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ABSTRACT

In an effort to classify ideal membership for finitely-generated ideals in H*>°(D),

Wolff [G] proved that: If

{f;}r_y C H®(D),H € H*(D) and

=

2

|H(z)| < <Z ]fj(z)IQ) for all z €D

then
H? € T({f; 1), the ideal generated by {f;}i_, in H>(D).

j=1
In the first part of this dissertation, we establish an analogue of Wolff’s result

for the algebra of multipliers on Dirichlet space. In the second part, we extend this
result to the multiplier algebra on weighted Dirichlet space with the weight a € (0, 1).
Finally, we will prove a general ideal problem. We provide the best known suffi-

cient condition for when H itself is in the ideal.



DEDICATION

This dissertation is dedicated to all those who supported me directly and indirectly

throughout this journey.

1ii



Qi

H*(D)

LIST OF SYMBOLS
The complex plane
The open unit disk in the complex plane C, D := {2z € C: |z| < 1}
Reproducing Kernel Hilbert Space
Reproducing Kernel (r.k.)
Boundary of the unit disk, 0D :={z € C: |z] = 1}
The space of all bounded analytic functions on D
The set of bounded linear operators from H to H
The adjoint of the operator A
Ideal generated by {f;}j_,
Maximal Ideal space of H>(D)
Multiplier Algebra of the RKHS €2
Multiplication operator defined by ¢
Partial derivative with respect to 2z

Hardy space: the space of all analytic functions on the unit disk

whose coefficients are square-summable
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D Dirichlet space: the space of all analytic functions on the unit disk

whose coefficients are square - summable with the weight (n+1)
115 = [ 1feRdnt + [ 7GR dAC)

D, Weighted Dirichlet space: the space of all analytic functions on the unit disk

whose coefficients are square - summable with the weight (n 4+ 1)“
" i -
I, = [ 1#ER a0+ [ 17GF (1= ) dae)

A*(D) Bergman space: the space of all analytic functions on the unit disk

1
whose coefficients are square - summable with the weight —
n

F(C)  Fisher’s space;

F(C) = {f : D — C| f is entire and HfoT(C) — / f(2)2e dn:r(z) < oo}
C
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CHAPTER 1

PRELIMINARIES

1.1. Reproducing Kernel Hilbert Spaces (RKHS)

In this section, we give the basic definition of reproducing kernel Hilbert spaces
and their reproducing kernels (r.k.). Moreover, we will discuss some standard prop-

erties of reproducing kernels. Some good references for this section are [AM] and

S].

1.1.1. Reproducing Kernel Hilbert Space (RKHS). Suppose H(E) is a

Hilbert space, whose elements are functions on a set . Then if

(1) for all e € E, there exists ¢, < 0o so that |h(e)| < c.||h||y, for all h € H and

(17) if h(e) =0 for all e € E, then h =0 in H,

we say that H(FE) is a reproducing kernel Hilbert space on the set F.

1.1.2. Reproducing Kernel (r.k.). Suppose H(F) is a reproducing kernel
Hilbert space on a set E. Let e be a fixed element of E, then there exists ¢, < oo s.t.

|h(e)| < cel||h||g for all h € H(E). Define
[(h) =h(e) forall he H(E).
It’s clear that | : H(F) — C is a linear functional. Also, by definition,

[L(h)] < cel|h]]m-
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Hence, [ is a bounded linear functional on H(FE). Thus, by the Riesz representa-

tion theorem there exists a unique k. € H(E) so that
h(e) = I(h) = (h, ke)u(p) for all h € H(E).

The function k. is called the reproducing kernel for the RKHS H(FE).

1.1.3. Complete Nevanlinna-Pick Kernel. A rk., k,, is called a complete

o0
Nevanlinna-Pick kernel if it can be written as k#(z) =1- > a,(zw)", a, > 0.
v n=1

1.1.3.1. Ezample 1. The Hardy space H*(ID) with the inner product defined as

(f, 9> =D _fuGm, forall f, g € H*(D)

is a RKHS with r.k.

1
kw(z) = e for all z, w € D.

Since ku#(z) =1 —wz, k, is a complete Nevanlinna-Pick kernel.

1.1.3.2. Example 2. The Dirichlet space D with the inner product defined as

o0

(f,9)p =2 (n+1) fun, forall f, g€ D

1

is a RKHS with r.k.

ku(z) = L 1og <

ZW

), for all z, w € D.

1—zw
It has been shown, in for example [AM], that

1 N
kw(Z) -

1- Zan(zw)”, a, > 0.
n=1

Thus, the Dirichlet space also has a complete Nevanlinna-Pick kernel.
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1.1.3.3. Ezample 3. The weighted Dirichlet space D,, o € (0,1), defined as

Do,={f:D— C]| f is analytic on D and for f(z) = Zan 2",

n=0

(e 9]

11, = D (n+ 1) Jau|* < oo},

n=0

with the inner product

NE

3
Il
o

is a RKHS with r.k.

1

S < AR

(zw)" for z, w € D.

WE

3
Il
=)

It can be seen in [S] and in [KT] that

1 J—
kuw(2) a

1— ch(zw)”, ¢, > 0 for all n.
n=1

1.1.3.4. Example 4. Some examples of RKHS whose reproducing kernels are not
complete Nevanlinna-Pick kernels are:

Bergman space, A*(D) with the r.k.

1
ky(z) = ————, for all z,w € D,
(1 —wz)?

H?*(D™) with the r.k

1

i:lm’ fOI' all Z,w c D s

—, for all z,w € B"
z



[? with the r.k.

1 ifn=1
k, (i) = 6, for n,i € N, where §,; =
0 ifn#i

are some examples of RKHS whose reproducing kernels are not complete Nevanlinna-

Pick kernels.

1.2. Multiplier Algebra

1.2.1. Definitions. Let H(Q2) be be a reproducing kernel Hilbert space on €.

We define the multiplier algebra of H(Q2) as
M(HQ)):={p € HQ):¢f € HQ) forall fe H(Q)}.
Similarly, we use My to denote the multiplication operator and define as

My(f) = of, for all f € H(Q).

By the closed graph theorem, it is clear that My € B (H((2)).

LEMMA 1.2.1. Let H(Q) be a RKHS. If My is a multiplication operator and k,
is a r.k. for the RKHS H(Y), then

Mg (kw) = d(w)ku.
PROOF. Let f € H(2), then

(fs M§ ko) = (Msf, kw) = (0f, ku) = d(w)f(w).
Therefore,
(fs M§ k) = o(w)(f, ku) = (f, (w) ku).
This is true for all f € H(S2). Hence, M (k,) = A(w)ky. O

4



Using this lemma, we can see that that
|o(w)] < |[My|| () for all zED.

Thus, if ¢ is a multiplier on H(£2), then ¢ is bounded on (2.

This implies that if H(D) is a RKHS of analytic functions, then
M(H(D)) c H*(D).

LEMMA 1.2.2. Show that M(HQ(D)) = HOO(D) and HM¢>HB(H2(D)) = H(b”oo,]l)-

PROOF. Let ¢ € M(H?*(D), then from above discussion we have that

10]loop < [[Mo][ B2y < 00

Thus, M(H?*(D)) C H®(D).

Conversely, we will show that
H*[D) € M(H*(D)) and || My||p@zm) < [6]locp-

Let ¢ € H*(D) and p € H*(D), then

™ ) do(t

HMdJ(p)H%{Q(D) = 11%{{1/_ |(¢p)(7”ezt)|2 37(1-)
. | do(t
=tim [ !w(re”)ﬂp(m”)\z%
|2da( )

< ||¢||oomhm/ (re'

= I /lzp lim (Z|pn|2 2”)

= HwHZoJD) HpH%{Q(D)

2T

Hence, ¥ € M(H*(D)) and ||My | sazmy) < [|¥]]o0,-
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A similar argument shows that M (A%*(D)) = H>(D).

1.2.2. Shift Operator. The shift operator M,, multiplication by z, is defined
as

M, f(w) = zf(w) for all f € H().

Concerning the boundness of M, on H() the general answer is no. Let

1
{an} "y, ay > for all n, lim ay > 1. Form
n=0" n—oo

Hiay(D) = {f :D — C| fis analytic on D and Y| f.[2an < oo} .
0

Fact 1.2.1. M, is bounded on Hin1 (D) <= sup{a"“} < o0 and ||M,|| =

Qn

Qn+1
sup ﬁa:ﬂ
n

For different values of a,,, we can observe that

Oy = 17 }{(H))7 Hntl =1

A2(D Antl g
n+1’ (D), o, /"

an=(n+1), D, [ xq

n

(07

On

Thus, M, is not bounded on F(C). That means, z ¢ M(F(C)).

1.2.3. Multipliers of Dirichlet Space. At the beginning of this section, we
defined the multiplier algebra of general reproducing kernel Hilbert spaces and dis-
cussed some basic properties. Since our main work is on Dirichlet space, we now
concentrate more on its multiplier algebra.

An analytic function ¢ on the unit disk D is a multiplier of Dirichlet space if and

only if the pointwise multiplication operator My, defined by ¢, is a bounded linear

6



operator from D to D. If ¢ € M(D), then ¢ € D, since 1 € D. Also from the fact
above, we saw that z € M(D). Thus, C C M(D) C H*(D). However, M(D) #

H>(D). For example, if we take f(2) = > %3, then it’s clear that f € H*(D). But
n=1
- 2 9 28 18 &l
2 2
||f||D_n§:1(n+1)|an| —_‘f'?‘f'?—f— _F—F?-i-—-f— E

which is a divergent series. So, f ¢ D and thus not in M(D). Hence, M(D) C
H>(D) N D. Therefore, C C M(D) C H*(D).

1.2.4. Carleson Measure. A positive Borel measure g on the unit disk D is a

Carleson measure for D if there exists a constant C' > 0 such that

/ lg|?dp < C?||g||% for all g € D.
D

LEMMA 1.2.3. Let ¢ € H*®(D), then ¢ € M(D) if and only if |¢'|*dA is Carleson

measure on D with the constant 4||Mg|[% p,-

ProOF. To prove the lemma, we will show that

[ 10 FlaPda < Mo llolfy for al g < .
Let g € D, then
[ 1ePlalaa = [ [(6g) - og'Pa
D D
<2 [ [(0g) Paa+2 [ jogPaa
D D

2 /12 112
<2 [ jooPdo +2 [ (60 Far+2 [ Jog i

< 2/|¢ll =) llgllp + 2lloglln

< 4||My||Bmllgllp for all g € D.



Conversely, suppose that |¢'|?°dA is Carleson measure on D. Then we need to

show that ¢ € M(D). For this we will show that ¢ph € D for all h € D. Now,

lonlts = [ lohpds -+ [ [(ohyPda
< l¢ll /7r |h|2da+2/D|<;5h’]2dA+2/D]¢’h\2dA
< 2[[¢]]oo] |l + 2C1[R] [
Therefore,
|6hl[5 < (2[16]]e0 +2C) [|2]]p < o0

Thus, ¢h € D for all h € D. O

1.3. Maximal Ideals and the Carleson’s Corona Theorem in H>(D)

In this section, we will discuss the space of maximal ideals of H>°(ID) and then
state Carleson’s corona theorem which proves that the open unit disk is dense in
the maximal ideal space of H>(ID). Moreover, we will talk about some extensions of
Carleson’s theorem. Also, we will point out the best estimates on the corona solutions.

Useful references for this section are [C] and [H].

1.3.1. Maximal Ideal Space of H*(D). If we use pointwise addition and mul-

tiplication, together with the norm

1 flloe = sup[f(2)l,

|z|<1

H>(D) is a commutative Banach algebra with identity 1. It’s worthwhile to note
that every ideal in H*°(D) is contained in a maximal ideal of H*(D) and every

maximal ideal in H*>°(D) is closed in the norm topology.

Let M denote the set of all multiplicative linear functionals (mlf) on H>°(D);

8



M:={p:p isamlfon H*(D), p #0}.

Using a Banach algebra argument, we can see that there is one to one correspon-
dence between the maximal ideal space of H>*(D) and M. With each element f in

H> (D), we can associate a complex valued function ]/”\on M by

From the Banach-Alaoglu Theorem, it follows that M is a compact Hausdorff space
when it is equipped with the weak-star topology.

Each ]/C\iS a continuous function on M; indeed, by definition, a weak-star topology
is the weakest topology on M which makes each J?continuous. Let H*® (D) denote

the set of all f, then we can construct a representation

f—=17
from H*(D) onto H>*(DD), an algebra of continuous complex-valued functions on M.

This is usually called the Gelfand representation. It’s easy to see that

1 Flls < IF11-

We now want to explore some of the structure of this space M. What are the maximal
ideals (complex homomorphisms) of H*(ID)? It seems clear that no concrete answer
could ever be given, but Hoffman [H] has given some structures of M as follows:
There are many complex homomorphisms of H*°(ID) but the only obvious complex

homomorphisms of H*(D) are the point evaluations



where A is a point in the open unit disk. Note that the point evaluations ¢, show
that the Gelfand representation f — fis one-one. Furthermore, we can see that the

representation is isometric:
L1 = 1[flloc = sup[f(&)].
peM
We know that ||f||oo < |If||, and the ¢, tells us that
1 fllee = sup|f (&) = [If]]-
[Al<1

Thus, H*(DD) is isometrically isomorphic to H *(D), a uniformally closed sub-

algebra of the continuous complex-valued functions on the maximal ideal space M.

LEMMA 1.3.1. The mapping 7 defined as w(¢) = ¢(z), ¢ € M is a continuous
map of M onto the closed unit disk in the plane. Over the open unit disk D, 7 is one

1

to one, and 7" maps D homeomorphically onto an open subset /\ of M.

It is convenient to picture 7w as a projection of M onto the closed disk. As
we saw in the previous Lemma, 7 is one to one over D, so the open unit disk is
homeomorphically embedded in M by A — ¢,. The remainder of M is mapped by 7
onto the unit circle. If |a| = 1, we shall call 77!(«) the fiber of M over a and denote
this fiber by M, :

M, =7 (a) = {p € M: 6(2) = a}.

The fiber M, is a closed subset of M and consists of the homomorphisms of H>(D)

which resemble evaluation at a.

LEMMA 1.3.2. If fis a function in H®(D) and « is a point of the unit circle,
then the range off on the fiber M, consists of all complex numbers ¢ for which there

is a sequence of points \, in D with lim A\, = a and imf(\,) = (.

10



Detailed proofs of these lemmas can be found in [H].

We can now clearly tell that the point evaluations ¢, embed the open unit disk as
an open subset A of M. The remaining homomorphisms lie in the fibers M, and, as
the last lemma shows, are in some sense limits of the points of A. The natural question
arises here: are these homomorphisms actually limits of the ¢, in the topology of M?

We define the term corona as the set M \ D. In 1941, Kakutani asked whether
the maximal ideal space M of H**(ID) has a nontrivial corona.

Although it seems to be quite abstract, it is easily translated into a very concrete

question about bounded analytic functions.

THEOREM 1.3.1. A necessary and sufficient condition that the open unit disk D
is dense in M is the following:

If fi, fo, ..., fn are bounded analytic functions in the open unit disk D such that
)P+ + (2P =0 >0, forall z€D. (1.3.1)

Then there exist bounded analytic functions g1, go, ..., gn Such that

fi(2)g1(2) + .. + fu(2)gn(2) = 1, for all z € D.

In other words 1 € I(fy, ..., fn), the ideal generated by fi, ..., fu.

1.3.2. Corona Theorem. In 1962, Carleson [C| proved his famous “Corona
Theorem” characterizing when a finitely generated ideal in H>°(D) is actually all of
H>(D). In other words, Carleson proved that the open unit disk is dense in the

maximal ideal space of H>*(D).

Carleson’s Corona Theorem. If fi, fo,..., f, are bounded analytic functions

i the open unit disk D such that

AP+ o+ | fa(2)]? 2 6% >0, forall z€D. (1.3.2)

11



Then there exist bounded analytic functions g1, g2, ..., gn Such that

f1(2)g1(2) 4 ... + ful2)gn(2) = 1 for all z € D.

Moreover, he provided estimates on the corona solutions.
Using Wolft’s approach for solving the corona problem, Uchiyama improved these

estimates to get the best known estimates

sup {i|g(2)|2} < (E In i)2

== ! —\9
Independently, Rosenblum [R], Tolokonnikov [To], and Uchiyama gave an infinite
version of Carleson’s work on H*°(ID). Moreover, Fuhrmann proved that the matricial
corona theorem holds for a matix of order m x n, m, n < oo, and later Vasyunin
extended this result to the case m x 0o, m < oo. Trent [Tr3] gave the best estimates
for the matricial corona theorem. As for the general corona theorem, it was shown by

Treil [T2] that it fails for a matrix of order oo x co. Trent and Zhang proved that the

result of Vasyunin can be extended to any algebra where the Corona Theorem holds.

1.4. Wolff’s Ideal Problem in H>*(D)

The famous Carleson’s Corona Theorem implies that if the functions

f17 f27 >fn € HOO(]D)) SatiSfy
1A+ o+ [ fu(2)> 21 for all z € D,

then 1 belongs to the ideal generated by fi, fo, ..., fa.
One can try to generalize this result, replacing 1 by an arbitrary function h €
H>(D). Namely, let fi, fo,..., fn € H*(D), and suppose h € H>(ID) satisfies
() + o+ | fn(2)]? = |h(2)]? for all z € D. (1.4.1)

12



In light of the Corona Theorem it is natural to ask if (1.4.1) implies h €
T ({f;}7=,) , the ideal generated by {f;}7_,. Note that the condition (1.4.1) is clearly
a necessary condition.

An example by Rao [G] (Chapter VIII) shows that the answer is negative. How-
ever, it is plausible to ask if some power of h belongs to h € T ({fj}?zl) . It was
realized in the early of 1880’s that this condition is sufficient for h? € Z({f;}7_,) if
p > 2 and it is not sufficient if p < 2.

In an effort to classify ideal membership for finitely-generated ideals in H*°(DD),

Wolff [G] proved the following version:

Theorem [Wolff]. If

{f;}i_y c H*(D),H € H*(D) and

2

|H(2)| < (Z \fj(z)\2> for all z € D, (1.4.2)

then
H? e T({f;}-1),

the ideal generated by { f;}j—, in H®(D).

But the question for p = 2 remained open for almost 20 years, until Treil [T1]

showed that for p = 2 the condition (1.4.2) is not sufficient either.

13



CHAPTER 2

WOLFF’S IDEAL PROBLEM IN M(D)

In this chapter, we will extend the Wolft’s Ideal Theorem in H*>(D) to the mul-

tiplier algebra on Dirichlet space. For the algebra of multipliers on Dirichlet space,

the analogue of the corona theorem was established in Tolokonnikov [To] and, for

infinitely many generators, this was done in Trent [Tr2].

2.1. Wolff’s Theorem for M(D)

THEOREM 1. Let H,{f;}52, C M(D). Assume that

(a) [ Mg <1

and (b) |H(z)| < Z\fj )2 for all z € D,

Then there exist {g;}32, C M(D) with

IME] < o0

and FG' = H?

We will use other equivalent norms for smooth functions in D as follows:

Hf”?) _/_ ’f’2d0+/ﬂ)\f/(2)\2d14(2) and

zt 29 2
11 = [ ispan+ [ [T G HEI dnttaso)

14




Also, we will consider %D as an [?-valued Dirichlet space. The norms in this case
are exactly as above but we will replace the absolute value by [>-norms. Moreover,
we use HD to denote the harmonic Dirichlet space (restricted to the boundary of
D). The functions in D have only vanishing negative Fourier coefficients, whereas the
functions in HD may have negative Fourier coefficients which do not vanish. Again,

if f is smooth on 0D, the boundary of the unit disk D, then

zt 7,9 2
= [ trPao s [ [T HE=IEI dottyaoto

2.1.1. Cauchy Transform. If f € C’ (D), smooth on D, then the Cauchy trans-

By the linear change of variables and by using Cauchy’s formula we can show

form of f is defined as

that gf(z) = f(z), for all z € D. See [A] for background on the Cauchy transform.

2.1.2. Beurling Transform. If ¢ is in C'(D) and 5 is the Cauchy transform of

¢ on D, then we we define the Beurling transform by

2.2. Row and Column Operators

Given {f;}}2, C M(D), we consider F(2) = (fi(2), fo(2),...) for z € D. We
define the row operator ML : &D - D by
1

ME ({hiY52,) = D fibs for (i}, € &D.
j=1

Similarly, we define the column operator M& : D — % D by
1

Mg (h) = {f;h};2, for h e D.

15



Also, we define the analytic Toeplitz operators T and 7€ on @ H2(D) and H(D)
1
in analogy to that of M and ME. The norm of these Toeplitz operators are defined

as

oe] 2
71 = 161 = e (S bicor
z€eD J=1
Also, it is worthwhile to note that the pointwise hypothesis F(z) F'(2)* < 1, for
z € D, implies that the analytic Toeplitz operators T# and TS are bounded. But,

since M (D) & H>*(D), the pointwise upper bound hypothesis will not be sufficient

to conclude that MEZ and ME are bounded on Dirichlet space. However, }M EH <

V18 || Mg || from [T2].

2.3. Outline of the Proof of Theorem 1.

In this section, we will outline the method of our proof and give a detailed proof
of some required lemmas. We will state some lemmas whose proofs can be found in
the references.

Assume that F' € Mp2(D) and H € M(D) satisfy the hypotheses (a) and (b) of

Theorem 1. Then we show that there exists a constant K < oo, so that
Mys Mfs < K2ME MR, (2.3.1)

Given (2.3.1), a commutant lifting theorem argument as it appears in, for example,
Trent [Tr2] completes the proof by providing a G € M2(D) so that || M| < K and
FGT = H3.

LEMMA 2.3.1. There exists a constant K < oo so that, for any h € D, there

exists uy € &D such that
1

16



(i) ME(w,) = H*h  and

(i) Jupllp < K IRl (2.3.2)

of and only iof
Mys M3y < K*ME MEE, (2.3.3)

PROOF. Assume that there exists K < oo such that My M} < K*ME M.
Then by Douglas lemma, there exists a C € B <D, %D) such that MEC = My
and ||C]] < K.

For h € D, let u, = C(h). Then u, € D and M& (u,) = Mygh = Hh. Also,
upllp < K ||kl - Hence, (2.3.2) follows.

Conversely, given (2.3.2), let v, = P, 1 (uy,). Since ME (v,) = Hh and

(KerMII})
[oallp < llunllp < K [A]lp . (i) and (ii) hold for v,

Define a densely defined operator, C, by C'(h) = v,. So
ICMW)lp < lusllo < K [[R]]p.

Thus, C extends to an operator bounded by K. By ( 2.3.2) (i) we have MEC = Mp.
Therefore,

MyMy, = MECC*M3E < MEK*ME < K2MEMEE
and thus (2.3.3) holds. O

Hence, our goal is to establish (2.3.2) from (a) and (b) rather than (2.3.1). For

this we need a series of lemmas.

LEMMA 2.3.2. Let {¢;}]2, € I> and C' = (c1,¢a,...) € B(I1*,C). Then there exists
Q such that the entries of Q) are either 0 or xc; for some j and CC*I — C*C' = QQ*.
Also, range of Q = kernel of C.

17



We will apply this lemma in our case with C' = F(z) for each z € D, when
F(z) # 0. A proof of a more general version can be found in Trent [Tr3].

Given condition (b) of Theorem 1 for all z € D, F € Mp(D) and H € M(D),
with H being not identically zero, we lose no generality assuming that H(0) # 0. If
H(0) = 0, but H(a) # 0, let f(z) = 1%=% for z € D. Then since (b) holds for all
z € D, it holds for B(z). So we may replace H and F' by H o3 and F o 3, respectively.
If we prove our theorem for H o § and F o 3, then there exists G € M;2(D) so that
(FoB)G=Hof. Hence F(Gof™')=H and Go 7! € M;2(D), so we were done.
Thus, we may assume that H(0) # 0 in (b), so ||F(0)||2 # 0. This normalization will
let us apply some relevant lemmas from [Tr1].

It suffices to establish (i) and (ii) for any dense set of functions in D, so we will
use polynomials. First, we will assume F' and H are analytic on Dy, .(0). In this
case, we write the most general solution of the pointwise problem on D and find an
analytic solution with uniform bounds. Then we remove the smoothness hypotheses
on F'and H.

For a polynomial, h, we take
u,(2) = F(2)* (F(2)F(2)") " H* h — Q(2)k(2), where k(z) € I for z € D.

We have to find k(z) so that u, € &D. Thus we want 0. u, = 0 in D. That is, we
1

F*Hh

want k € [? satisfying ( — Qk, D)> = 0 for all vector polynomial p, such that

FF~
p(0) = 0. This gives us that k = Q(*FF ;f;h, where % is the Cauchy transform of k on D.
Therefore, we will try
F*H3h =
Up = FE~ - Q W’
where
_ Q*F*H°h
(FF*)*

18



and T is the Cauchy transform of W on D. Note that for k£ smooth on D and z € D,

E(z) _ 1 /D Ew) dA(w) and Ez(z) =k(z) for z € D.

w—z

Then it’s clear that ME (u,,) = H?h and w, is analytic. Hence, we will be done
in the smooth case if we are able to find K < oo, independent of the polynomial h,
and € > 0, such that

lunllp < K [Allp -

LEMMA 2.3.3. Let w be a harmonic function on D. Then

/D 1Qwlf? dA < 8 2.

PROOF. Let w be a vector-valued harmonic function on D. Write w = x + y

where x and g are respectively the analytic and co-analytic parts of w. We have

/ |Qwlf? dA = / 10z + Qg3 dA
D D
<2 / |Qzl3dA +2 / 1Q'g]% dA.
D D

Now,
/HQ’&II% dA = /(Q’*Q’z, z)pdA
D D
< / (F'F™z, x)pdA
D

< [DZZ|ﬁxk|2dA

7j=1 k=1

<2) N My alh +2 kZHa:ku?D dA
=1

j=1 k=1

o (o.9)
<2 IMEND llalln +2 ) llzelp < 411z)3-
k=1 k=1

19



Similarly, we can show that [, Q7% dA < 4|ly||%.
Thus,

/D 1Quwlf?: dA < 8 )% + 8 [ull3
=38 ||£+Q||$-{D

= 8 ||wlf3p-

LEMMA 2.3.4. Let the operator T be defined on L*(D,dA) by

_ (2
TN = [ oy ey A

for N €D and f € L*(D,dA).

Then the operator T is bounded on L*(D,dA).

PROOF. To prove this lemma, using Schur’s test, it’s sufficient to show that there

exists a measurable function p(z) > 0 a.e. on D and a constant C' > 0 such that

p(2)
/D |2 — A1 — 2| dA(z) < C p(A).

For this, taking p(z) = (1 — |z|2)_%, we will show that

Jun

dA(z) < C (1= A7) 2.

Now,

-

—|2]%) 2 — |2]?) % A—z
dA h _ATE
/|z—/\||1—z)\| /m T = aae HAG) where oa(z) = 773

A=) e

N|=

20



and

N

dA(C)

Al @B o [ A= A= (1= R
LA 1OrAQ = [ S e o
oy [0k o=

A=[A2)? |11 = NC|?

dA(C)

_ -1 [ (L=I¢)

Again,

/<1—|<\2>5 400 - | el SO

[ 5, I -]
(1—I¢P)
—I—/ ——= dA((),
o {oy) -] 4
where ]D)% is a disk of radius % For any ( € ]D)% and A € D,
1 < 1 5 and 1 < 2
— < =2 an < —.
R VI-IE V3
Therefore,
(1—1¢7) 2 4 / 1 4
———=— dA() < — — dA(() = —
L, g 0= 7/, 40 -7
and

(1— ) (1P
/D{Dl} g 0= 2/0{]@1} g 4O

(1—|¢) 2
<2 [ B a0,

Using the Lemma 3.10 of [Z], we can see that

(1- !C’Z)_% (1— |g|2)—%
VTS 7 gaey = [ AT T gy

21



as a function of A is uniformly bounded from above and bounded from below on D.

Thus,

(- I¢P)
filelg/m THoxd dA(¢) < Gy < o0,

for some constant Cy > 0.

Then, T is a bounded linear operator on L? (D, dA) with the norm

4
IT|| < C,where C = (77% + 200)

This finishes the proof of Lemma 2.3.4. 0

LEMMA 2.3.5. Let B denote the Beurling transform. Then
1B (f)lla < 13]|flla, for all f€ L? (D, dA).

PROOF. To show that the Beurling transform, B, is bounded on L?(D, dA), we
we apply Zygmund’s method of rotations [Z] and apply Schur’s lemma an infinite
number of times.

Let f(z) = Z Z a1z Z%, where a;; = 0 except for a finite number of terms. For

j=0k=
z=re’ we relabel, so that

fre®) = Z fi(r) €™ where fi(r) Zal e T2k
l=—00 k=0

Then
1% = Z 1£1(r) 1220 175

[=—00

where the measure on L?[0,1] is “rdr”. By definition, we have that

f(w):— S dA(z), for w € D.

D~ec—W
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Therefore,

f(w) = 1 f(2)

Vs ]D)Z—w

T Z / "’ rdrdf
0

dA(Z)v forw e

rew —w
2m zl9

o Z 9 rdrdf
|| 7"6Z —w

1 2 |wl 10
T r Z / / fl(-;ﬂ)e rdrdf
ﬂ-l:—oo 0 0 re —w
1 e8] 27 |w] il0 o ind
o Z / / fl( ‘ ZL rdrdf
7T l=—00 0 0 —w — n

w

ol Jltn
T Z Z/ / hilr wn+(l1+ P g dd

l—foon 0

WZZ/O drdf

|w] T el(n+1)9

l=—0con=0
- Zz/ /| w] fi(r wnil:rn g
l——oon 0
_ = Z Z/ ;nl n)ewndrda "
l* ocon=0

~ |wl
fo(w) % ; Jo(r) rdr
So
n |w]
dfo(w) = —% i fo(r) rdr + % fo (Jw]) MM

ow
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Therefore,

—~ — |w| w
Ofo(w)=—3 [ folryrdr+ = o ()

0

2
(Since@: O (|wl) = 2|M|M)
ow w

Hence,
) =2 rf
By (fo(se™)) = e " {3_2/ fo(r)rdr + fo (s)} .
0
Similarly, if we take [ > 1 in (xx) we get that

-~

Ftw) = —zutt [ L0)g,

-1
jw| T

Therefore,

Of(w) = —2(1 — 1) w' ™2

= (1 —1) w2 CA0) e i)

it w1 Jw|
So

B(fi(w)) = =2(1—-1)s 1=21(1=2)t fll< 1) pil=D)t g1— L fils )_Zt

s T Sll S
= /! [ (I—1)s /fl dr — fi( )]

Again, if we take [ < 0 (say [ = —k, k > 0) in (%*), then we get that

~ |w]

filw) = 2w~ *+D fu(r) .
0

Therefore,

> |w]
Ofi(w) = =2(k + 1w+ / Fi(r)r* e 4 2w~ ® D £ (jw|) Jw]* |@wU_|
0
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Hence,
By (fi(se)) = —2(k + 1)S—k—26i(—k—2)t/ Fr ) idr 4 Rt g (o)
0
=—2(k+ l)s_k_Qei(l_2)t/ fi(r)yr*tidr 4 72 £ (s)

_(ZQ{ (/{—{—1 —k2/f k+1d7"+f()

Therefore,
B(f(w) =" Y Bi(fi(s)), where
l=—00
_—22/5 fo(r)rdr + fo(s) for 1 =0
Bilfils) ={ —2(—1)s / 50 g~ i) for 1> 1
—2(k + 1)sk2/ filr)r* T dr + fi(s) for I < 0.
\ 0
Thus,

IBf|% = Z ||Blfl||%2[0,1],

l=—o00

where the measure on L?[0,1] is “rdr”.

CLAIM 1.

Slip||Bl\|B(L2[0,1],L2[0,1]) < 13.

Once we prove Claim 1, we will have

1Bf(w)[|% = ZHBzfz $)|[72(0,1), < (13) Z||fz 7200 = 131 £ 13
[=—00 [=—00

Without loss of generality, we may assume that f;(s) >0 for all [.
Casel. [=0
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1 1 s
| BatsnPsas = 1= [ gty var+ o) P
1 s 1
§4/0 |é/O fo(r)rdr|2sd3+2/0 | fo (s)|*sds
1 s s
:4/0 3_14 {/0 fo(uw) udu/o fo(v)vdv] sds

1
—l—2/ | fo (s)|*sds

— 4/ / fo(u) fo(v {/ scis} uduvdv
max{u,v}

+2/ o () Psds

d
= 2/ / fo(u) fo(v {/ —j} uduvdv
max{u2,02} S

+ 2/ | fo (s) |*sds.
0

1 1 1
<2 [ [ s [—1] L

+2/01|f0(s)|23ds
_ 2/01 /Olfo(u)fo(v) {(1 — max{“Q’UQ}q wduvdy

max {u?, v?}

—l—2/ | fo (s)|*sds

//fo ) folv uvuduvdv+2/ I fo (s) |2sds,

2(17max{u2,vz}) .

max{u?,v?}

where k (u,v) =

By Schur’s Test,
/ / fo(w) fo(v)k (u,v) uduvdv < ( ) / | fo(w) Pudu
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if and only if there exists p(u) > 0 a.e. such that for a.e. v in [0, 1],

/0 k (u,v) p(u)udu < ?p(v).

For this, we will show that
vI2(1—?) 4 21— u?)
/0 {m] p(u) udu < gp(v) and /v E1 =) p(u)udu < 4p(v).
If we take p(u) = \/%j, then

/OU [2(1—_”2)} p(u) udu = 2 [t

v?2 (1 —0v?)

Similarly,

Hence,

Thus,

[ enrsas < (S0) [ oresas +2 [ 156 Poas

1
< 31/ | fo (s) |*sds.
0
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Case 1II. =1

1 1
| Biss)Psds = [ 1io)Psds
0 0
Case III. [>2

/|Bl fi(s |ds—/ -2 0 4r — s sas
<s(-1) / ”r/ e
2 / i) Psds.

8(1—1) / ”>|/

min{u,v}
8(1—1) / / filw) fi(v [ul vl/ 82(12)86151 uduvdv%dv
_ 2 2(1—2 fi(w) ' fiv)
= 8(l — 1) / S ( )/ X(s,l)(u) w1 du/() X(s,l)(v) pl-1 dv
1 1 min{uz,UQ}
4(1-1) / / fiw) fi(v J = s(l_Q)ds] udu vdv
0
1 1 I—1 min{u2,v2}
4(1-1) / / fi(w) fi(v 5 udu vdv
ul ol |l—1 0

//fl )fi(v { —11 l(mm{u 02})11} udu vdv.

We know that

dr\Qsds

Now

//fz ) fiv [ —b 1 — (min {, qﬂ})"l} uduvdv§(12)2/01|fl(u)|2udu

if and only if there exists p(u) > 0 a.e. such that for a.c v >0

28



(min {u2,v2})ll} p(u)udu < 12 p(v).

{4(1—1)1

/

Taking p(u) = 7=

[e=]

, we will show that

I—1)1 "fa(-1
) 2(1_1)] p(u)udu < 4p(v) and/ [ (ul )JU

[l

1
2<’-1>} p(uyudu < 8 p(v)

Now
vT4(l—1) 1 4(1=1) [V
/ { ( l )_luzu—l)} p(u)udu = ( : )/ W3 du
0 U v v 0
41— 1) vtz
2
And
T4l —1) 1 o, L[]
[ S !

=4 -1
O L

41— 1)t 2 | =
(=1 I—15

Therefore,

/o [2 (ZJ 2 l (min {uz,"UQ})ll] plu)udu < (4+8) p(v) = 12p(v).

Hence,

/0 Bi(fi(s))Psds < (12)° / i) Psds + 2 / [fi(s) 2sds = 146 / fi(s)[Psds
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Case IV.

0 0

/ By(fi(s))Psds = / 2%k + 1)s

[ <0 (say l=—k, k>0)

w2 [ ar + i)Psds
0

1 s 2
< 8(k’+1)2/ s 2(k+2) / fi(r)yrkdr
0 0
We have
1 s 2
8(k + 1) / 572k +2) / fi(r)r*dr| sds
0 0
1 s s
:8(k+1)2/ 52(’”2)/ filu)u" M du / filv)v* dvsds
0 0 0

1 1 1
=8(k + 1)2/ 57 2(k+2) [/ X0, (W) fi(u) v du / X(0,5 (V) fi(v) V" dv| sds
0 0 0

[ s
Ak + 1) //ﬁ )il
w7 [ [ s
Ak + 1) //fl i

We know that

/01 /01 fi(w) fi(v)

4(k + DuFv

k, k

uFo® / s
L max{u?,v?}

¢ (max {u?, v?})

uv 32(k+2)sds} udu vdv

/l
max{u,v}

1
UHQ)ds} udu vdv

g—(k+1)

{m

1
} ] udu vdv
{u?,v?}

(max {uQ, 112}) 7(“1)] udu vdv.

if and only if there exists p(u) > 0 a.e. such that for a.e. v in [0, 1]

[4(k; 4 1)k

/

o* (max {u®, v2})_(k+1)} p(u) udu < 12p(v).

30

1
sds + 2/ | fi(s)]?sds.
0

1
_(Hl)} uduvdv < (12)2/ | fi(w) [Pudu
0



Taking p(u) = 1, we will show that

/ 4(k 4+ DuFoFo=2* ) ydy < 4 and fvl [4(/{ +1) %] udu < 8.
0

Now
/ 4(k + Duboko=2® ) ydy = 4 (k + 1) U_k_2/ w1 du
0 0
4(k+1) _,_ v
= k—_|_2”[) k=2 [Uk+2:|0 S 4.
and
1 o Y
/v {4(k‘+l)m} udu =4 (k+1)v /v u T du
u*1"
=4(k+1Do" | —
o[
ECE R
B k uk |,
el 1
v
Hence,
1 1
/ Bi(fi(s))Psds < 146/ ils)[2sds.
0 0
Thus,

Slip||Bl||B(L2[0,1],L2[0,1]) < 13.

LEMMA 2.3.6. If Q is a multiplier of D, then

(1= 12%) | Q(2)] < [Mollsy for all = € D.
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PROOF. Define ¢ : D — D as ¢(z) = II?W(;)II for all z € D.

Thus,

1@l oo
lelloe < Rz <1.

Now, fixing wy and using the generalized Schwarz lemma; we get

¢(2) — p(wo)
1 — ¢(z)p(wo)

Z — Wy

A

forall z €D

1 — 2w,

_ | ele) = elwo) | |1 = e(z)p(wo) |
Z — Wy - 1—zwy
As z — wy,
1 — [p(wo)|?
(o) < [L= 1Pt T}
|<)0( 0>| — (1—|U}0|2)
Thus,

(1= fwol*) I’ (wo)| < [|1 = |ep(wo)*| <1,

and this is true for any fixed wy € D.
Hence, (1 — |z|%) |¢'(2)| < 1 for all 2z € D.
This implies that (1 — |2]?) |Q'(2)| < ||Mg]| for all z € D.

2.4. Proof of Theorem 1

We are now ready to prove Theorem 1.

(2.3.4)

PROOF. First, we will prove the theorem for smooth functions on D and get a

uniform bound. Then we will remove the smoothness hypothesis.

Assume that (a) and (b) of Theorem 1 hold for F' and H and that F' and H are

analytic on Dy,.(0).
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Then our main goal is to show that there exists a constant K < 0o, independent
of €, such that

lun |5 < K [|R]3,

* 3 —_
where we have already taken u, = © Fg*h —QW.

We know that

lally = [ (eI o) + [ 1) w2 [P dAce)

—T

Condition (b) implies that

where C can be chosen to be 15 (See [Tr1]). Hence, we only need to show that

F*H3h
FF~*

2
do(t) < Ct[hl,

7112
F*H3h —~
/D (FF —QW> H dA(z) < CF bl
for some Cy < 0o. Now
e |
A T - QW dA(z)

<2/ (F*H?)h)/ 2dA( )+2/ (QW) 2 dA(2)
z 4

— Jp FF* D

F*H2H'RL||? FH3R ||?
<4 0 dA dA
< ><9/D e (z)—I—S/D it (2)

F*H?)h/F/F* 2
T8 N
pll  (FF)

(27) (d”)

+4/D Q (W)

dA(2) + 4/D HQ W\Hz dA(2)

[\

2

dA(z).
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Then

F*3H*H'R | FrH ?
= ———|| dA(z) = 9/ — HH'h| dA
@) = [ || -9 [ | =me )

< 9/ | H'h|2 dA(2)
D
<18 (||Mul* + | H|IZ) 1Al

< 36 || My |* |23

(V) = fo IR 17 dAG) < [ 1117 dA(=) < (1R

FF*

2 2

F*H3hF'F* F*F'F* H* H

() /D r | e = /D e T || 40
F*F’F* 2
S/D JiE hl|| dA(z)

< [ 1P aac) < 4 nl,
By Lemma 2.3.5 on the Beurling transform,

@)= [ 1 () Faac

< [1(7) IPaac
D
<37 [ WP aae)
<137 [P hI dAC)
< (13)24. [h]}3 = 67613
So we only need to estimate (d’'). For this we have

/ 1Q (2 dA(z) < 2 / QW — Q|2 dA(z) +2 / |Q W2 dA(2),
D D D

-

()
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where W(z) = |7 L= W (e) do(t) is the harmonic extension of W from 9D to

—7 |1—e—tz]

D.

Lemma 2.3.3 tells us that
[ 1QWIF aaG) < 81 1.
Also, a lemma of [Tr2] implies that
W1 < W + T2,

But, as we showed above,
QF*H°h *H3h
i = [
FF*
ey

o\ |
(FF)

/D IQTWI?dA() < 8 [4[11]% + 15 [1]12]

dA(= / |F*h|? dA(z) < 4[R]3

and

do(t) < 152 (see [Tr1]).

Thus,

Now we are just left with estimating (f”).

- / QT — Q|2 dA(2)

_ /D o [_% DZ/EUQdA(u)— /_ ' |11__—€|i|t2’/ﬂ7(e“)da(t)

- [t [ [ {4 oo}

1 T 1- |z|2 1 ’
/ it

Q W s - ! —do(t)|dA

/D (u)[u —Z /7r \1 — e—”z\ ¢ 1 —ue ( )] (Z)

dA(z)

dA(z)

dA(z)
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Therefore,

Q’/DWw)
Q/W

Q’[DW(u) |:u%+

2

/_: ‘11_—€|th2‘ e—itl — ieit da(t)} dA(u)|| dA(2)
ui T _Zuz] dA(u)|| dA(2)
S ElN :
a0y | A0 4G

/H@ (1= B TN dAG)

M,
H Q“ |T(W)||% by Lemma 2.3.6

< C? M |W]* by Lemma 2.3.4

86C
< ) ( = ) “h“D (since HMQH(%SHD) < \/%) )

Combining all these pieces, we see that in the smooth case

2 2
lunllp < K* (|l

for some constant K < oo, which is independent of h and € > 0. By the proof of

Theorem 1 in the smooth case, we have

where F.(z)

R pAqC
Mg Mg

MpysMjzs < K*Mp (Mg )* for 0 <r <1,

= F(rz).

in the x-strong topology.

Using a commutant lifting argument, there exists G, € M(D, %D) so that
1
= My and |M§ || < K. Then Mf — ME and Mys — Mpys as r 1 1
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By compactness, we may choose a net with G} — G* as r, — 17. Since the

multiplier algebra (as operators) is WOT closed, G € M (D, %D) Also, since ', =
1

F*, we get Mj, = MM ngr MEEMEE and so MEME = Mpys with entries of

G in M(D) and |M§]| < K.

This ends our proof. 0J
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CHAPTER 3

WOLFF’S IDEAL PROBLEM IN M(D,)

In this chapter, we will extend our previous result into the multiplier algebra
on weighted Dirichlet spaces. The analogue of the corona theorem for the algebra
of multipliers on weighted Dirichlet spaces was established in Kidane-Trent [KT].
It seems plausible that Wolff type ideal results could be extended to the algebra of
multipliers on weighted Dirichlet spaces. The techniques used in this chapter are
similar to those of Chapter 2 for the classical Dirichlet space. Moreover, we will
prove the boundedness of a certain singular integral operator (Lemma 3.3.2) and
the boundedness of the Beurling transform (Lemma 3.3.3) on some L? spaces with

weights. Also, we will be using several lemmas from [KT] to extend the norms from

D to D,,.

3.1. Weighted Dirichlet Spaces and Corresponding Norms

In Chapter 2, we discussed weighted Dirichlet spaces and its reproducing kernel.
In this section, we will discuss the multiplier algebra on weighted Dirichlet spaces and
the corresponding norms. The weighted Dirichlet spaces D,, « € (0,1), are defined

as

D,={f:D— C| f is analytic on D and

for £(2) = S0, I, = X (n+1)7a* < oc}.

n=0

We will use other equivalent norms for smooth functions in D, as follows,

1, = [ 1Pdo+ [ 17GIF (= BF) " dAe) e
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zt 19 2
1115, = [ 1spantey+ [ [T ot do)

For ease of notation, we will denote (1 — \z| 2% dA(2) by dA(z). As before, we

use M(D,,) to denote the multiplier algebras of weighted Dirichlet spaces, defined as:
M(D,)={p €D, : ¢of €D, forall feD,}.
REMARK 1. How big is M(D,,) ?

We know that M(D,) C H*(D) and the inclusion is strict, M(D,) & H*(D).

S 4m—+1
For example, if we take f(z) = > Znng—m:, m=[1] +1, 2 €D, then f € H*(D) but

is not in D, and so neither in M(D,)), see [KT] for detail.
Hence,

M(D,) € H*(D) N D,.
LEMMA .11 [|ME||, o < VIO||ME]| -

Proof of this lemma can be found in [KT].

2. Wolff’s Theorem for M(D,)

THEOREM 2. Let H, {f;}32, C M(D,). Assume that

(A) Mg <1

and (B) |H(z)| < Zm )2 for all z € D.

Then there exists K(a) < oo and {g;}32, C M(D,) with

IME] < K(a)

and FGT = H?.
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3.3. Outline of the Proof of Theorem 2

Assume that F' € Mp(D,) and H € M(D,,) satistfy hypotheses (A) and (B) of

Theorem 2. Then we will show that there exists a constant K (a) < 0o, so that

Mys My < K(a)>ME MEE, (3.3.1)

Using a commutant lifting theorem for multipliers on weighted Dirichlet spaces
from [KT] (see [BTV] for details), there exists G € M(D,, %DQ) so that MEME =
My and ||[ME| < K(a). The reader should note that such contractions can always
be found for the multiplier algebra on reproducing kernel Hilbert spaces with complete
Nevanlinna-Pick kernels.

But, from lemma 2.3.1, we know that (3.3.1) is equivalent to the following: there
exists a constant K («) < oo so that, for any h € D,, there exists u, € %Da such

that
(iii) Mf(u,) = H*h  and (3.3.2)
(iv) Nwlp, < K(e) |[hlp, - (3.3.3)

Hence, our goal is to show that (3.3.2) and (3.3.3) follow from (A) and (B).
As in Theorem 1, we will assume that F' and H are analytic on D;,.(0) and for

a polynomial, h, we take
w,(2) = F(2)* (F(2)F(2)) " H*h — Q(2)k(2), where k(z) € I? for z € .

We have to find k(z) so that u, € %Da. Thus we want 9, u, = 0 in D.
1

For this, we will try

F*H?h —~
— —OW
where W = (%) and T is the Cauchy transform of W on D.
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Then it is clear that ME (u;,) = H3h and u,, is analytic. Hence, we will be done
in the smooth case if we are able to find K(a) < oo, only depending on « and thus

independent of the polynomial, A, such that
lupllp, < K(a)|lhllp, - (3.3.4)

LEMMA 3.3.1. Let w be a harmonic function on D, then

/D 10 w3 dAw < 8 1wl

The proof follows exactly as in Lemma 2.3.3, just replacing the area measure by
the weighted measure dA,,.

The next lemma shows that the linear operator T, defined as in Lemma 2.3.4, is
bounded on L?(D,dA,). This can be obtained by replacing the measure dA by dA,
and applying Schur’s Test in Lemma 2.3.4. In fact, we get a stronger bound with
this weight. However, since we are using the weight o € (0, 1), we are interested in
getting the exact bound in terms of a. Therefore, we present an alternative proof for

this lemma.
LEMMA 3.3.2. Let the operator T be defined on L? (D, dA,) by
T E) = [ e
for z € D and f € L*(D,dA,). Then
ITfII4, < 4m*CallfIA.
where C,, = 5.

PROOF. To show that the singular integral operator, T, is bounded on L?(DD, dA,,),

as in Lemma 2.3.5, we again apply Zygmund’s method of rotations [Z] and apply
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Schur’s lemma an infinite number of times.

oo oo .
Let f(2) = > > ajx272%, where a;; = 0 except for a finite number of terms. For
J=0k=0
2z =re?, we relabel to get

o0
= Z fi(r) e where fi(r Zal e TR

l=—00
Then
1A, = D0 1A 2200

l=—

where the measure on L2 [0,1] is “(1 — )"~ * rdr.” Now

B £(2)
(TH(N) = / T (i A
:Zx”/D LiA 2 f(2) dA(2)

B ixn {/|z|<|x z i A /A|<|z| z i A} S AAE)

n

i ”[ /|z<A|p oA /A<|z Zzzp] )

n=0
o0 o _ 1

_ . )\n_ zl@
;;( Y A/|<A| AP <Z_Zoof ) )
+ = X” = / zl@

; 2; AI< Zp“ <l_zoof ) )
fZZ e / / S n+p§;;i;p+l fi(r)rdrdd
l=—00on=0 p=0 -

+ Z Z " _th/ / rpjz;fztﬂ e e £ (r) rdr db. (%)
l=—ocon=0
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Taking [ = 0 and X\ = se" in (x), we get that

— e _int © # n+p62(n+p)9
(T fo) (se” :ZZ t /_W/ e for) rdr df

n=0 p=

spezpt

+ Zs e th/ / e T ™ f, (r)rdr df.

We know that everything vanishes in the first term except in the case
p+n=0 = p=0andn = 0. Similarly, in the second term everything vanishes

except the termn=p+1. Sop=n—-1>0 = n > 1.

Thus

(Tfo) (se) = (~2m) / A g

nlznl

+27TZS e / Earrs " fo(r) rdrdf

Simplifying the above equality we get,
1 —it
. r)e
(T5) (56 = =21 [ xiom(n) 2L rar
0

0o 1
+ 27s e_itzs% / X(s,l)(r) fo(r) rdr.
n=0 0

So
(Tfo) (se™) = 27e ™ (To fo) (s),
where we define Ty on L*([0, 1], rdr) by

1

(Tofo) (s) = _/le(()s( )( )fo( ) 1—532 ; X(s,0)(7) fo(r) rdr.

A similar calculation shows that when [ > 1, then

(Tfi(r) ™) (se”) = 2me" DT ) (s),
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where

(T3 fi) (s) = ! /01 X(s,1)(7) (;)ll fo(r) rdr.

1—s2

Similarly, when [ < 0,

(THi(r)e™) (se*) = 2me D" (T ;) (s),

where
! 1 P 1
(T1fi) (s) = — <Z 32”> / X(0,6)(T) (;) fi(r)dr
n=0 0
T 1 _132/0 X(s,1) (1) (rs)" ™" fi(r)dr.
Hence,

(Tf) (se’) =2 > VT ) (s),

”

~(5 ) i ool () i)

for (T:f1) (s) = —|—ﬁ fol X(s,1)(7) (rs)l_l filr)ydr for 1 <0

\ ﬁ fol X(s,1)(7) (f)l_l fo(r) rdr for [ > 0.

By our construction,

TSI, =47 Y 1T fillzz 0.,

l=—00

11—« 9

where the measure on L?[0,1] is “(1 —7?) " “rdr”. Thus, to prove our lemma it
suffices to show that

Slllp ||Tl||B(Lg[o,1]) < Oy < 0.

To illustrate the techniques, we show a detailed estimate for ||Ty||p(r20,17). The

other cases follow similarly. For this,
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/1 Ty fo(se™)| 2 (1 —s*)'"sds

=2 [ [ s ([ G e
+2 /O /O fo(a) fol) [ / R 82§:asds] vda ydy.

CLAIM 2.

//fo ) fo(v (/max{uv}w>uduvdv
<5 1 (1) wa

We have

/ / Folw) folv (/max{w} W) udu vdv
<[] 5 ) [(11__;;?}{% ) l(mi})]

(1 — u2)17a (1 — UZ)lfa uduvdv.

Applying Schur’s Test with p(u) = 1, we get that

Similarly,

/vl [(1 _ ugl)ltau(zitavg)l—a In (%)] (1—u?) " udu < 1.
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Therefore,

/01 [( (1= max(e,0?) " | ( ! )] p(u) (1 — 1) udu

1—u2) (1 —ev2) max {u, v}
< Zp(v)
CrLAaM 3.
1 rl min{z, y} 52(1—52)1704
/ fo(z) foly) / Wsds xdx ydy
o Jo 0
4 ! 2 2\ 1«
<= i | fo(x)] (1 — ) xdx
We have

1,1 min{z, y} 52(1752)1—04
/ / fo(z) foly) / Wsds xdz ydy
o Jo 0

- /01 /01 fo() fo(y) %/Om'm{xzv?f} ﬁdé‘] zdz ydy

< ] st ot [ 2 ] v

1

[0

For this term, we take p(z) = T where 8 = 1 — §. Then, calculating, we

get that
/y 1 x? 1 iy < 1 1
— xdx )
o 20 (1= (1—y2) T T da(B a1 (1- )
Similarly,
1] y? 1 1 1 1
o a — rdr < )
/y 20 (1—92)" (1—92)" " (1 —a2)’ da(B—1) (1 -y2)°
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Therefore,

/01 {% (1 — min {2, y;;l)lil gifg})l—a (1 y2)1_0‘} p(z) (1 —2?)' " zde

1 1
- (4@(6-1—04—1) +4a(1—ﬂ))p(y)
1 1

pRvT Ew— (1_5)19(?/) = 3 p(y).

Hence,

/ Tofo(s)]” (1 — %) sds < C? / | fo(s) — 32)1_a sds,

where Cpy = [2+ %] < 3.
Applying Schur’s test for [ > 1 with p(z) = et B =1—%, we get the estimate

C) < %, independent of I. Similarly, for [ < 0 Wlth p( ) =1 and p(x) = for

1
(1—22)?’
each of the two terms, respectively, we get the estimate C; < 6 + %, independent of

[. Thus we conclude that

8
sup 170 Bezz 0,0 < 3

This finishes the proof of the lemma. O

LEMMA 3.3.3. Let B denote the Beurling transform. Then

1B la. < 2 Iflla, f& I (D, dA.).

PROOF. Proof of this lemma resembles the proof of lemma 2.3.5. We will replace

the weight “rdr” by ” (1 — Tz)l_a rdr”. From lemma 2.3.5, we can directly write that

B(f)(se") = > €IBfi(s),



;—22/08 fo(r)rdr+ fo(s) for =0

for Bifi(s) = —2(1—1)s2 /1 {El(_rl) dr — fi(s) for [>1

| 201 - Ds'=2 [ fulr)r'~tdr + fi(s) for 1 <0.

Thus,
1BfI5, = D 1Bifillzz 0

l=—00

where the measure on L2 [0,1] is “(1 —72)' " rdr”.

CLAIM 4.

23
SlllpHBZHB(Lg[o,l]) < . < 00.

Without loss of generality we may assume that f;(s) > 0 for all {. For | < 2,

applying Schur’s test with p(u) = 1 or p(u) = \/Lm we get that ||B||pr2p1)) < 7

Taking the case [ = 0, we get that

| B Pa = stesds = [12F [ e+ gy () PO1— 97
0 0 S 0

§4/0 |S—12/0 fo(r) rdr)*(1 — s*)'"“sds

"‘2/0 | fo (5) P(1 — s*)'“sds

1,1 1 1 — §2)l—agg
:4/0 /0 Jo(u) fo(v) [/max{u,v}< 88)4 2% wduvdy

+2 /1 | fo (5) P(1 — s*)' " “sds
0
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Now, 4 fol fol Fo(w) fo(v) [ friax{u’v} (17521#] uduvdy

:4/11 Usfo(u) udu/s fo(v)vdv] (1 — s?)'Osds
= 4/ / Jo(u) fo(v {/max{u " (- 8?41_(18611 uduvdv
S T A =

_ -«
<2/ / fo(u) fo(v [ u} uduvdv
max{u2,v2}

_ 2/ / Folw) fol) [ C _maX{UQ’""2})M] uduvdy

max {u?, v?}

/ / Jo(w) fo(v (1—u) “udu (1—v2)1_avdv,

where
2 (1 — max {u?,v?}) =

max {u2,v2} (1 —u2)' "% (1 —02)"™

k(u,v) =

By Schur’s Test

//fo ) fo(v (1—u)1 audu(l—UQ)l_avdfu

< (?) / o)l (1= ) ud

if and only if there exists p(u) > 0 a.e. such that for a.e. v >0

/o k (u,v) p(u) (1 — u2)1_a udu < ?p(v).

For this, we will show that

/Ov {M} p(u) udu < %p(v) and /vl {M] plufudu = 4pte).

02 (1 —02) " u? (1 —v2)' ™
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If we take p(u) = then

1
ot

vI92(]1 — 2\ 11—« 2 v
/ {(—U)la] p(u) udu = —2/ uzdu
o LvZ(1l—0?) v Jo

Similarly,

/v1 [M] p(u)udu < 1 édu, (since (1 — uz) I—o < (1 _ 112) 1-ay

u? (1 —02)'

v U2
4!t
[,
1 4
4| — 1 <=
=7
Hence,
! o i-a 16
k (u,v) p(u) (1 —v?) " udu < ?p(v)
0
Thus

+2/ | fo(s)[2(1 — s*)'“sds
31 21_217ad.
< /0|fo(5)|( 2)'sds

The main cases occur for [ > 2. So let [ > 2 be fixed. Then

1

||Blfl||L201]<2(/ | = (I—=1)s fl (1 — s?)! a3d3>

+ | fill 22 0,1-
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Now,

rl2(1 — %) %sds

(I1—1) / ”>|/ X(s.1)
:/0 /0 fi(w) fi(v)K(u, v) (1 — )1 — v*)" " “udu vdv,

min{u,v} 2(1— 2)(1 s2)1-gds

where K(u,v) = (I —1)° 1 llf —a) e (1—o?)—=

We know that

/Olfl(u)fl(v)lC(u,v) (1—u?)'"" (1-0?)"" uduvdv<( ) / i) (1= u?)' ™ udu

(3.3.5)

if and only if there exists p(u) > 0 a.e. s.t. for a.e. v >0

/0 K(u,v)p(u) (1 — u2)170‘ udu < gp(v).

W, it is sufficient to show that

1 1 min{u,v} g21-3 1 l—ag 4
/ [(l —1)* = J il * | udu < =0k
0

ul (1-— u2)1—a «

Taking p(u) =

Since (1+5)!"* < 2and 1 = < 1, we will be done if we are able to show

2 = (1+u)1

1 1 min{u,v} 5213 1 l-ag 4
/ [(l—l2 f 5) i udu < — o',
0

ul (1-— u)1 «

So we are trying to prove that
v 1 u 20— 3 1 - g 2
/ (1—1)*= z Jo 5 udu < =o' and
0 u (1 - u)l—a o'
2
o

ul
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The first inequality holds as follows
v 1 v 20— 3 1 ad
/ (1—1)*= — Jo s * | udu
0 u (1-— u)1

= [ lemvrema-a [ gt

Letting ¢t = (1 — u)® and changing variables, we get that

/0” [(1 — 1) (1 — ) / ul—1<1df “)l_a] "’

l 1 2 21-3 1 1-« (1=e)® dt d
((=1)"s"(1=ys) (=211 | 4P
(1-v)° (1_ta)

vl o0 [ —2+ 1=-s)*
= / —(1=1)%31 =)t b / todt| ds.
0

p:(] p (].71))6k

Il
O\e
Q|+

Therefore,

/Ov {(5— 1)2 il Jo s 21(13_ = : ads} udu

2 | °°< ~3+q)! (1-s)
<= [—1)s* (1 —s) d
_a/o ( ) 2 Z (1=3)!qg (1—s)t i

Changing the variable with ¢ = (1 — u)®, the second inequality holds as follows:
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I —

S— S—  S— — —

o~
' |

(1-v)®
(1—1)*s%73(1 =)t / dat
0

(1—75%

>“] :

= _é (1—1)*s%73(1 - 8)1_ai ( o2 ) /(1—v)a tidt] ds
I p=0 p 0

_ :g Y R ;o;*“ﬂ "
3 [[emuam T ]
2 :(z—1) (1- >‘“<<1_(1_1U))1_3 _1) —
22 v (55825
<2 [a-vesa-spea-o (1) ] o

S [y (27 L

- Kgl ;5 1)( ) o]

(l; { 21z 1;>+ <2z12 2111» (11_—0;2”
<30 Grmeen) (20

1o, v(i=2 2
e S TR VI
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Hence,

/0 K (u,v)p(u) (1 — ug)lfa udu < gp(v).

Case IV. [<0. Let'ssay l = —k, k> 0.

B GE (1=7)' sas

= /1 ’ - 2(/€ + 1)87’{72 /S fl(’f’)rk+1d7” + fl(S)’2 (1 — 52)1_a sds
0

<8(k+1) / 22 / h(r k“dr

+2/ | fi(s) — ) “ sds

(1 — 32)17a sds

Now,

1 s 2
8(k + 1)2/ 5 2(k+2) / filryr™*tdr| (1 - 52)1_a sds
0

=8(k+1) / k+2/f ’““du/f Yok ldo (1 — s2)' ™ sds
=&k+>lAs w”wA 0 (1) filt) u+idu

/ X0 () fiv) " L] (1 — %) sds
0

8(k+1) / / fi(u) fi(v [ b k/ sT2k+2) (1—82)1_a8d8:| uduvdv
max{u,v}

= 4(k + 1)2/0 /0 filw) fi(v [ Rk 1 2 (1 5t ds] udu vdv

max{u2, 7.12}

11 (k1) (1 _ gyt
4(k + 1)2/0 /0 fi(w) fi(v) |:ukvk [ —(15514— 1)) ]{u2 vz}] udu vdv
g/o /0 fi(w) fi(v)K(u, v) udu vdo,
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4(k+1)ukok (max{uQ,vz})i(kJﬂ) (17max{u2,v2})17
(1—u?)' = (1-02)'

where K(u,v) =

We know that

| [ st ) (=) = (1= ?) " wdwodo < 027 [ 1A (1= o) uda
(3.3.6)

if and only if there exists p(u) > 0 a.e. s.t. for a.e. v >0

/ K(u,v)p(u) (1 — u2)1_ap(u)udu < 12p(v).

Taking p(u) = 1, this is obviously true as follows,
A(k + 1)uFor (v2)FF (1 = 2
(1—U2)1 a( U2)1 a

/U
0
v

=4(k+1)v 2 [ u*du
0

)11 (1 - u2)17a udu

u

_ 4 (k + 1)U—k—2 [

k+2}”
k+2

0

And
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Therefore,

/ K (u,v)p(u) (1 — u2)1_a p(u)udu < (4 + 8) p(v) = 12p(v). (3.3.7)

1

B (1= 52) s

<144/ | f1(s) 1—8)1a8d8+2/ |fi(s) —52)1_asds
—146/ | fi(s) 1—3)7asds.

Thus, we conclude that

8 23
sup [|Bil[pzz o) < 15+ = < —.
1 (6] (0]
O
LEMMA 3.3.4. If Q is a multiplier of D, then
(1 - |Z|2) | Q'(2)| < [[Mgllp.) for all z € D.
PROOF. Define ¢ :D —» D as ¢(z) = —2E for all z € D. Now use the

IMgllB(Dy)
Schwartz lemma and the fact that ||¢||en < ||[My||sp,) to complete the proof. [

LEMMA 3.3.5. If H € M (D,), then |H'|?dA, is a D,-Carleson measure with the

constant 4HMHHQB(DQ)~

Proor. To prove the lemma, we need to show that

/ H'PlgPdA, < 4| M|y, llgl[5, for all g € D,
D
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Let g € D, then

/ HP|g?dA, = / \(Hg) — Hy|?dA,
D D
< 2/|(Hg)'\2dAa+2/ \Hy|2dA,
D D
< 2/ |Hg|2da+2/\(Hg)'|2dAa+2/ |Hg'[?dA,
D D D
< 2| Muglld, + 2/ MalB o 1915,

< 4||MH||QB(DQ)||9||ZDU/

This proves the lemma. 0

3.4. Proof of Theorem 2

PROOF. Assume that (A) and (B) of Theorem 2 hold for ' and H, and also
that F' and H are analytic on Dy ,.(0). Our main goal is to show that there exists
a constant, K («) < oo, independent of €, so that for any polynomial, h, there exists
Uy € %Da such that

w15, < K (@) 23,

where we take wu;, = F;—Ilﬁh —QW, W = % Then w,, is analytic and

Mg (uy) = H°h.
We know that
lanlfy, = [ e P o)+ [ 1 () [P dAa)
Condition (B) implies that

/.,

F*H?h

2
T do(t) < 15||h||? (see [Tr1]).
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Hence, we only need to show that

/D (F*H% B Q/W)’

2

< 2|7 (12
o dAa(2) < K (0,
for some K(a) < oo.

Now,
F*H3), —\|I?
/ ( FF* —QW) 14, (2)
D
F*3H2H'h || FH3n' ||
< 2 0 aa, dA,,
_5/D o (z)+5/D o (2)
(a") ")
F*IHB3W F' F*||? 2
+5/ SN dA +5/HQ’WH dA, (2
JD (FF*)* ( i JD ( Z
(Zﬁ) (d”)
—~ ! 2
+5/ o) (W dAa(2).
\]D)
(e”)
Then
F*3H2H'h||? F~ O 2
a" _/ O R A (2 _9/ —— _HH'h|| dA,(z
(a”) g T (2) N Wi (2)

<9 [0 dAu(o)
D

<36 |Mullyp,, 25, by Lemma 6.

2

F*H3n'
FF*

W= [

dAaz) < [ WP dAu(c) < 1,
D
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2 2

F*H3hF'F* F*F'F* H* H

(CN>:/D (FF*) dAa(Z):/D ViE FE i || A
F*F/F* 2
S/D N hl|| dA.(z)

< / IFRIP dAa(z) < 4[R]3,

We use condition (B) and Lemma 3.3.3 to estimate (e”).

(") = / 1Q W12 dAa(2)

) I2dA, i )
< / | (W) 12 (=) (since [[Q(=) 1) < 1)
2 * % 2
< (2&—3) / Q(ngjh dA.(2) (by Lemma 3.3.3)
D

232
<4 (=) |rl5. -
<1 (2) e,

So we only need estimates for (d”). For this, we have

/ 1Q' WP dAu(2) < 2 / QT — Q|2 dAa(z) + 2 / |Q | dAa ().
D JD D

")

1—|Z‘2 —

where W (z) = I8 W (e™) do(t) is the harmonic extension of @ from oD to D.

—7 |1—e—tz|

Lemma 3.3.1 tells us that

/D IQ W2 dAu(z) < 8 [TW 2,

Also, Lemmas 10 and 11 of [KT] imply that there exists a constant, C) < oo,

independent of w and «, satisfying
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W, < GV,

But, as we showed above

Q*F/H?)h
Wi, - [ H
FF*

dA(2) < / I F*h|2 dAu(z) < 4 [1h]..
D

Thus,
L1 WiFas) < G,
where Cy < oo is independent of W and a.

Now we are just left with estimating (f”). We have

—~ 12

(f") :/ QW —Q W| dAu(2)
D
1 [ W(u) T 1— |2 2
/ u — |z — )

= - — dA _ = it do(t dAa

/]D) Q|: T JpU—=Z2 (U) /ﬂ|1_eth|W(6 ) U( ):H (Z>

1 1 s 1 | |2 1 2
= — / —1® —it
RS D @ /DW(U) {u -z * /77 |1 — e~itz] © 1 — ue da(t)} dA(u)|| dAa(z)

1 , [ 1 5 2
= Q/DW(u) == +1_UJ dA(u)|| dA.(z)

L R EES ’

— |z

- Q /W a0 ) dAW)| dAa(2)
= /IIQ (1= [z TW)(2)||” dAa(2)
< H]\i—é)“ ||T(W)||i& by Lemma 3.3.4

2
< E ||MQH HWHA by Lemma 3.3.2

1024
<

By Lemma 9 of [KT], we have that HMQH ( i ) < /86.
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Combining all these pieces, we see that in the smooth case
2 2
lun I, < K(a)*[Alp, ,

where K(a) = Ki|[|[My||lpmo,) + £2, where K; < oo and K, < oo are constants
independent of h, €, and a.

Now applying the compactness argument as in Theorem 1, we can conclude the
theorem.

This ends our proof. U
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CHAPTER 4

GENERALIZED IDEAL PROBLEM

In this chapter, by providing a sufficient condition, we will obtain a general result
for the “Ideal Problem”. Independently, Cegrel, Pau, Trent, and Treil generalized the
ideal problem in H*°(D). The strongest positive known result in this direction is due

to Treil [T3]. Our result is a consequence of Trent’s [Tr1] ideal problem in H*(D).

4.1. Background of Ideal Problem

As we stated in Chapter 1, let fi, fo, ..., fn € H*®(D), and suppose H € H*(D).

(Clearly, the condition

|H(2)| < \/F(2)F(2)* for all z € D

is necessary for the solvability of the Bezout equation F(2)G(z)T = H(z), for all
z € D. However, this condition, as we explained above, is obviously not sufficient.

One can ask if a stronger condition
|H(2)| < C (F(2)F(2)") for all z €D, (4.1.1)

for p > 2 is sufficient for the existence of G = {g;}]_,,9; € M(D) such that
F(2)G(z)T = H(z). It was understood in the early 1980s that the condition is
sufficient for p > 2, but it is not sufficient if p < 2. The question for p = 2 remained
open for almost 20 years, until Treil [T1] showed that the condition (4.1.1) is not

sufficient for p = 2 as well.
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We can consider a more general question, namely to ask for which strictly in-

creasing function a the condition
|H(2)| < F(2)F(2)"a (F(2)F(2)") for all z€ D

implies the solvability of the equation F(2)G(2)T = H(z).
It was shown by Trent [Trl] that the answer is affirmative for any increasing

functions « : [0, 1] — [0, 1] such that

1 1 1 t
/ @dt < oo and / —/ a(u)du dt < co.
o t o tJo

For example, any function of the type

Oé(t) = ! 1+4€? >0
(in ())? (min (1)) ... | nIn...In G) mln...In <%>
mt;:nes m+f1?imes

works.
Then it was shown by Treil [T3] that the answer is affirmative for any increasing

functions « : [0, 1] — [0, 1] such that

1
/ @dt< 00.
o U

That means, the exponent “2” in Trent’s result is not a critical one for H>(D). One

can take any function of the type

oft) = 1 e € > 0.
(1 (1)) (it (3)) e | it (4 ) | | it (1)
) m%es ’ ) m+;1§mes ’
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In this chapter, we will extend Trent’s result to the multiplier algebra on Dirichlet
space. However, it seems quite unlikely that a size condition (C') alone should char-
acterize the solvability of the Bezout equation F(2)G(2)T = H(z) in the multiplier

algebra of Dirichlet space. Because of the involvement of the derivative term in the

112 = / LF()? do () / | £ dA(2

we require some additional condition in terms of H’. Thus a condition as in (D) is

Dirichlet norm

quite natural.

4.2. Generalized Ideal Theorems on M (D)

THEOREM 3. Let {f;}72, C M(D) and H € M(D). Assume that

3
2 gnd

(C) |H(2)| < (F(2) F(2)")

(D) |H'(2)] < ClO(F(2) F(z)*)%] forall z€ D and for some constant C < oo,
then there exists G(2) = (g1(2), g2(2),...), g; € M(D) so that

H(z) = F(2)G(2)" forallz€D and

[|Mc|| < Co for some constant Cy < o0.

PROOF. Applying the argument as in Theorem 1, and with given conditions (C)
and (D), it’s enough to show that there exists C' < oo so that for any fixed h € D,

there exists u;, € & D such that
1
_ 2 2
Fu, = Hh, and [[u||p < C||h||p-

Here, we will take
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F*Hh = Q*F™*Hh

One should understand that the functions F and H are taken to be smooths up to

the boundary and the obtained constant C' would be a uniform constant so that we

can allow the compactness argument, as before, to complete the proof.

Using the definition of Dirichlet norm,

lanlly = [ (eI dr(0) + [ 1w (2)) [P aACe)

Condition (C) implies that

F*Hh
FF*

do(t) < (15)%||h]|2, (see [Trl]).

Hence, we only need to show that

2

F*Hh —~\'
(e - QW) || aac) < ctial
for some C] < o0.
Now
F*Hh 117 rerny | |2
< — <
H( e QW) dA(z) < 2 ( — ) dA(z)+2/D (Qw) dA(2)
F*H'h||? F*HK||?

<
< S/D T dA(z) + 5/1@ T dA(z)

-~ (®"")
(a’)
2

F*HWF'F*
+5/ SRS dAG +5/HQ WH dA(2)
Jo | )
(@) (@)

+§/H@ (W) 1P dA).

I//)
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Then,

2

F*H'h|]? F* H
a/”:/ dA(z </ ———h| dA(z
(a") |\ FF (>_D\/W\/W (2)
< ||hll3 ( using (D)).
F*HI ||?
ny _ A < h/ 2 A
o= [ || a0 < [P aac)
< |12l
F*HhF'F*||? * FF~ H |
c"’:/— dAz:/ hll dA(z
) ol (FF*)? =) | VFF*FF~ FF* 2)
F'F*
< hl|? dA(z
< [ I bl A
FF/*F/F*
= [ ||=———"—h| a4
L] aae
< [ FehlPaac)
D
< 4]n3.
Using Lemma 2.3.5 on the Beurling transform, we get that
2 Q*F/*Hh 2
e :/HQW’ dA(z) < 132/ QX2 qA(»
(") s (2) ()D FEP (2)
Q ’
= (13 2/ F™*h|| dA
WY NV viE FEr 2)

< (13 / |F*h|? dA(2)

< (26)°||Al[p-
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Now we are left with estimating (d”). But we can easily see that the (d”) is

dominated by 4(d') of Theorem 1 as follows:

2

Q*F*Hh
W = / QTR 40

(FF*)”

2

dA(z)

= / CANy -
D /FF* (FF*)3/2

< / F*h
D

< 4|h||%.

*dA()

Hence,

(@") = / 1Q WI? dA(z) < 2 / QW - Q/?v\u?dA(zz 2 / |QTWI? dA(2).

(F)

As in Theorem 1,
[ 1QWIF aa) < s (W1 + I72)
Also, we have just shown above that
W% < 41215

and

—~ 7r o~ 2
W= [ ()] oty <35 m.

Thus,
/D |QWI2dA(=) <8 [4][h]% + 15 [[4]]%]
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Again, as in (f’), we have that

. Mo|? 1720
) < 0 W e (120 g,

Collecting all these pieces, we see that

2 2
lunllp < KAl

where K is a uniform constant, independent of h.

This ends our proof.

THEOREM 4. Let {f;}2, C M(D) and H € M(D). Assume that

(C) [H(2)] < (F(2) F(2)") o(F(2)F(2)") and

(D) [H'(2)] < 10(F(2) F(2)*) | a(F(:)F(2)") for all 2 € D,
where v is an increasing, onto C'-smooth function such that «(0) = 0,
<\/_/ dt<oo and/ / u)du dt < oo.
Then there ezists G(z) = (g1(2), g2(2),...), gj € M(D) so that

H(z) = F(2)G(2)" forallz€D and

[|M¢g|| < Cy for some constant Cy < 0.

PROOF. Proof of this Theorem follows from the proof of Theorem 3.

REMARK 2. Both Theorems 3 and 4 hold true on weighted Dirichlet spaces.
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CHAPTER 5

FUTURE RESEARCH

As we solved the ideal problem in Dirichlet space and weighted Dirichlet spaces,
this led us to think about similar problems in other RKHS with complete Nevanlinna-
Pick kernels. In this chapter, we will mention some open problems and our progress

towards the results.

5.1. Corona Theorem and Wolff’s Ideal Problem in (), Spaces.

DEFINITION 5.1.1. Forp > 0, Q, spaces are the space of analytic functions with

norm
11, = [ VPdo s [ 17 (1= o) dAG) < .
where pq(2) = {== 1is a mébius map and p € (0, 00).

The usual “Corona Theorem” in the Banach algebra H*°N(), was proven by Nico-
lau and Xiao in [NX]; and later Pau [P] proved the corona theorem on the multiplier
algebra of (), spaces. Both proofs were valid only for a finite number of generators.

Two important questions arise:

PROBLEM b5.1.1. Can we extend the corona theorem for an infinite number of

generators on M(D)?

PROBLEM 5.1.2. Eztension of Wolff’s theorem on M(Q),).
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5.2. Ideal Problem in Drury-Arveson Spaces.

DEFINITION 5.2.1. Let B,, be the unit ball in C". Let dz be Lebesque measure on
C" and let d\,(2) = (1 —|2|2) " " dz be the invariant measure on the ball. For an
integer m > 0 and for 0 < o < oo, 1l <p<oo, m+o < g, we define the analytic
Besov-Sobolev spaces By (B,,) to consist of those holomorphic functions f on the ball

such that

m—1 1/p
{Z|f(k’(0)l”+ [ la=tzpm ) dAn<z>} < o0.

Here f™ is the m* order complex derivative of f. The spaces By (B,) are inde-
pendent of m and are Banach spaces with the norm given above.

For p = 2, these are Hilbert spaces with the obvious inner product. This scale of
spaces includes the Dirichlet spaces Bo(B,,) = BY(B,,), weighted Dirichlet-type spaces
with 0 < o < 3, the Drury-Arveson Hardy spaces H? = BQ% (B,) (also known as

the symmetric Fock spaces over C"), the Hardy spaces H*(B,,) = BQ%b(IB%n), and the

weighted Bergman spaces with o < 3.

PROBLEM 5.2.1. Let f,h € M(H?) and |h(2)| < |f(2)| for all z € B". Can we

show
W e Z({f})?
For this, we aim to show that
h3
3 € M(HZ2)?

PROBLEM 5.2.2. Eztension of this result to a finite number of multipliers.
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5.3. Ideal Problem in Dirichlet-Type Spaces.

DEFINITION 5.3.1. Let pu be a positive finite Borel measure on the unit circle T,

and let P, be its harmonic extension to D, 1.e.

The corresponding D(p) space is defined to be the set of analytic functions f for
which

Do) i= [ 11 PP 4A) < o
In particular, if p is taken to be the mormalized Lebesgue measure on T, then

P,(z) =1, z € D and therefore D(u) = D, the classical Dirichlet spaces.

Shimorin [S] showed that the D(u) spaces have complete Nevanlinna-Pick kernels.

Recently, Luo [L] has proved the analogue of “Carleson’s Corona Theorem” in

M(D(n))-

PROBLEM 5.3.1. Can we extend our result to M(D(u))?
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