number r of samples needed is dependent upon the sample size », but in many cases, r = 50 is not
large enough.
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have the same I/C ARL and the overall /C ARL for the scheme is 500. The appropriate control

+ D(1-py/2)ay

limits for the X chart are u, + N

while the appropriate control limits for the S chart

2
ayF 2

22, Po/D OGF 2 _,@7Po/2) "
are |—22 ___and (1) where po=[ 1 — [1 — .
IC ARL

n-1 n-1

Next, in case U, we need to select the control limits in a way which accounts for the
additional variability caused by the parameter estimation. As for the Max and Distance charts,
we accomplish this using the conditioning technique described in section 3.4.

Recall that Uy, U,, ..., U,, is a random sample of size m from normal distribution with
unknown mean y, and variance o, that V,V,, ..., V,, is a random sample of size n, likewise from
the normal distribution, with unknown mean p, and variance and o7, and that the U's and the

V’s are mutually independent. Next, recall that the sample means U and V are normally

. . . . 2 2 . -1)S3 .
distributed with mean and variance p; and % and p, and %, respectively, that w i
1

_1\e2
distributed as a chi-square with (m — 1) degrees of freedom, that % is distributed as a chi-
2

square with (n — 1) degrees of freedom, and that U, V, S3, and SZ are mutually independent.

Recall that for the case K X chart, plotting statistic is V/ and the control limits are

N . In case U, the plotting statistic is still I/, but since u, and o, are unknown, the

_  o(1-2)s —
new control limits U + % are obtained by plugging in U and Sy, for u, and ag,. Likewise,
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Now, in order for the scheme to have a particular /C ARL, the appropriate percentile
pomust be obtained by considering the joint distribution of the two plotting statistics. For each

sample,P (no signal) = P(LCLg chart < V < UCLg charts LCLs chart < Sy < UCLg chart) =

N—

(b(l_pz_o)s v |50 tn-1) (1_%) S6 Fxfn_l) (pTO

_ o(1-B)s
Vn ! n-1 =2V = n-1

PO)s,
Pl U- T SV<U+

© 0, , N _
I 120 (2, )@, dzdy where p'(zy, yy) = [cb <ﬁ—+( DU 1 (1-

p_O) + M)) — (ﬂﬂz _ (ﬂ m d-1 (1 _ %) + ﬁ(!ﬁ‘ﬂz)))

2 oy vmao, U 0, Vm—1 oy

F ot (o) ~F ot aenC8) The conditional IC ARL of the (X, S)
Xe-p\ o2 m-1 Yu P P a— Yu ||- The conditiona of the (X,

scheme equals [1 — p(Zy, Y;)] ™! and the unconditional /C ARL is given by

fooo ffooo[l — p(ZU,yU)]‘lq.')(ZU)fX(zm_l) (yy)dzydyy . Using Mathcad, one can evaluate this

equation and obtain the value of p, which results in the specified /C ARL.
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B: ADDITIONAL TABLESAND FIGURESFOR CHAPTER 3

Table B.1: Run length characteristicsfor the modified normal theory schemesfor variousvaluesof u, and o, when
= 0,0'1 = 1,m = 100, andn=>5

MODIFIED MAX CHART (H=3.20)

MODIFIED DISTANCE CHART (H=3.43)

MODIFIED (X,S) SCHEME (p,=0.000912)

2 o, ARL SDRL 5%, 25%, 50%, 75%, 95% | ARL SDRL 5%, 25%, 50%, 75%, 95% | ARL SDRL 5%, 25%, 50%, 75%, 95%
0 1 49948 58521 20, 117,299, 662, 1660 497.038 60245 19, 110, 294, 650, 1677 501.06  629.24 17, 104, 282, 650, 1731
0.1 1 46162  547.08 18,104,272, 608, 1558 45498 56396  17,97,259, 594, 1564 45646 58599 16,92,252, 586, 1599
025 1 31058 40836 10,62, 168, 393, 1093 20950 40429 10,59, 157, 376, 1087 20827 42203 9,54, 149,366, 1098
0.5 1 10159 15250  4,19,51,120,368 99.06 15093 3,18,49, 118,363 91.27 15044  3,16,43, 104,333
075 1 28.84 4552 1,6, 15,34, 102 28.96 4233 1,6, 15,35, 100 25.20 38.88 1,5, 13,30, 89

1 1 955 12.99 1,2,5,12,31 10.16 13.45 1,3,6,13,33 851 11.29 1,2,5,10,28
125 1 3.96 429 1,1,3,5,12 444 5.11 1,1,3,5,14 3.69 3.97 1,1,2,5,11

L5 1 217 1.86 1,1,2,3,6 238 2.14 1,1,2,3,6 2.06 1.72 1,1,1,2,5

2 1 117 0.44 1,1,1,1,2 1.22 055 1L,1,1,1,2 116 0.46 1,1,1,1,2

3 1 1.00 0.02 L1111 1.00 0.04 L1111 1.00 0.03 L1111

0 125 | 7387 11032 3, 15, 38, 88, 260 65.12 101.1 2,12, 33, 77,233 50.86 39.34 2,12, 31, 72,210
0.1 125 | 7092 10682 3, 14,37,85,253 61.48 94.86 2,12,31,73,221 58.05 86.24 2,12, 30, 70, 204
025 125 | 5397 79.65 2,11,29, 66, 185 46.46 69.77 2,9,24, 56,163 4525 67.06 2,10,24, 54, 158
0.5 125 | 2659 36.88 1,6,15,33,91 23.19 33.51 1,5,13,28,80 22.86 31.00 1,5,13,28,77
075 125 | 11.9 14.80 1,3,7,15,38 10.98 13.97 1,3,6,14,36 10.70 13.19 1,3,6,13,34

1 125 | 579 635 1,2,4,7,18 553 627 1,2,4,7,17 534 5.84 1,2,3,7,16
125 125 | 326 3.10 1,1,2,4,9 3.19 3.06 1,1,2,4,9 3.04 2.84 1,1,2,4,8

L5 125 | 211 1.69 1,1,2,3,5 2.09 1.70 1,1,1,3,5 2.00 1.56 1,1,1,2,5

2 125 | 124 0.55 1,1,1,1,2 1.26 0.61 1L,1,1,1,2 1.23 0.56 1,1,1,1,2

3 125 | 100 0.07 L1111 1.01 0.07 L1111 1.00 0.06 L1111

0 1.5 | 1494 19.05 1,4,9,19,48 12.53 15.70 1,3,7, 16,41 12.63 15.58 1,3,8, 16, 41
0.1 L5 14.56 18.20 1,4,9,19,47 12.26 1539 1,3,7,15,39 12.45 15.27 1,3,8,16,40
025 L5 131 16.06 1,4,8,17,42 10.89 13.17 1,3,7,14,35 11.30 13.62 1,3,7,14,36
0.5 L5 9.40 11.03 1,3,6,12,29 7.92 9.17 1,2,5,10,25 8.33 9.44 1,2,4,7,17
0.75 L5 6.14 6.74 1,2,4,8,19 517 5.60 1,2,3,7,15 553 5.85 1,2,4,7,17

1 L5 397 3.98 1,1,3,5.11 345 330 1,1,2,4,10 3.69 357 1,1,3,5,10
125 L5 271 237 1,1,2,3,7 246 2.10 1,1,2,3,7 256 2.19 1,1,2,3,7

L5 L5 197 148 1,1,1,2,5 1.82 1.29 1,1,1,2,4 1.89 1.39 1,1,1,2,5

2 L5 1.29 0.61 1,1,1,1,3 1.26 0.60 1L,1,1,1,2 1.28 0.62 1,1,1,1,2

3 L5 1.01 0.12 L1111 1.01 0.12 L1111 1.01 0.12 L1111

0 1.75 | 563 5.85 1,2,4,7,17 492 5.07 1,2,3,6,15 5.09 526 1,2,3,7,15

0.1 175 | 565 5.97 1,2,4,7,17 485 5.08 1,2,3,6,15 5.01 5.16 1,2,3,6,15
025 175 | 536 5.59 1,2,4,7,16 460 478 1,2,3,6,13 481 4.88 1,2,3,6, 14

0.5 175 | 460 4.65 1,2,3,6,13 384 371 1,1,3,5,11 414 4.09 1,1,3,5, 12
075 175 | 365 343 1,1,3,5,10 3.13 2.89 1,1,2,4,9 3.36 3.13 1,1,2,4,9

1 175 | 286 251 1,1,2,4,8 2.46 2.07 1,1,2,3,6 267 230 1,1,2,3,7

125 175 | 223 1.76 1,1,2,3,6 197 1.46 1,1,1,2,5 213 1.66 1,1,2,3,5

L5 175 | 180 1.28 1,1,1,2,4 164 1.08 1,1,1,2,4 173 1.18 1,1,1,2,4

2 175 | 130 0.62 1,1,1,1,3 1.25 0.58 1L,1,1,1,2 1.28 0.62 1,1,1,1,2

3 175 | 103 0.16 L1111 1.02 0.15 LLLL1 1.02 0.16 L1111

0 2 315 291 1,1,2,4,9 281 247 1,1,2,4,8 294 2.59 1,1,2,4,8

0.1 2 3.16 2.88 1,1,2,4,9 2581 247 1,1,2,4,8 292 2.58 1,1,2,4,8

025 2 3.08 2.79 1,1,2,4,8 275 236 1,1,2,3,7 285 2.48 1,1,2,4,8

0.5 2 284 248 1,1,2,4,8 250 2.12 1,1,2,3,7 263 222 1,1,2,3,7

075 2 250 2.08 1,1,2,3,7 222 1.77 1,1,2,3,6 234 1.91 1,1,2,3,6

1 2 2.16 1.68 1,1,2,3,5 191 1.39 1,1,1,2,5 2.06 1.56 1,1,1,3,5

125 2 1.86 133 1,1,1,2,4 168 112 1,1,1,2,4 1.78 124 1,1,1,2,4

L5 2 161 1.04 1,1,1,2,4 1.48 0.88 1,1,1,2,3 156 0.97 1,1,1,2,3

2 2 1.27 0.59 1,1,1,1,2 1.22 053 LLLL1 1.26 0.58 1,1,1,1,2

3 2 1.04 0.20 L1111 1.03 0.18 LLLL1 1.04 0.20 L1111
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Table B.2: Run length characteristics for the modified nor mal theory schemesfor variousvalues of u, and o, when
n=00,=1m=75andn=>5

MAX CHART (H=3.18)

DISTANCE CHART (3.41

X,S) SCHEME (p,=0.000886

w0 5, ARL SDRL 5%, 25%, 50%, 75%, 95% | ARL SDRL 5%, 25%, 50%, 75%, 95% | ARL SDRL 5%, 25%, 50%, 75%, 95%
0 1 503.99 603.43 19, 111, 296, 665, 1681 491.25 594.13 17, 104, 282, 658, 1685 499.58 655.94 16,95, 267, 640, 1784
0.1 1 461.88 551.51 16, 100, 271, 612, 1575 462.46 57437 15, 94, 258, 605, 1626 464.04 621.32 14,185,242, 588, 1675
0.25 1 32488  430.83 10, 61, 170, 413, 1176 316.19 438.47 9,56, 158,392, 1166 312.01 465.18 8,51,146, 373, 1185
0.5 1 118.29 195.28 3,18, 52, 134, 458 109.16 174.43 3,18, 50, 126, 407 101.89 181.25 3,15, 43, 110, 393
0.75 1 3361 56.24 1,6, 16,38, 124 3307 52.84 1,6,16,38, 121 27.99 48.26 1,5,13,31, 101
1 1 10.83 16.62 1,3,6,13,37 11.41 16.67 1,3,6,14,39 9.16 13.47 1,2,5,11,31
125 1 4.44 537 1,1,3,5, 14 479 5.86 1,1,3,6,15 3.90 4.60 1,1,2,5,12

L5 1 231 225 1,1,2,3,6 2.49 238 1,1,2,3,7 212 1.88 1,1,1,3,6

2 1 119 0.49 L1L,1,1,2 1.26 0.63 L1L,1L,1,2 117 0.49 L1112

3 1 1.00 0.03 L1111 1.00 0.04 L1,1,1,1 100 0.03 LLLL1

0 125 | 8513 135.49 3, 15,41, 99,310 75.80 129.69 3,13, 35, 85,278 65.14 109.56 2,12,31,75,237
0.1 1.25 | 80.80 131.16 3, 14,38, 93,302 70.48 117.14 2, 12,32, 81, 260 62.36 103.26 2,11,30,71,228
0.25 125 | 6265 103.21 2,11, 30, 72, 229 54.93 95.41 2,10, 25, 62, 201 48.79 81.12 2,9,24,56,177
0.5 125 | 3058 47.03 1,6,16,36,110 26.33 42.58 1,5,13,31,92 24.63 3775 1,5,13,29,85
0.75 125 | 1322 18.38 1,3,7, 16,44 11.99 16.94 1,3,7,15,40 127 15.17 1,3,6, 14,37

1 125 | 639 7.68 1,2,4,8,20 6.07 7.43 1,2,4,8,19 5.55 6.53 1,2,3,7,17
125 125 | 347 3.66 1,1,2,4,10 343 3.69 1,1,2,4,10 3.14 3.12 1,1,2,4,9

L5 125 | 216 1.83 1,1,2,3,6 221 1.90 1,1,2,3,6 2.04 1.65 L1125

2 125 | 1.26 0.56 1,1,1,1,2 1.29 0.67 1,1,1,1,3 124 0.58 L1112

3 125 | 101 0.07 L1111 1.01 0.09 L1,1,1,1 1.00 0.07 LLLL1

0 L5 16.73 23.26 1,4,9,20,56 13.74 18.60 1,3,8, 17,46 1341 18.23 1,3,8,16,44

0.1 L5 16.33 21.98 1,4,9,20,55 13.62 19.43 1,3,7,17,45 1312 17.65 1,3,7,16,44
0.25 L5 14.46 19.93 1,4,8,18,48 12.11 16.26 1,3,7, 15,40 11.83 15.76 1,3,7,15,39
0.5 L5 10.36 13.38 1,3,6,13,34 8.59 10.97 1,2,5,11,28 8.70 10.66 1,2,5,11,28
0.75 15 6.65 7.68 1,2,4,8,21 557 6.49 1,2,3,7,17 5.77 6.47 1,2,4,7,18

1 L5 425 455 1,1,3,5,13 3.64 3.77 1,1,2,5,11 3.79 3.83 L, 1,3,511
125 15 2.83 2.58 1,1,2,4,8 254 2.30 1,1,2,3,7 260 232 1,1,2,3,7

L5 L5 2.04 1.59 1,1,1,2,5 1.90 1.45 1,1,1,2,5 192 1.47 L1125

2 L5 1.29 0.62 1,1,1,1,3 1.29 0.65 1,1,1,1,3 128 0.64 L1L1L1L3

3 L5 1.02 0.13 L1111 1.01 0.12 L1,1,1,1 101 0.12 LLLL1

0 175 | 613 6.91 1,2,4,8,19 521 5.83 1,2,3,7,16 523 5.65 1,2,3,7,16

0.1 175 | 6.08 6.86 1,2,4,8,19 5.15 5.66 1,2,3,7,16 517 5.64 1,2,3,7,16
0.25 175 | 576 6.48 1,2,4,7,18 485 5.18 1,2,3,6,14 4.94 5.29 1,2,3,6,15

0.5 175 | 487 522 1,2,3,6, 14 4.09 423 1,1,3,5,12 4.28 4.45 1,1,3,513
0.75 175 | 386 3.96 1,1,3,511 3.25 3.13 1,1,2,4,9 3.45 3.38 1,1,2,4,10

1 175 | 299 2.80 1,1,2,4,8 2.54 222 1,1,2,3,7 271 2.41 1, 1,2,3,7

125 175 | 231 1.95 1,1,2,3,6 2.04 1.60 1,1,1,2,5 2.16 1.73 1,1,2,3,5

L5 175 | 184 135 1,1,1,2,4 1.66 1.12 1,1,1,2,4 175 1.23 1,1,1,2,4

2 175 | 131 0.64 1,1,1,1,3 1.27 0.61 1,1,1,1,2 129 0.63 L1L1L1L3

3 175 | 103 0.17 L1111 1.02 0.16 L1,1,1,1 103 0.16 LLLL1

0 2 333 3.20 1,1,2,4,9 2.94 275 1,1,2,4,8 297 2.74 1,1,2,4,8

0.1 2 3.28 3.11 1,1,2,4,9 2.90 2.62 1,1,2,4,8 297 272 1,1,2,4,8

0.25 2 3.19 2.96 1,1,2,4,9 2.83 253 1,1,2,4,8 2.89 263 1,1,2,4,8

0.5 2 2.99 272 1,1,2,4,8 2.60 225 1,1,2,3,7 2.68 235 1,1,2,3,7

0.75 2 2.60 2.25 1,1,2,3,7 227 1.84 1,1,2,3,6 2.39 1.99 1,1,2,3,6

1 2 2.25 1.83 1,1,2,3,6 1.97 1.49 1,1,1,2,5 2.08 1.63 1,1,2,3,5

125 2 1.92 1.44 1,1,1,2,5 171 1.20 1,1,1,2,4 1.80 1.28 L1,1,2,4

L5 2 165 1.09 1,1,1,2,4 151 0.93 1,1,1,2,3 157 1.01 L1,1,2,4

2 2 1.28 0.60 1,1,1,1,2 123 0.56 1,1,1,1,2 127 0.60 L1LLL2

3 2 104 0.21 LLL1 1.03 0.18 1L1,1,1,1 104 0.20 LLLL1
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Table B.3: Run length characteristics for the modified normal theory schemesfor various values of u, and a,when
n=00,=1m=50andn=>5

MAX CHART (H=3.15

DISTANCE CHART (H=3.37)

X, S) SCHEME (p,=0.000839

s o) ARL SDRL 5%, 25%, 50%, 75%, 95% | ARL SDRL 5%, 25%, 50%, 75%, 95% | ARL SDRL 5%, 25%, 50%, 75%, 95%
0 1 50060 59178 17,106,296, 677, 1668 50175  624.95 15,97, 280, 668, 1736 49896  689.19 12, 80,243,634, 1862
0.1 1 47116 57224 15,96,271,633, 1607 46547 589.63 13, 86, 255, 617, 1629 46631 657.85  11,72,220, 585, 1756
0.25 1 354.26 479.14 9,61, 181,453, 1285 337.83 46838 9,56, 170, 429, 1242 337.09 538.68 7,44, 141, 394, 1345
0.5 1 15159  252.00 3,20, 60, 170, 613 13511 221.33 3,19,57, 155,533 121.94 24531 3, 14,43, 120, 501
0.75 1 48.16 97.48 1,6, 18,48, 189 44.02 78.95 1,7, 18,48, 174 3470 75.53 1,5,13,34,132
1 1 15.14 32.71 1,3,6,15,54 1494 26.04 1,3,7,16,54 10.92 21.82 1,2,5,12,38
125 1 5.62 9.61 1,1,3,6,18 5.95 9.03 1,1,3,7,20 434 6.58 1,1,2,5,14

Ls 1 266 3.05 1,1,2,3,8 2.89 3.40 1,1,2,3,9 221 2.41 1L1,1,3,6

2 1 123 0.53 L,1,1,1,2 133 0.81 1,1,1,1,3 120 0.56 1,1,1,1,2

3 1 1.00 0.05 L1111 1.00 0.06 L1111 100 0.03 L1LLLI

0 1.25 | 11475  200.24 3, 17,47, 125,455 100.63  197.90 3, 14,39, 104, 388 75.23 146.21 2,11, 30,78, 289
0.1 1.25 | 11073 20436 3,15,44,118,430 93.41 17447 2,12,37,99,363 72.32 143.09  2,10,29,75,278
0.25 125 | 8504 155.96 2,12,35,91,332 73.31 143.96 2,10, 28, 75, 290 57.15 117.33 2,9,23,59,215
0.5 125 | 4120 79.53 1,7,18,43,154 3609  74.08 1,6,15,37,137 28.39 55.74 1,5, 13,30, 102
0.75 125 | 17.38 31.95 1,3,8, 19,61 15.45 26.94 1,3,7,17,56 12.82 21.88 1,3,6, 14,44

1 125 | 772 1111 1,2,4,9,26 7.32 10.96 1,2,4,8,24 6.04 8.24 1,2,3,7,19
125 125 | 394 4.73 1,1,2,5,12 3.88 491 1,1,2,5,12 334 3.75 1,1,2,4,10

Ls 1.25 | 243 237 1,1,2,3,7 2.40 2.36 1,1,2,3,7 213 1.93 1L1L,1,3,6

2 125 | 129 0.60 1,1,1,1,2 1.34 0.78 1,1,1,1,3 1.26 0.62 L1112

3 125 | 101 0.09 L1,1,1,1 1.01 0.10 L1,1,1,1 101 0.08 LLLLI

0 15 21.84 37.12 1,4,10,25,78 1811  33.54 1,3,9,20,64 1481 23.88 1,3,8,17,52

0.1 L5 21.70 36.46 1,4,11,24,77 17.31 29.54 1,3,8,20,62 14.56 23.74 1,3,7,17,51
025 15 18.80 31.04 1,4,9,22,67 1516  25.66 1,3,8,17,53 12.96 19.49 1,3,7, 15,44
0.5 L5 13.08 20.65 1,3,7,15,45 10.38 16.68 1,2,5,12,35 9.44 13.99 1,2,5,11,31
0.75 15 7.83 10.69 1,2,4,9,26 6.58 9.21 1,2,4,8,21 6.21 8.12 1,2,4,8,20

1 15 4.83 5.95 1,1,3,6,15 411 4.89 1,1,3,5,12 3.99 4.52 1,1,3,512
125 15 3.15 3.17 1,1,2,4,9 2.79 2.92 1,1,2,3,8 272 2.64 1,1,2,3,8

Ls 15 219 1.86 1,1,2,3,6 2.02 1.71 1,1,1,2,5 198 1.61 L1125

2 15 1.33 0.67 1,1,1,2,3 1.33 0.72 L1L,1L,1,3 1.30 0.67 LLLL3

3 15 1.02 0.15 L1111 1.02 0.14 L1111 102 0.13 L1LLLI

0 175 | 728 10.63 1,2,4,9,23 6.05 7.77 1,2,4,7,19 5.53 6.79 1,2,3,7,17

0.1 175 | 729 10.03 1,2,4,9,24 5.97 7.87 1,2,4,7,19 5.48 6.66 1,2,3,7,17
025 175 | 695 9.41 1,2,4,8,22 557 6.94 1,2,3,7,17 5.23 6.30 1,2,3,6,16

0.5 1.75 | 563 6.74 1,2,3,7,18 4.65 5.54 1,1,3,6,14 4.49 5.17 1,1,3,6,14
0.75 175 | 435 495 1,1,3,5,13 363 4.19 1,1,2,4,11 359 3.79 1,1,2,4,11

1 175 3.28 3.36 1,1,2,4,9 275 2.66 1,1,2,3,8 281 2.70 1,1,2,3,8

125 175 2.50 2.27 1,1,2,3,7 217 1.85 1,1,2,3,6 220 1.86 1,1,2,3,6

L5 175 | 19 1.57 1,1,1,2,5 1.76 133 1,1,1,2,4 178 1.33 1,1,1,2,4

2 175 | 134 0.68 1,1,1,2,3 1.30 0.66 1,1,1,1,3 130 0.67 LLLL3

3 175 | 103 0.19 L1111 1.03 0.18 L1111 103 0.17 LLLLI

0 2 372 3.96 1,1,2,5,11 3.20 321 1,1,2,4,9 3.09 3.05 1,1,2,4,9

0.1 2 3.66 3.79 1,1,2,5,10 323 3.40 1,1,2,4,9 3.05 3.00 1,1,2,4,9

025 2 3.62 3.93 1,1,2,5,10 315 3.14 1,1,2,4,9 3.00 2.94 1,1,2,4,8

0.5 2 3.29 3.38 1,1,2,4,10 2.80 2.70 1,1,2,3,8 2.76 2.59 1,1,2,3,8

0.75 2 2.87 2.73 1,1,2,4,8 244 2.18 1,1,2,3,7 245 2.18 1,1,2,3,7

1 2 243 2.73 1,1,2,4,8 2.10 1.72 1,1,1,3,5 213 178 L1135

125 2 2,04 1.64 1,1,1,2,5 179 1.31 1,1,1,2,4 184 1.39 1,1,1,2,4

L5 2 1.74 1.28 1,1,1,2,4 1.56 1.01 1,1,1,2,3 1.60 1.06 1,1,1,2,4

2 2 132 0.65 1,1,1,1,3 1.26 0.60 1,1,1,1,2 128 0.63 L1LLL3

3 2 1.05 0.22 L1111 1.03 0.19 L1111 104 0.21 LLL L1
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Table B.4: Run length characteristics for the modified normal theory schemesfor variousvalues of u, and o, when
n=00,=1m=30,andn=>5

MAX CHART (H=3.15)

DISTANCE CHART (H=3.37)

X, S) SCHEME (p,=0.000763

s o) ARL SDRL 5%, 25%, 50%, 75%, 95% | ARL SDRL 5%, 25%, 50%, 75%, 95% | ARL SDRL 5%, 25%, 50%, 75%, 95%
0 1 49779 59170 15,101,289, 671, 1681 49429 61170 13,90,273, 669, 1730 49834 75080  8,59,209,617, 1991
0.1 1 47993 582.64  14,92,273, 644, 1666 47822 60748 12, 84,260, 639, 1662 47730 73227 7,54,193,587,1914
0.25 1 396.68 521.43 9, 64,202, 524, 1440 38112 525.70 8,57, 183,491, 1435 368.99 619.63 5,36, 131,422, 1558
0.5 1 204.95 320.03 4,23, 81,248, 839 180.86  304.65 3,21, 70, 210, 720 159.52 35329 2,12,42, 142,724
0.75 1 83.01 167.27 2,8,25,81,362 69.98 138.31 2,7,24,72,290 51.49 142.44 1,5,13,40,216
1 1 28.62 71.56 1,3,8,24,121 23.93 49.76 1,3,8,24,95 1581 47.81 1,2,5,13,57
125 1 9.68 25.67 1,2,4,8,35 9.16 18.96 1,2,4,9,34 5.57 13.32 1,1,2,519
L5 1 3.92 7.30 1,1,2,4,13 415 7.07 1,1,2,4,14 2.65 445 1,1,1,3,8

2 1 132 0.65 1,1,1,1,3 151 131 1,1,1,2,4 125 0.72 L1112

3 1 1.01 0.07 L1111 1.01 0.10 L1111 1.00 0.05 L1111

0 125 | 19130 34941 3,20, 65,204, 814 156.17  305.41 3,15, 48, 154, 690 96.71 231.80  2,9,28,85,404
0.1 125 | 17923 32835 3,18, 61, 189, 757 15126 29524 2, 14,48,151, 660 92.00 228.82 2,9,27, 80, 380
025  1.25 | 14692  291.88  2,14,46, 146,635 12308  256.66  2,11,37,117,540 74.30 189.15  2,7,22,65,301
0.5 125 | 7617 173.09  2,8,23,69,316 6374 14855 1,6,18,57,267 38.38 98.08 1,4, 12,34,150
0.75 125 | 3041 76.48 1,4,10,28,119 26.91 66.70 1,3,9,25,108 16.51 43.26 1,3,6, 16,60

1 125 | 1254 27.96 1,2,5,12,44 11.77 25.66 1,2,5,12,43 7.38 14.41 1,2,3,8,26
125 125 | 579 12.20 1,1,3,6,19 5.65 10.15 1,1,3,6,20 3.82 6.85 1,1,2,4,12
L5 125 | 315 439 1,1,2,3,10 3.14 4.48 1,1,2,3,10 2.30 2.54 1,1,1,3,6

2 125 | 139 0.73 1,1,1,2,3 152 1.24 1,1,1,2,4 1.30 0.76 L1L1L,1,3

3 125 | 102 0.12 L1,1,1,1 1.02 0.14 L1,1,1,1 101 0.09 LLLL

0 L5 | 4010 95.14 1,5,14,38, 156 3113 7591 1,4,11,29, 121 18.41 41.87 1,3,7,18,67
0.1 L5 30.05 90.41 1,5, 14,37, 156 3123 8249 1,4, 10,28, 122 1810 4345 1,3,7,18, 66
025 15 34.21 79.33 1,5,12,33,132 2607 6145 1,4, 10,24, 100 16.02 36.26 1,3,7,16,58
0.5 L5 21.70 46.41 1,3,9,22,82 16.78 37.22 1,3,7, 16,61 11.24 21.87 1,2,5,12,40
0.75 15 12.25 23.63 1,2,5,13,43 9.72 22.19 1,2,4,10,34 7.20 14.64 1,2,4,8,24

1 Ls 6.99 13.52 1,2,4,8,23 572 10.58 1,1,3,6,19 4.42 6.28 1,1,3,5,14
125 15 4.03 5.56 1,1,2,513 357 5.09 1,1,2,4,11 293 3.37 1,1,2,3,9

L5 15 262 2.79 1,1,2,3,7 241 2.69 1,1,2,3,7 2.08 1.95 1,1,1,2,6

2 15 142 0.77 1,1,1,2,3 144 0.96 1,1,1,2,3 133 0.77 1,1,1,1,3

3 15 1.03 0.17 L1111 1.03 0.20 L1111 1.02 0.14 L1111

0 175 | 1135 21.04 1,2,5,12,40 8.98 16.77 1,2,4,9,31 6.30 10.07 1,2,3,7,21

0.1 1.75 | 1110 2221 1,2,5,12,39 8.65 15.83 1,2,4,9,30 6.17 9.63 1,2,3,7,20
0.25 175 | 1056 20.75 1,2,5,11,37 8.14 15.33 1,2,4,9,27 5.87 9.17 1,2,3,7,19
0.5 175 | 828 13.70 1,2,4,9,28 6.46 10.52 1,2,3,7,22 4.94 6.81 1,1,3,6,16
0.75 175 | 6.06 9.70 1,2,3,7,20 4.69 6.94 1,1,3,5,15 392 5.07 1,1,2,5,12

1 175 | 429 5.87 1,1,2,5,14 3.39 4.45 1,1,2,4,10 301 3.44 1,1,2,4,9
125 175 | 302 3.46 1,1,2,4,9 2.57 2.81 1,1,2,3,7 233 2.30 1,1,2,3,6

L5 175 | 227 222 1,1,2,3,6 1.99 1.84 1,1,1,2,5 185 1.52 1,1,1,2,5

2 175 | 142 0.78 1,1,1,2,3 1.38 0.84 1,1,1,2,3 133 0.75 L1LLL3

3 175 | 105 0.23 L1111 1.04 0.21 L1111 1.03 0.18 L1111

0 2 5.02 7.30 1,1,3,6,16 417 5.56 1,1,2,5,13 332 3.94 1,1,2,4,10
0.1 2 5.00 6.79 1,1,3,6,16 4.03 5.42 1,1,2,5,12 330 3.80 1,1,2,4,10
0.25 2 4.81 6.59 1,1,3,6,16 395 5.18 1,1,2,5,12 320 3.77 1,1,2,4,9

0.5 2 428 5.93 1,1,3,5,13 350 4.25 1,1,2,4,14 2.93 3.28 1,1,2,3,8
0.75 2 358 4.18 1,1,2,4,11 2.92 3.22 1,1,2,3,8 258 2.68 1,1,2,3,7

1 2 2.90 321 1,1,2,3,8 2.39 234 1,1,2,3,7 223 2.08 1L1,1,3,6
L25 2 2.40 232 1,1,2,3,7 2.01 1.76 1,1,1,2,5 191 1.58 1,1,1,2,5

L5 2 1.98 1.72 1,1,1,2,5 171 1.32 1,1,1,2,4 164 1.20 1,1,1,2,4

2 2 1.40 0.74 1,1,1,2,3 133 0.76 1,1,1,1,3 130 0.68 L1113

3 2 1.07 0.27 1,1,1,1,2 1.05 0.24 L1111 104 0.22 LL1LL1
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Figure B.1: Region of Values of u, and a5 (in red) for which the M odified Distance chart
outperformsthe Modified Max chart for various values of m when u; = 0,6, = 1, and
n=>5

m =100 m=175
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C: SUPPLEMENTARY DERIVATIONSFOR CHAPTER 4

C.1  Thejoint distribution of 8, and 4,

Recall that A2 has a chi-square distribution with 2n — 2 degrees of freedom and that 8,
follows the shifted exponential distribution with location parameter 6, and scale parameter A, /n.

Therefore, distribution of 4, is f3 7, (xy) = 2e72,x, > 0 and the distribution

[zn ir(n- 1)]

of 8, is fa,(x2) = %exp [M} , X, > 0,. Since 1, and 8, are independent, their joint
2 2

distribution, f3 5 (x1,%2) = f3, (x)f5,(x2) =

2n

2L 2e-x1/21 1 exp ~nxp=8,) ,x; > 0,x, > 6,. Now, note that 1, =
{ [2" ir(n- 1)] }{/12 [ Az

n(V-v 2 ~ nVy-V  —V+V(y+(n-1)V -(V-v
V@) _ nl. Also, 6, = Y@=V _ WtV _ =(V-V@)
n—-1 n—-1 n—-1 n-1 n—-1

—yp
+ Vo = — t 6. In other
words, both 1,and 8, can be written as one-to-one transformations of A, and 8,. We can

therefore use the Jacobian method to obtain the joint distribution of A,and 8,, f 8,7, V1, Y2)-

(n-12,
n

To use the Jacobian method, note that 1, = and 0, = 0, + /}1—2 The resulting

( 1 , a negative number. Hence, the joint pdf of of A,and 6, is f5 9,7, (y1,¥,) =

Jacobian is

A (n=1y, "2 _[=0y2) ) [ [-n(32422-65)]) |-
el ] e 1 [ | e

n(n-1)""* (y +Y2—62) y
—mh T >0, -2y, > 0.
0 oo 0 (n-pn~t (J’+y—9)
Now, fo f[QZ_J’_nz]f’éZ,ZZ(%,YZ)d)ﬁdYZ = fo f[gz_ ]Y;;F(—I)YZ 22Ty dy, =

foon(n—l)”_1 n-2 _%(J’z—ez) f°° —%(Jﬁ)

0 AZr(n-1) ¢ |0,-22] ¢ dyrdys =

n
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o n(n-1)""* L02=02) [A2 —n[0,-22]/2, oo (nepntt o 2Ly _
Jo 1) 2 [ o] ]dy2 =Js Tz € dy=1
(n-)"1 n —(n-1)y;

_2 2 . _ A_z . . .
prEsTem— vy, ‘e %2 isthepdfofa Gamma(n 1, n—1) distribution.

since

C.2 Thedistribution of 8,

The marginal distribution of 8, can be obtained by integrating the joint distribution of
A, and B,over all possible values of 1,. Notice that the joint distribution has the conditions
v, >0, — % and y, > 0. In other words, y, must be larger than both 0 and n(6, — y,). When

Y, is between -0 and 8,, n(6, — y;) > 0, so n(8, — y;) < y, < . However, when y; is

between 8,and oo, n(0, —y;) < 0,s0 0 < y, < oo. Therefore, f3, (y1)

n

Pn(n— 1T Zn0atyi=6)
= — Yy, ‘e A2 dv-, I o
fo AT(n—1) Y2 V2 l(g,,0) (V1)

- -n(y2+y1-632)
00 nn-D"1 5 ”/17
fn(é’z—yﬂ ABT(n-1) Y2 "€ 2 dy, I(—oo,ez]()&)-
(n-pn-1 01762) n-nn-1 0216y

=G 7 o) e, T YT 7 2w O):

Now, [ 5, (1) dvy

-n(y1-62) -n(y2+y1-62)
(n— 1)11 1 y1—Y2 n(n— 1)n 1 n—2 y2+y1—b62

0 _
f@z A,nn—2 2 dy +f ; fn(ez -¥1) AIr(n-1) Y2 € *2 dy,dy

—ny2+y1-62)

_ (n-1)1 6, oo n(n-)"t . 5
= +f_fofn(92_yl)mﬁ e A dy,dy,

_(Tl—l)n_l foon(n_l)n—l n—2 —n(y2—62) 92 —nyi

nn-1 0 /1721[‘(71.—1) yZ e 2 f(ez_y_z) e A2 dyl dJ’Z

n

_a\n—-1 . _1\yn-1 LS vV _ _ _Yy2
e P ) - )
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(n-1)"1 (n-)" 1 —n(yz—Bz) néy (6,222
= nn-1 /1” Ir(n— 1)f y 12 <—€ 2 +e n( 2 n)/ 2)] dyz
— (n—-1)"1 (n-nn1 [ o) nyz . —-(n-1)y,

nn-1 +lg—1r(n_1) _fo ygl—Ze A2 dyz +f0 ygl—Ze A2 d:VZ:I

_ eyttt @epnt | o 1 n-z 322
T pn-t +/1’21_1F(n—1) ['(n 1)(71) fo F(n—l)(l_Z)n_lyZ e 'z dy,

n-1 o ) —(n—l)}/Z

0 m)@ 2 dy,

_ (m-1)"1 (n-1)""1 n—1 Ay n-1
T pnot + AIr(n-1) [ F(Tl - 1) ( ) + F(Tl - 1) (E) ]

_ (Tl—l)n_l

e () G ()

+T(n—1) (ﬁ)

C.3 Thedistribution of M
P(M < g) = P(max{|B,|,|B;|} < g) = P{(|B4| < g) &(|B;| < g)}

=P(|By| = @)P(IB;| < g) =P(-g<B; < g)P(-g < B, < g)
=P(—g < @‘1{6(%090) 2)} <g) xP(—g < cb-l{G(%,Zn—z)} Sg)

_ P<2n (700D g Y o nlErmer) om0 G022) g 92))

AZ 2n - Az - AZ 2n

X

P (i—‘) G (P(—g),2n —2) < 222 < 2 G-1(d(—g),2n — 2)>
2 = 2

o MG 2 _ 20 (A06HP(9).2)
P<A2 +00 HZ)SXZ SZ(T-I_HO_HZ))

X

A _ 1 _
p (iG HP(=9),2n = 2) S Xy(n-1y S 7.6 (@(9), 2n - z))

= {G (j—’z‘ (j—jl G1(®(g),2) + 0, — 92) , 2) —G (j—: (j—z G (P(~g),2) + 0, — 92),2)}
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2o

X {G (A—OG‘l(CD(g), 2n —2),2n — 2) —G (/12

o G-1(d(—g),2n — 2),2n — 2)}

C.4 Thedistribution of T

P(o<@Sg)P(G—l{G(zzﬁ,Zn—z),Zn—z}Sg)

0 0

— P <2n(90—92) < Zn(éz—ez) < 2_7’1(

Ag g _ 2nd; Ao ;-1 _
> L < (240, 62)>P(/12 <2G7{G(g,2),2n 2})

2n

2

0,—6 2 1 B
=P <2n( 0—062) < )(2 < Z_n(LT‘lg + 90 - 92)> P (Xg(n—n < AO G 1{G(g, 2)’ m — 2})

={6[Z(22+0,-6,).2| -G [i—: (6 — 6), 2|} {G {j—gG-l[G(g, 2),2n —2],2n — 2}}

Az 2n

C.5 ARL BiasintheSEMLE-Max Chart

Suppose that some SEMLE-Max Chart has UCL g > 0. Note that ARL bias occurs when
for some shift size, P(M < g|0,,1,) > P(M < g|6y, 4¢). Recall that the cumulative

distribution function of the statistic M which defines this chart is P(M < g) =

L G1(d(~g),2) + 6, — 92) ' 2)} %

2n

{G (j—: (@G—l(cp(g),Z) + 6y — 92),2) —G (i—’:(

2n

Ao

{6 (26 (@(9).2m-2),20-2) -6 (&

G 1(DP(—g),2n—-2),2n— 2)} and that it
Az
simplifies to {®(g) — @(—g)}* when the process is IC. Now, suppose that 8, = 0 and 1, = 1

and that there has been a shift in the location parameter but not in the scale parameter. Then,

P <g)={6(2(£67@9),2)-6,).2) - 6 (Z(567"(@(-9).2) - 6,),2)}
X {G(G™H(P(g),2n—2),2n—2) — G(G"Y(DP(—g),2n — 2),2n — 2)}
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={G((67(@(9),2) = 2n6,),2) = G((G™(P(~9), 2) — 2nb,), 2)} x {®(g) — P(=9)}.
We need to determine when {G((G~*(®(g),2) — 2n8,),2) — G((G~1(P(—g),2) — 2nb,),2)}
x{®(g) — @(—9)} > {#(9) — (-9}

Dividing both sides by {®(g) — ®(—g)} gives us {G((G1(P(g),2) — 2nb,),2) —
G((GHP(=9),2) — 2n8,),2)} > {#(g) — (—g)}. Leta = G((G1(@(g),2) — 2n6,),2)
and b = G((G~1(@(—g),2) — 2nb,), 2). Now suppose {a — b} > {@(g) — ®(—g)}. This can
be true in one of three ways:

i) a=0and—b>{P(g) —d(—g)}.
iy b=0anda>{®(g)— (-9}

iii) a>0,b>0,anda—b> {®(g) —P(—g)}

Case i

Leta = 0. Then G((G™1(@(g),2) — 2n6,),2) = 0. Now, G(c,2) = 0 whenever ¢ < 0,
so we have G™1(®(g),2) — 2n6, < 0,0r 6, > %. Next, let —b > {®(g) — ®(—g)}.
Then G((G™1(@(—g),2) — 2n8,),2) < —{®(g) — ®(—g)}. However, G((¢"1(@(—g),2) —
2nb,), 2) cannot be less than —{®(g) — ®(—g)}, because G (.,2) cannot be negative, while

—{®(g) — ®(—g)} must be negative. Therefore, case I cannot occur.

Case ii

Let b = 0. Then G((G™1(@(—g),2) — 2nb,),2) = 0. S0, G~ H(P(—g),2) — 2nb, < 0.

Restated, 0, > w. Now let a > {@(g) — @(—g)}. Then G((G‘1(<D(g), 2) —
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2n6,),2) > {@(g) — @(—g)}. Applying the x2 inverse function to each side gives us

G1(@(g),2) — 2n6, > GHD(g) — B(—g), 2}, or §, < T 2@D-C[2(9)-¢(-9)2}

2n

G~ H(o(-9),2) <6, < G‘l(@(g),Z)—G‘1{<z>(g)—<1>(—g),2}.
2n 2n

So in Case ii,

Case iii
Leta > 0. Then G((G™1(@(g),2) — 2nb,),2) > 0. Applying the xZ inverse function to

G 1(@(9)2)
2n ’

each side gives us G~ 1(®(g),2) —2n8, > 0, 0r 6, <

Now let b > 0. Then G((G~*(@(—g), 2) — 2nb,),2) > 0. Applying the xZ inverse

G~ H(@(-9),2)
2n '

function to each side gives us G~1(®(—g),2) — 2n8, > 0,0r 6, <
Finally, let —b > {®@(g) — @(—g)}. Then {G((G~*(®(g),2) — 2nh,),2) —
G((G™H(@(—g),2) — 2n6,),2)} > {@(g) — ®(—g)}. Note that G((G~1(@(g),2) —

_ ¢ Y(@(g),2)-2n0, 1 _~
2n6,),2) = G((G™H(2(=9),2) — 2nf),2) = fG—1(¢(—g),2)—2n;zEe 2dx

[6~1(@(-g).2)—2n8;] [61(@(-9).2)-6"1(@(g).2)]
=e 2 —e 2 . So,

[6~1(@(=9),2)~2n63] [~ (@(-9).2)-6"(@(@9)2)] o )
e 2 —e 2 > {®(g) — ®(—g)}. Dividing both sides by
[6~He(-9)2)-C"1(@(9).2)] [6~1(@(-g)2)-2n6,] o
1—-e 2 gives us e 2 ° s (2(g)-0(-g)} . Taking the

[ [G-l(¢(—g).2)—6-1(¢(g).2)]]
1—e 2

[6™2(@(-g),2)—2n6,] > In {0(9)-2(-9)}
2 [ [G-l(¢(—g).2)—6-1(¢(g).2)]]
1—e 2

natural log of each side gives us — . Finally,
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g (@(9)-9(-9)) 1
G (@ g)'z)”lnj [~ 1(0(-9)2)—G~ L(@(9)2)]
2

1-e

we have < 6,. But

2n

G‘l(¢(—g),2)+21nj (P(9)-P(-9)} 1

[6-1(@(-9).2)-6G~"1(2(g).2)]
2

1—e

= 0, so 8, > 0. Thus, for Case iii, we have 8, >

2n

. e B o
0,6, < QWD 44  CECDD g @D THECHD)
2 2n 2n n

, we see that case iii

G™1(@(-9),2)

occurs when 0 < 6, < -

Combining the three cases, we see that bias occurs when 0 < 8,

-1 _o-1 —h(—
G (@(9)2)-6"Ho(g)-o( g),2}. When g

2n

< = 3.29 and n = 5 as was the case in our simulation

study, this means that there is bias when 0 < 6, < 0.1386.

C.6 Lack of ARL Biasin the SEMLE-ChiMax Chart
Suppose that some SEMLE-ChiMax Chart has UCL g > 0. Note that ARL bias would

occur if for some shift size, P(M < g|0,,1,) > P(M < g|6,, 4¢). Recall that the cumulative

distribution function for the statistics which defines this chartis P(T < g & D; > 0) =

Az 2n

([ (22+6,-6,).2| - G[22 0y - 02).2]} x {G {26769, 2),2n - 2] 2n - 2}} and

that it simplifies to {G (g, 2) }{G (g, 2)} when the process is IC. Now, suppose that 8, = 0 and

Ao = 1 and that there has been a shift in the location parameter but not in the scale parameter.

Then, P(T < g &D; > 0) = {6 [Z2 (22 + 6, - 6,) 2] —G[i—j(@o - 6,),2|}

/12 2n

x {G {%G-l[a(g, 2),2n — 2],2n — 2}} = {G[g — 2n6,,2] — G[-2nbs, 2]} x {G(g, 2)}.
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We need to determine when {G[g — 2n6,, 2] — G[—2n6,,2]} X {G(g,2)}
> {G(g,2)H{G(g,2)}. Dividing both sides by {G(g, 2)} gives us {G[g — 2n6,, 2] —
G[—2n6,,2]} > {G(g,2)}. Letc = G[g — 2nb,, 2] and d = G[—2nb,, 2].
Now suppose {c —d} > {G(g, 2)}. This can be true in one of three ways:
i) c=0and —d > {G(g,2)}.
i) d=0andc > {G(g,2)}.

iii) c>0,d>0,andc—d> {G(g,2)}

Case i

Letc = 0. Then G[g — 2n6,, 2] = 0. Now, G(c,2) = 0 whenever ¢ < 0, so we have
g —2n6, < 0,0r 6, = -~ Now let —d > {G(g, 2)}. Then —G[~2n6,,2] < {G(g, 2)}. This

G_l [_ [G (glz)]'z

—17_
M. However, ] does not exist. Therefore, case |

simplifies to 6, < o —on

cannot occur.

Case ii
Letd = 0. Then G[—2n6,, 2] = 0, which gives us 8, = 0. Now let ¢ > {G(g, 2)}.
Then G[g — 2n6,, 2] > {G(g, 2)}. This simplifies to 8, < 0. However, 6, cannot

simultaneously be less than 0 and greater than or equal to 0, so case ii cannot occur.

Case iii
Let ¢ > 0. Then G[g — 2n6,, 2] > 0. Therefore, 8, < z‘in' Now let d > 0. Then

G[—2n6,,2] > 0. Therefore, 6, < 0. Finally, letc —d > {G(g,2)}. Then [g — 2n6,,2] —
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G[—2n8,,2] > {G(g,2)}. . Note that G[g — 2n8,, 2] — G[—2nb,,2] = f[[fz‘nze’;’ﬂ%e%dx _

e[2n021/2[1 — g[=2n62=g+2n621/2] = gnb2[1 — ¢=9/2]. S0 ™21 — e79/2] > {G (g, 2)}. Solving

692} n [f G(“Z'?/}z]]}
g, . —e
[1_6_9/2]]} /n. However, since —

for 6, results in 8, > {ln [ = 0, resulting in 8, > 0.

6, cannot simultaneously be less than 0 and greater than or equal to 0, so case iii cannot occur.
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APPENDIX D: SUPPLEMENTARY DERIVATIONSFOR CHAPTER 5

D.1 Thedistribution of Y
P(Y < g) = P(max{|Ry|, IR;|} < g) = P{(IR,| < g) &(IR;| < g)}

=P(|Ri| = @P(R;| < g) =P(-g <R, < g)P(-g <R, < g)
= P(=g < ®71(@, a0, b)} < 9) x P(—g < 7 {M(32)} < )

0

= P(T71(®(=9g), ag, bo) < @ < T 1(®(g), ay, b))

X P <M_1(CD(—g), Ay, bO) < nb_iz < M_l(q)(_g)’ Ay, bO))

= P(hf_l(q)(—g), Ao, bO) < é1\2 < 7_1@)(9), ao,bo))

x P ('Z—"M—l(qa(—g), 0. bo) < 52 < M@ (0D, a0 b"))
2 2 2

= {([771(@(9), ao, bo), az, b2]) — ([T7H(P(=9), ag, bo), az, b}

x (M (2 M@ (g), a0, bo), @z, b;) — M (M= (@(~g), ao, bo), b )}
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