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Abstract— A hybrid exoskeleton that combines functional
electrical stimulation (FES) and a powered exoskeleton is an
emerging technology for assisting people with mobility disorders.
The cooperative use of FES and the exoskeleton allows active
muscle contractions through FES while robustifying torque
generation to reduce FES-induced muscle fatigue. In this article,
a switched distribution of allocation ratios between FES and
electric motors in a closed-loop adaptive control design is
explored for the first time. The new controller uses an iterative
learning neural network (NN)-based control law to compensate
for structured and unstructured parametric uncertainties in the
hybrid exoskeleton model. A discrete Lyapunov-like stability
analysis that uses a common energy function proves asymptotic
stability for the switched system with iterative learning update
laws. Five human participants, including a person with complete
spinal cord injury, performed sit-to-stand tasks with the new
controller. The experimental results showed that the synthesized
controller, in a few iterations, reduced the root mean square error
between desired positions and actual positions of the knee and
hip joints by 46.20% and 53.34%, respectively. The sit-to-stand
experimental results also show that the proposed NN-based itera-
tive learning control (NNILC) approach can recover the asymp-
totically trajectory tracking performance despite the switching
of allocation levels between FES and electric motor. Compared
to a proportional-derivative controller and traditional iterative
learning control, the findings showed that the new controller can
potentially simplify the clinical implementation of the hybrid
exoskeleton with minimal parameters tuning.
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I. INTRODUCTION

NEUROLOGICAL injuries such as stroke and spinal cord
injury (SCI) impede standing and walking activities,

causing significant mobility challenges for people with these
disorders. Functional electrical stimulation (FES) is a potential
technology to restore standing and walking functions. FES
was used for the first time in the 1960s by Kantrowitz [1]
and Liberson et al. [2] to correct drop foot. Since then,
FES has been used for restoring more complex human
lower limb functions such as walking [3], [4] and standing
up [5]–[9]. FES enables active muscle contractions, which
promotes its therapeutic benefits such as increasing metabolic
energy consumption, increasing neuroplasticity [10], improv-
ing cardiovascular fitness, preventing muscle atrophy, and
increasing bone density [11]. Despite the progress made in the
field of FES and its benefits, the rapid onset of FES-induced
muscle fatigue remains a major technical hurdle because the
consequent reduction in muscle force limits the duration of
sit-to-stand and walking activities.

A powered exoskeleton is an alternative rehabilitation tech-
nology for enabling people with paraplegia caused by SCI
to regain lower limb functions [12]–[17]. However, unlike
FES, which elicits active muscle contractions, the powered
exoskeleton passively enables limb movements. Additionally,
current powered exoskeletons need considerable battery power
because of high energy consumption during walking, limiting
their portability.

Hybrid exoskeletons that combine a powered exoskele-
ton with an FES system exploit each technology’s bene-
fits and overcome their shortcomings [18]–[20]. A hybrid
exoskeleton can offset FES-induced fatigue effects that
reduce muscles’ force-generation capability. Furthermore,
the use of FES can potentially reduce actuator size
and battery usage and thus increase the hybrid device’s
portability [18], [19], [21]–[24].

A cooperative strategy is a hybrid exoskeleton control
approach where both FES and the exoskeleton contribute to
the desired joint torque. Recent powered exoskeleton control
techniques such as model-based feedback linearization [25]
and Jacobian linearization [15], when used in the hybrid
exoskeleton, may not guarantee exponential convergence. This
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technical challenge is primarily because of the presence of
modeling uncertainties in the FES-driven musculoskeletal sys-
tem. Because of the day-to-day variations and interperson
variations in the musculoskeletal modeling parameters and
the tedious process needed to identify the musculoskeletal
model [20], clinical implementation of model-based con-
trollers is nontrivial. Model-based approaches may be com-
bined with an adaptive or robust term for coordinating FES
and the exoskeleton. In [21], a cooperative and adaptive
muscle control loop simultaneously controlled stimulation of
the hamstrings and quadriceps muscles and the hip and knee
electric motors during level walking. The muscle control loop
utilized joint torque profiles from previous steps to shape the
subsequent steps’ muscle stimulation profiles. In [26], the con-
trol strategy combined a proportional-integral-derivative (PID)
controller for an active lower limb exoskeleton with an
event-based FES stimulation trigger during the extension sub-
phase to cooperatively produce substantial assistive torque.

Unlike the approaches in [19], [21], and [26], our previous
work focused on incorporating muscle fatigue dynamics in the
cooperative control design. A nonlinear model predictive con-
troller was used to optimize coordination between FES and an
electric motor during a knee joint control task [20]. A desired
allocation ratio distributed the joint limb torque between FES
and the electric motor. An update strategy would change the
allocation ratio based on the fatigue dynamics while regulating
a desired knee joint angle. For example, the allocation ratio
is set as 1 (FES): 0 (motor) when the muscle is not fatigued
and 0 (FES): 1 (motor) when the muscle is fully fatigued,
with intermediate allocation values in between. However, this
approach was limited to a single joint and was not robust
to modeling uncertainties. In [22], [23], and [27], a muscle
synergy-inspired controller used a set of synergy blocks to con-
trol different muscle groups and multiple electric motors dur-
ing walking or swing-like leg movements. Each synergy acted
as a set of allocation ratios for different actuators. A robust
adaptive term modified the coefficients of a combination of
synergies to compensate for the muscle fatigue, and a modified
PD controller provided robustness to modeling uncertainties.

The muscle synergy-inspired controllers in [22], [23],
and [27] enable automatic allocation of effort between FES
and the powered exoskeleton and have been shown to provide
good performance. However, their control design may not
guarantee desired joint torque levels or system stability if
the control allocation ratios are manually switched. In some
situations, a therapist/clinician may prefer a switched manual
allocation ratio between FES and the electric motor. For
example, a therapist/clinician may choose an appropriate train-
ing mode of the hybrid exoskeleton for patients at different
rehabilitation training stages or different muscle fatigue levels.
The novel control method developed in this article enables
a therapist/clinician to train a patient in different training
modes and lets them arbitrarily switch the allocation ratio
without fear of device instability. Therefore, we propose a
cooperative control strategy that can handle the arbitrarily
switched allocation ratios between FES and electric motor.
The predetermined allocation ratios can be switched arbi-
trarily based on an external command or a fatigue-based
update strategy. The proposed controller also uses virtual

constraint-inspired desired trajectories. Virtual constraints are
time-invariant profiles that were originally used for bipedal
robots as reference trajectories in [28] and [29] and have
recently been used for wearable robot control [25], [30]–[32].

This article’s main contribution is the design of a unique
adaptive cooperative control framework that distributes a
top-level torque between FES and the electric motor through
allocation coefficients that can be manually switched during
a sit-to-stand task with multiple DOF hybrid exoskeletons.
Unlike our previous work on torque allocation between FES
and the electric motor, where full or partial model knowledge
was required for control design [20], [22], [23], [27], the novel
proposed control method can learn unknown system dynamics
for a repeated sit-to-stand task by using a neural network (NN)
control design in an iterative learning control (ILC) frame-
work. ILC is especially helpful to achieve good trajectory per-
formance in repetitive rehabilitation tasks [33]–[35]. NN-based
controllers have been extensively investigated for nonlinear
control systems with unstructured dynamics or modeling
uncertainties [36], [37]. The proposed novel NN-based ILC
method can learn parametric uncertainties, including not lin-
early parameterizable and highly nonlinear terms, by choosing
a suitable number of neurons and NN layers. There are two
NNs in the proposed controller. The first NN compensates for
the unstructured nonlinear terms in the system dynamics, and
the second NN compensates for the unknown input distribu-
tion matrix for FES input. A discrete Lyapunov-like stability
analysis proves asymptotic stability for the adaptive switched
system with iteratively learning update laws. To the best of the
authors’ knowledge, a switched distribution of control alloca-
tion ratios in a closed-loop adaptive control design is currently
unexplored for hybrid exoskeleton control. Additionally, it is
unknown whether a traditional continuous Lyapunov function
candidate would facilitate stability analysis of the arbitrarily
switched allocation ratios. Compared to our previous work
in [38] and [39], this article presents a more detailed controller
derivation, stability analysis, and extensive experiments with
a hybrid exoskeleton on five participants (including a patient
with complete spinal cord injury) for a sit-to-stand task.
Furthermore, the proposed NN-based ILC method’s effective-
ness and advantages are evaluated through the experimental
comparison study to traditional proportional-derivative control
and a pure ILC method.

II. GENERAL HYBRID EXOSKELETON

LOWER LIMB MODEL

The dynamics of a general N degrees of freedom (N-DOF)
hybrid exoskeleton can be written as

M(q)q̈ + C(q, q̇)q̇ + G(q)+ τ p = τ in (1)

where q ∈ R
N is defined as q = [θ1, θ2, . . . , θN ]T . θi

(i = 1, 2, . . . , N) is the angular position of the i th linkage.
C(q, q̇) ∈ R

N×N is the Centripetal-Coriolis matrix, M(q) ∈
R

N×N is the inertia matrix, G(q) ∈ R
N is the gravitational

vector, and

τ in = BE (q, q̇)uE + BM uM (2)

where BE (q, q̇) ∈ R
N×N is the FES input distribution

matrix [22], [23], [27], BM ∈ R
N×N is the powered motor
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input distribution matrix [22], [23], [27], uE ∈ R
N is the

normalized muscle stimulation, and uM ∈ R
N is the motor

torque input. In (1), τp ∈ R
N is the passive moment of the

targeted joint caused by the viscosity and elasticity of the
targeted muscles. Detailed definitions of BE , BM , and τp are
in [20], [22], [23], [27]. The dynamics in (1) can be rewritten
in state space form as

ẋ = f (x)+ gE (x)uE + gM (x)uM (3)

where x = [qT , q̇T
]T

. f (x), gE (x), and gM(x) are given as
the following expressions, respectively,

f (x) =
[

I N×N q̇
M(q)−1(τ p − G(q)− C(q, q̇)q̇)

]
,

gE (x) =
[

0N×N

M(q)−1 BE (q, q̇)

]
,

gM(x) =
[

0N×N

M(q)−1 BM

]
.

III. MOVEMENT PROFILE DESIGN AND OPTIMIZATION

A sit-to-stand movement profile is designed offline through
an optimization process. The desired profile is used later dur-
ing the controller implementation. In the optimization process,
a hybrid exoskeleton movement is simulated in a closed-loop
control scheme with various virtual constraint candidates [29].
The details of the optimization process are provided hereafter.

Define hd(θ(q)) ∈ R
N as a desired virtual constraint

function that is represented with the Bezier polynomials given
follows:

hd(θ(q)) =

⎡⎢⎢⎢⎣
b1(w(q))
b2(w(q))

...
bN (w(q))

⎤⎥⎥⎥⎦ (4)

where

bi(w) =
M∑

k=0

�k
M!

k!(M − k)!w
k(1 −w)M−k . (5)

In (5) M ∈ Z is the number of Bezier polynomial terms, �k

is the parameter that is determined through optimization, and
w is calculated according to the following equation:

w(q) = θ(q)− θ+

θ− − θ+ (6)

where θ+ and θ− are the maximum and minimum values of
θ(q), respectively, and θ(q) = ζ1θ1 +ζ2θ2+· · ·+ζNθN . ζi ∈ R

(i = 1, 2, . . . , N) is elaborately chosen such that the phase
variable, θ(q) is monotonically increasing (or monotonically
decreasing). In this article, a sit-to-stand task is chosen for
investigating the performance of the controller. For the sit-
to-stand task, it is common that the knee joints’ trajectories
change monotonically, either increasing or decreasing, based
on a chosen coordinate. Therefore, both the right or left knee
joint angle could be selected as the phase variable. Each leg
cannot have an independent phase variable because it causes
miscoordination and misalignment between the right and left

Fig. 1. Flow chart of the virtual constraints optimization.

legs. Therefore, in this article, we only selected the right knee
joint angle as the phase variable to coordinate both legs’ joints.

Additionally, because all joints, including the right knee,
are actuated, one of the joints (here the right knee) follows a
predesigned time-dependent trajectory. All other joints use the
actual right knee angle (not the desired right knee angle) as
the phase variable. It should also be noted that the right knee
desired velocity is also a function of the right knee phase
variable.

To obtain an optimal movement, the value of �k in the
Bezier polynomials in (5) can be determined using a GAPSO
optimization algorithm [40]. The following cost function is
defined based on the minimum control effort criteria:

min
�k

J = 1

2L

t f∫
0

τ T
inτ indt

+ 1

2

[
hs

(
qd f

)
− hd

(
θ
(

qt f

))]T

P
[
hs

(
qd f

)
− hd

(
θ
(

qt f

))]
s.t. M(q)q̈ + C(q, q̇)q̇ + G(q)+ τ p = τ in (7)

where t f is the standing duration time, L is a normalizing

constant, hs

(
qd f

)
∈ R

N is an independent joint angle func-

tion, P ∈ R
N×N is a weight matrix, qd f

is the vector of
the desired final conditions, and qt f

is the vector of the final
standing angular positions. The flowchart in Fig. 1 shows the
optimization process.

IV. CONTROLLER DESIGN

In this section, a robust NN-based iterative learning con-
trol (NNILC) method with the consideration of the arbitrar-
ily switched allocation ratios between FES and exoskeleton
motors is designed. First, the output error term e ∈ R

N is
defined as

e = h(q) = hs(q)− hd(θ(q)) (8)
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where hs(q) ∈ R
N is also an independent joint angle function.

The control objective is to force hs(q) to follow hd(θ(q)) or,
in other words, to drive the error e in (8) to zero over multiple
iterations. After taking the second-order time derivative of (8),
the following differential equation can be obtained:

d2e
dt2

= L2
f h(q)+ L gE

L f h(q)uE + L gM
L f h(q)uM (9)

where L2
f h(q) is the second-order Lie derivative of h(q) and

L gM
L f h and L gE

L f h are the decoupling matrices.
To facilitate the design of an ILC, ē(i)1 , ē(i)2 , u(i)1 , and u(i)2 ∈ R

are defined as ē(i)1 = ei , ē(i)2 = ėi , u(i)1 = uEi , and u(i)2 = uMi ,
where i represents the i th element of the corresponding vector.
Using (9), the errors because of the ILC in the kth iteration
can be rewritten as

˙̄e(i)1,k = ē(i)2,k

˙̄e(i)2,k = σ T (i)
v
(i)
f1,k

+ v
(i)
f2,k

+ �
(i)
k u(i)1,k + v(i)g u(i)2,k + v

(i)
d,k (10)

where k denotes the kth iteration, v
(i)
f2,k

+ σ T (i)
v
(i)
f1,k

is equal to

the i th element of L2
f h(q), and v(i)g and �

(i)
k are equal to the

i th element of L gM
L f h(q) and L gE

L f h(q), respectively, for
the i th input. σ T (i)

v
(i)
f1,k

is the linearly parameterizable part of

L2
f h(q), and v

(i)
f2,k

is the not linearly parameterizable part of

L2
f h(q). In (10), v

(i)
d,k is the system disturbance term because

of modeling uncertainty and is bounded by∣∣∣v(i)d,k

∣∣∣ ≤ v̄d ∈ R
+. (11)

Without loss of generality, the superscript i (i =
1, 2, . . . , N) will be dropped hereafter. σ T is an unknown
state-independent function, which will be learned by an itera-
tive learning method, and v f2,k and �k will be learned by NNs.
v f2,k and �k are represented by two NNs as

v f2,k = W T �k(V T Xk)+ ε1,k(Xk) (12)

�k = RT φk(Xk)+ ε2,k(Xk) (13)

where Xk ∈ R
2N+1 is the augmented input vector for two NNs

and is defined as Xk = [
1 xT

k

]T
, where xT

k = [
qk

T , q̇k
T
]T

.
The NNs’ ideal weight matrices are W ∈ R

N2+1, V ∈
R

2N+1×N2 , and R ∈ R
N� . The input layer is made of 2N + 1

neurons, N2 and N� are the number of neurons in the hidden
layer of the NNs, and N is the number of output layer neurons.
The NN activation function in (12) that maps the input layer
to the hidden layer is denoted as �k : R

N2 → R
N2+1. The

activation function in (13) that maps the input layer to the
output layer is denoted as φk : R

2N+1 → R
NΩ . The unknown

functional reconstruction errors for the two NNs are denoted
as ε1,k ∈ R and ε2,k ∈ R and are bounded as

∣∣ε1,k

∣∣ ≤ ε̄1 and∣∣ε2,k

∣∣ ≤ ε̄2, where ε̄1, ε̄2 ∈ R
+. The estimates of the ideal NNs

that approximate v f2,k and �k will be learned in an iterative
fashion. The kth iteration of their estimates, denoted as v̂ f2,k

and �̂k , are represented as

v̂ f2,k = Ŵ
T
k �k(V̂ k Xk) (14)

�̂k = R̂
T
k φk(Xk) (15)

where Ŵ k ∈ R
N2+1, V̂ k ∈ R

2N+1×N2 , and R̂k ∈ R
N� are the

estimates of ideal weights in kth iteration.

A. Top-Level Controller

Now we introduce the closed-loop controller that is com-
monly used by FES and the exoskeleton. The closed-loop
feedback component, Uk , is defined as

Uk = −F1,k − v̂ f2,k − σ̂kv f1,k (16)

where σ̂k is an estimate for σ and is computed as

σ̂k =
{
σ̂k−1 − bqv f1,k (γ sk), k > −1

0, k = −1
(17)

where bq ∈ R
+ is a positive constant and sk ∈ R is a sliding

surface. Note that the first iteration (here the first sit-to-stand
iteration) starts from k = 0. In each iteration σ̂k is obtained
based on the previous iteration, hence a predefined value of
σ̂k for use in the first iteration. sk is evaluated as

sk = λ1e1,k(t)+ λ2e2,k(t) (18)

where λi ∈ R
+ (i = 1, 2) are positive constants. In (16), F1,k

is described as

F1,k = 1

λ2

(
λ1ē2,k + λ2

(
α3sk + 4

3
α2sgn(sk)

)
− λ2vk

)
(19)

where α2, α3 ∈ R
+ and vk ∈ R are an integral terms that are

defined as

v̇k = −β1sk − β2vk (20)

where β1 and β2 ∈ R
+ are positive constants.

B. FES Controller

The controller in (16) is assigned to FES as an input u1 at
the kth iteration as

u1,k = −ιnψ−1
k Uk (21)

where ιn is an FES allocation coefficient and ψk is defined as

ψk = �̂k + (�(�̂k
)+ β

)
(22)

where ψk is designed to avoid a singularity in ψ−1
k when �̂k

is equal to zero. The spectral radius of �̂k , �k
(
�̂k
) ∈ R

+,
and a control gain, β ∈ R

+, are added to ψk to avoid the
singularity [41], [42].

C. Electric Motor Controller

The controller in (16) is assigned to the electric motor as
an input, u2,k, as

u2,k = −ςnv
−1
g Uk (23)

where ςn is an allocation coefficient for the electric motors.
The pair of allocation coefficients (ιn , ςn) are introduced to
deal with the input redundancy and can be switched arbitrarily
as long as the following conditions are satisfied:

ιn + ςn = 1 (24)∣∣u1,k

∣∣ ≤ 1. (25)

Remark: u1,k is a normalized stimulation variable that is
mapped to an actual stimulation amplitude using a recruitment
mapping [43], [44]. Because of saturation, the normalized
variable may saturate and become equal to 1, but this does
not affect stability because of the use of additional feedback
from the electric motor in (23).
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D. NN Update Laws

Based on the subsequent stability analysis, weight matrices
for NNs in (14) are calculated as

Ŵ k j = Ŵ (k−1) j − κ1
∂Eb

∂Ŵ (k−1) j

(26)

V̂ k j = V̂ (k−1) j − κ2
∂Eb

∂ V̂ (k−1) j

(27)

where κ1 ∈ R
+ and κ2 ∈ R

+ are user-defined positive
constants and Eb is defined as

Eb = 1

2

(
v̂ f2,k − v̂ f2,k−1 + ξγ sk

)2
(28)

v̂ f2,k = 0 when k = −1 (29)

where ξ ∈ R
+ and γ ∈ R

+ are positive constants. Note that the
first iteration (here the first sit-to-stand iteration) starts from
k = 0. In each iteration, v̂ f2,k is obtained based on the previous
iteration. Accordingly, a predefined value of v̂ f2,k when k = −1
is used in the first iteration. Additionally, based on subsequent
stability analysis, the following update law is designed for R̂k

in (15):

˙̂Rk = φk(Xk)u1,ksk . (30)

E. Stability Analysis and Finite Time Convergence

Theorem 1: The control inputs in (21) and (23) ensure
asymptotic stability of the subsystems in (10) (∀ i=1, . . . , N),
i.e., ē(i)1 approaches zero with time despite arbitrary switching
of allocation coefficients (ιn , ςn) that are constrained as in (24),
provided that the control gains are chosen as β2 > 2 and
α3 > 2/λ2, where β2 and α3 are defined in (19) and (20).

The details of stability analysis for our novel control algo-
rithm are provided in the Appendix.

V. EXPERIMENTAL PROCEDURE AND RESULTS

The experimental study was approved by the Institutional
Review Board (IRB) at the University of Pittsburgh (IRB
approval number: PRO 14040419) and North Carolina State
University (IRB approval number: 20533). All participants
signed an informed consent form before participating in the
experiments. Four participants without any neuromuscular
disorders were involved in this study (Age 24.3±0.9, all male).
One participant with complete SCI was also involved in this
study (Age 51, male, injury level: T11).

In Fig. 2, the experimental setup and control algorithm
are illustrated. The testbed consists of two DC brushless
servo motors (Harmonic Drive Company, USA), which have a
maximum speed of 30 revolutions per minute (RPM) for both
hips, two 90-watt DC motors (Maxon Motor Inc., Switzerland)
for both knees, and two sets of FES electrode pads for the
quadriceps muscles. The gearbox ratio for both knee and
hip joints is 100:1. Two incremental optical encoders with
4000 pulses per revolution (PPR) resolution were used to
measure hip joint angles, and two inductive encoders with
4096 PPR resolution were used to measure knee joint angles.
In this experimental setup, the exoskeleton joint motors are not

Fig. 2. Hybrid exoskeleton testbed used for the experiments and the diagram
of the control algorithm.

backdrivable. Our goal was not to use FES solely. Therefore,
using backdrivable motors was not essential. Additionally,
the quadriceps muscle group is the single directional agonist
muscle group, and it was used for single directional knee
extension work for a sit-to-stand task. Therefore, during coop-
erative control, the FES-based muscle forces and knee joint
motors will not be against each other.

A biphasic stimulation train was applied to the surface
electrodes using a RehaStim 8-channel stimulator (Hasomed
Inc., DE), where the pulse trains had a frequency of 35 Hz and
the stimulation pulsewidth was chosen as 400 μs. For ensuring
patient safety, several precautions were taken, including an
emergency stop button held by a researcher to cut power to
the device, and another emergency button on the walker, which
was accessible to the participant. Several safety measures
incorporated in the motor controller limit the maximum joint
angles to prevent hip hyperextension and knee hyperextension.
The controller was programmed in Simulink (MathWorks
Inc., USA) and implemented using a real-time target machine
(Speedgoat Inc., Liebefeld Switzerland) with a frequency
of 350 Hz, which modulated the stimulation current amplitude
and the current amplitudes of the exoskeleton motors during
the experiments. Both the thigh and shank frames of the
exoskeleton are designed to be length adjustable to meet
the requirements of different participants. The width of the
stabilization belt on the waist can also be adjusted to fit the
participants.

The participants were instructed to relax and avoid any
voluntary interference with the exoskeleton through the entire
experimental procedure. Also, to further minimize the volun-
tary interference with the hybrid exoskeleton control, the par-
ticipants were not allowed to view the control performance
or the desired virtual constraints on the computer screen.
Four sets of experiments on each participant were conducted
to evaluate the newly proposed ILC. Each experimental set
included four iterations. Each iteration of the sit-to-stand
procedure was run for 20 s. This time duration was designed
as per the participant’s convenience to use the exoskele-
ton. The desired movement profile allows a participant to
achieve a sit-to-stand in about 5–7.5 s. The remaining time is
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Fig. 5. Hip joints angular profiles, tracking errors, and control inputs of Participant 1 for the 1st iteration and the 4th iteration, where ιn = 0.2 and ςn = 0.8.

Fig. 6. Snapshot sequences of Participant 5 with complete SCI for a sit-to-stand scenario.

those of the left knee. This is because the virtual constraints,
used as the desired profiles for the joints, take the right joint
angular position as the base, and the other joints’ desired
profiles are derived based on the right joint’s actual angular
position. Therefore, the right knee joint leads the left knee
joint during the movement and at the initiation of the task.
Because the right knee joint is the joint that initiates the task,
it needs higher torque, and the tracking is more challenging
for this joint.

The control input for SCI participant, shown in Fig. 7,
is more oscillatory in comparison to the control input of the
able-bodied participant in Fig. 5, because higher control gains
were used for the SCI participant. The results in Figs. 7 and 8
show that the final knee and hip joint positions are greater
than zero. The reason is that different desired profiles are
applied for Participant 5 because his knee and hip joints cannot
be extended to the straight position due to joint contractures.
Therefore, to support the participant’s final standing posture,
the knee and hip joints’ motors and FES are required to

generate nonzero inputs even toward the end of the experi-
ment. Fig. 9 provides a representative result (Participant 5)
to depict how the estimates of the linearly parameterizable
part, σ̂ v f1 , and the estimates of the not linearly parameter-
izable part, v̂ f2 , of the system model adapt over multiple
iterations.

Root mean square error (RMSE) between each joint’s
desired and actual joint trajectories was calculated during
each sit-to-stand trial. Under the allocation coefficients of
ιn = 0.1 and ςn = 0.9, the mean RMSE values in each
iteration on both knee and hip joints from each participant
are summarized in Table I. In addition, the last rows of
the upper and lower halves in Table I provide the RMSE
improvement percentage between the 1st and 4th iterations.
According to this table, overall, after four iterations, RMSE
mean values of the knee and hip joints were improved by
46.20% and 53.34%, respectively. Fig. 10 further shows the
RMSE percentage of each iteration over the 1st iteration on
both knee and hip joints from each participant. According to
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Fig. 7. Knee joints angular profiles, tracking errors, and control inputs of Participant 5 in the 1st and 4th iteration.

Fig. 8. Hip joints angular profiles, tracking errors, and control inputs of Participant 5 in the 1st and 4th iteration.

this figure, for Participant 1, RMSE of the right knee, left knee,
right hip, and left hip were improved by 53%, 59%, 59%, and
62%, respectively. Similarly, for Participant 2, RMSE of the
right knee, left knee, right hip, and left hip were improved
by 43%, 46%, 60%, and 61%, respectively. Furthermore, for
Participant 3, a similar trend of improvement can be seen such
that RMSE of the right knee, left knee, right hip, and left hip
were improved by 40%, 46%, 53%, and 50%, respectively.
Finally, for Participant 5 (SCI participant), RMSE of the right
knee, left knee, right hip, and left hip were improved by 63%,
44%, 41%, and 63%, respectively.

To determine the robustness of the developed control
method to the switching allocation between FES and exoskele-
ton motors, the allocation ratio was switched twice during the
experiments. We changed the exoskeleton motors and FES
allocation ratio from ςn = 0.7, ιn = 0.3 in the first set of
iterations to ςn = 0.8, ιn = 0.2 in the second set of iterations
and ςn = 0.9, ιn = 0.1 in the final set of iterations. The results
of this switching on Participant 1 can be seen in Fig. 11.
In this figure, RMSE of joint angular positions for different
iterations and for the two switching scenarios are shown. It can
be observed that after switching, the system remains stable,
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Fig. 9. Linearly parameterizable part estimation, σ̂ v f1 , and the not linearly parameterizable part estimation, v̂ f2 , of the system dynamics for Participant 5
with complete SCI.

TABLE I

RMSE MEAN VALUES OF JOINT ANGULAR POSITION TRACKING RESULTS ON EACH PARTICIPANT IN DIFFERENT ITERATIONS
WHERE ιn = 0.1 AND ςn = 0.9 (RK: RIGHT KNEE, LK: LEFT KNEE, RH: RIGHT HIP, LH: LEFT HIP)

and the RMSE continues decreasing under the same allocation
ratio. Although the trajectory tracking errors increase initially,
the system starts to learn and reduces the error again.

A. Comparison with Existing Controllers

Another issue that may arise when deploying a new control
method is the question about the benefits of the new method
over the previous method(s). We mentioned the benefits of
the novel NNILC in the introduction section. To show its
benefits, the NNILC was compared experimentally with a PD
control method and an ILC method developed in [45]. This
ILC method was implemented as

Uk = −F2,k − σ̂kv f1,k

where F2,k is a feedback part. The PD control method was
implemented as

Uk = C1(λ1e1,k + λ2e2,k)

where C1 is a constant gain. The other terms of both the PD
and the ILC methods were introduced in the previous sections.

More details of the implementation and stability analysis of
the previously developed ILC method is presented in [45].
Figs. 12 and 13 show the experimental results obtained from
implementing the PD, the ILC, and the novel NNILC method
developed in this article. Fig. 12 shows each method’s RMSE
improvements over four iterations. The results in this figure are
the mean over six trials. The PD control method resulted in
RMSE improvement less than 10% across all iterations, which
was expected due to its noniterative nature. On the contrary,
the ILC method could improve the right knee, left knee, right
hip, and left hip RMSEs by 18.93%, 6.35%, 17.50%, and
20.36%, respectively. The novel NNILC could also improve
the right knee, left knee, right hip, and left hip RMSEs by
32.15%, 39.98%, 30.08%, and 42.71%, respectively, which
are 1.70, 6.29, 1.72, and 2.10 times higher than the sole ILC
method, respectively.

We focused on the fourth iteration’s RMSE reduction per-
centage by using the three controllers for statistical analysis.
For each group, there were six RMSE reduction percentage
values (six sit-to-stand trials) obtained from the same partici-
pant. A Shapiro–Wilk test was used to determine the normality
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Fig. 10. Means of RMSE improvement percentage on both knee and hip joints in different iterations across all participants, where ιn = 0.1 and ςn = 0.9.

Fig. 11. RMSE values of angular position tracking from two allocation ratio
impulse switches on Participant 1.

of the data. The results did not show a normal distribution
of the data. Therefore, a Kruskal–Wallis test was used to
determine whether there was a significant difference among
the three groups’ percentage values for each joint. When a
significant difference was identified ( p < 0.05), post-hoc
Tukey’s honestly significant difference tests were applied to
determine the significant difference between the reduction
percentages obtained using NNILC and ILC or NNILC and
PD controllers. The results show that for the right knee joint,
the RMSE reduction performance is significantly better by
using NNILC than by using ILC (p = 0.046) and PD (p =
0.034) controllers. For the left knee joint, the RMSE reduction
performance is significantly better by using NNILC than by
using ILC (p = 0.014) and PD (p = 0.012) controllers.
For the right hip joint, the RMSE reduction performance
is significantly better by using NNILC than by using ILC
(p = 0.038) and PD (p = 0.022) controllers. For the left
hip joint, the RMSE reduction performance is significantly
better by using NNILC than by using ILC (p = 0.048) and
PD (p = 0.002) controllers.

The joint trajectory tracking results obtained by implement-
ing these three controllers in the 4th iteration sit-to-stand trial
on Participant 4 are shown in Fig. 13, where the first row
demonstrates joint angular position change of both desired
and actual trajectories, and the second row displays the cor-
responding tracking errors of each joint on this participant.
This figure shows that the proposed novel NNILC method
could achieve better trajectory tracking performance during
the sit-to-stand experiments compared to traditional ILC and
PD controller methods.

VI. DISCUSSION

A hybrid exoskeleton that uses a combination of FES and
a powered exoskeleton can potentially enable people with
paraplegia to stand and walk again. We were motivated to
design a controller that can iteratively learn a participant’s
musculoskeletal model, thus potentially easing its implemen-
tation in clinics with minimal tuning. Furthermore, we were
interested in guaranteeing that task stability and performance
are not compromised when FES and exoskeleton motor alloca-
tion levels are switched or changed by a clinician or physical
therapist. To achieve these objectives, a robust NN-based ILC
was derived and validated through sit-to-stand experiments.
Compared to FES-induced standing, such as the systematic
approach mentioned in [46], the knee motor on the powered
exoskeleton could share the workload of the knee extension
effort during the standing up procedure, which could also
improve knee extensors’ fatigue resistance. Because of day-
to-day and interperson variations in the musculoskeletal mod-
els and the tedious process needed to identify the model [20],
[47], it is challenging to implement existing controllers for
hybrid exoskeletons in clinics. Although numerous articles on
FES control exist that use high-gain controllers [48], [49] to
provide robustness to modeling uncertainties or even adapt and
learn the model using neural networks [36], [50]–[52], their
implementation may need extensive tuning or offline training
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Fig. 12. Comparison of the improvements in the mean RMSE because of the novel NNILC method and the ILC method for Participant 4. The center line
represents the mean over six trials, and the shaded region is one standard deviation. The asterisks represent statistical significance level (p < 0.05).

Fig. 13. Knee and hip joints angular position and tracking error results of Participant 4 in the 4th iteration. The rotation direction signs for the left and right
joints are defined to be opposite to each other.

of NNs. These procedures make the job of a clinician or
physical therapist difficult because they may not have control
engineering experience. This problem arises when there are
several parameters that they can tune but the parameters
may have coupled performance effects. The control method
proposed in this article addressed these problems by tuning
some of the parameters through an ILC method. ILC is a
class of controllers that learn modeling uncertainties while
improving control performance in consecutive iterations or
task cycles. This ILC method was used to control a solely FES
system for upper limb stroke rehabilitation in [53]. The method
was also recently depicted for ankle exoskeleton control in [54]
and for knee orthosis control in [34]. Unlike these methods,
the proposed approach uses NNs for learning system dynamics
and using allocation coefficients to coordinate FES and the
electric motors in the hybrid exoskeleton. The experimental
results clearly show that the NN-based ILC method performs
better than the traditional ILC method. These results were
found to be statistically significant. Furthermore, using a

real-time NN estimation as a feedforward component can
help the system adapt and potentially avoid using a high-gain
feedback controller, e.g., a PD controller. The experimental
results clearly show that the controller consistently reduces
RMSEs in every iteration, unlike the PD controller. These
results were found to be statistically significant.

A switching strategy has recently been used in hybrid
systems such as a hybrid system with FES and a motorized
bike [55]–[57]. In these switched control design methods,
the joint angle state determines stimulation and control timings
of different muscle groups and the motor-driven cycle. Unlike
these switching control approaches, the control technique in
this article is designed for a sit-to-stand task, where FES and
the electric motor use predetermined allocation levels that can
be switched appropriately with the onset of muscle fatigue.
As shown in the experimental results, the control framework
can potentially allow a user or a physical therapist to change
the torque allocation between the electric motors and FES
on the fly. The results show that the controller can recover
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system performance when the allocation is suddenly switched.
Although we showed arbitrary switching of the allocation
coefficient, fatigue-based switching was not shown. We believe
that this control design can be easily extended to our previous
work on NMPC-based control and synergy-based control of
hybrid exoskeletons [20], [27]. A fatigue-based switching
strategy can be used to switch between desired synergies or
change allocation levels in NMPC-based single joint control.

This work is different from [25], [31], which used virtual
constraints through a partial hybrid zero dynamics technique
for an exoskeleton. Our control method does not use a
feedback linearization control method, unlike the authors
in [25], [31], who utilized input-output linearization. Contrary
to their approach, the proposed method is able to learn the
uncertain time-varying dynamics in real time and thus is
robust to uncertain system dynamics. Moreover, unlike the
control systems in [25] and [31] that focused on a hands-free
powered exoskeleton, the control method in this work has
been implemented on a hybrid exoskeleton. The proposed
method addresses the switched allocation problem, which is
unique to hybrid exoskeleton control. However, their use of
virtual constraints in their control design inspired us to design
virtual constraint-like desired trajectories that can be beneficial
for multijoint wearable hybrid exoskeletons. Time-dependent
trajectories, which may be designed independently for each
lower limb joint, may cause joint misalignment in the left
and right legs if there is a miscoordination during trajec-
tory tracking. This situation can be potentially unsafe and
cause undesired control performance. Unlike time-dependent
trajectories, virtual constraints coordinate desired joint angles
through a single monotonically increasing function, potentially
avoiding joint miscoordination.

Limitations: The exoskeleton setup used for this study is
not backdrivable. In the experiments, our goal for using FES
was supplementing the motors during sit-to-stand motions so
that smaller motors can be used in the future. The current
setup does not allow the use of FES alone. For example,
in the case where the allocation coefficient is set as 1 for
FES and 0 for motors, the exoskeleton has to be run in an
admittance/impedance mode. Although we did not test this
case, the results can be easily extended if an admittance
or impedance control is chosen along with the proposed
framework. Results shown in Figs. 4, 5, 7, and 8 indi-
cate the time duration for the sit-to-stand task lasts around
5–7.5 s among different participants. Compared to a normal
sit-to-stand task by a person with no disability, 5–7.5 s for a
sit-to-stand may seem relatively long but are practical. The
participant with SCI felt more comfortable, safe, and less
nervous when we executed the sit-to-stand movement slowly.
Unlike person with no disabilities who effortlessly coordinate
their lower body joints, including the ankle and knee joints,
with their upper body, sit-to-stand is challenging for a person
with spinal cord injury. Usually, in this case only the knee
joint powers sit-to-stand. Furthermore, with no help from the
ankle joint and a lack of coordination with the upper body,
the desired acceleration needed to stand up normally is limited.
Also, our reported sit-to-stand times for persons with SCI
are not completely unheard of in this field. Other researchers

have also used slow sit-to-stand movements, e.g., please see
work in [58] and [59]. Besides, the sit-to-stand times for older
population or people in gait therapy, using a commercial lift
system, are similar to the sit-to-stand times implemented in
our article.

In future, these reference trajectories can be modified to
allow faster sit-to-stand movements. The reference trajectories
are designed such that the right knee follows a predesigned
desired time-dependent trajectory, whereas the other joint
angles follow the virtual constraints comprising the actual right
knee angle as the phase variable. Therefore, the right knee
joint leads the left knee joint in the movement and causes
asymmetric error performances (Figs. 4 and 7) in the left
and right knees. Because the right knee joint is the joint that
initiates the task, it needs higher torque, and the tracking is
more challenging for this joint. In this article, we focused on
the sit-to-stand task because it is a precursor to walking and
stand-to-sit and likely needs larger torques due to anti-gravity
motion, making it equally challenging when compared to
stand-to-sit and walking. However, we feel stand-to-sit may
need a slightly different approach in the virtual constraint
design as the goal is to bring the user smoothly downward
and touch the seat almost at a zero velocity. Furthermore,
sit-to-stand experiments were done as a proof-of-concept of
the novel control method. In the literature, a sit-to-stand task
has been frequently used in various articles for checking
capability and performance of control methods [26], [60],
[61]. In future studies, stand-to-sit movement will also be
addressed.

Our preliminary work with one participant with SCI in this
study shows that regulating the final knee and hip joints’ posi-
tion for a participant with SCI to zero would be challenging.
Unlike participants without any neurological disabilities, dif-
ferent desired profiles may be needed for participants with SCI
as their joints may not fully extend because of joint contrac-
tures and long-term disuse. Also, the controller gains may need
to be set at higher levels because of larger disturbances while
testing with participants with SCI. These disturbances could
be because of spasticity, increased nervousness, or hesitation
of the participant during verticalization.

VII. CONCLUSION

This article derives a robust and adaptive ILC framework
for a hybrid exoskeleton. The control framework also allows
arbitrary switching between different FES and electric motor
allocation levels, as demanded by a user or a therapist.
A discrete energy-based stability analysis proves asymptotic
tracking of desired movement profiles and robustness to
arbitrarily switched FES and exoskeleton motor allocation
levels. Sit-to-stand experiments were performed on five human
participants, including a person with complete paraplegia.
The experimental results showed reduced angular position
RMSEs of both knee and hip joints in each iteration, which
validated the controller’s effectiveness and robustness. The
results also showed that the hybrid exoskeleton system tracked
sit-to-stand movement profiles despite the switched alloca-
tion ratio between FES and the powered exoskeleton. The
results show that the proposed controller can control a hybrid
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exoskeleton without extensive tuning of control parameters.
Future work focuses on validating the control method on more
participants with SCI and designing a strategy for optimal
allocation ratio switching between FES and the exoskeleton
for a more general experimental scenario like walking.

APPENDIX

A. Stability Analysis and Finite Time Convergence

This section provides a proof for Theorem 1 and elaborates
on the stability analysis of the new control method.

We call the overall robust control strategy NNILC due to the
use of NN, iterative learning, and arbitrary allocation switching
between feedback components of FES and the electric motor.
Below, a closed-loop error system is developed for subsequent
stability analysis. Using (16), (19), (21), (23), (24), and adding
and subtracting ψku1,k to (10) results in

˙̄e2,k = Es,k +�kv f1,k + �̃ku1,k − α3sk

−4

3
α2sgn(sk)+ vk − λ1

λ2
ē2,k + vd,k (31)

where Es,k = v f2,k − v̂ f2,k is the not linearly parameterizable
estimation error for the NN. Additionally, �̃k = �k −ψk and
�k = σ − σ̂k . Based on (13) and (22), �̃k can be expressed
as

�̃k = R̃
T
k φ(Xk)+ βε,k (32)

where R̃k = Rk − R̂k , βε,k = ε2,k − (�k
(
�̂k
)+ β

)
, and βε,k is

bounded by ∣∣βε,k ∣∣ ≤ β̄ε ∈ R
+. (33)

Therefore, (31) can be written as

˙̄e2,k = Es,k +�kv f1,k + (R̃
T
k φ(Xk)+ βε,k)u1,k

−α3sk − 4

3
α2sgn(sk)+ vk − λ1

λ2
ē2,k + vd,k . (34)

By taking the time derivative of sk, the ṡk dynamics is given
as

ṡk = λ2

(
−α3sk − 4

3
α2sgn(sk)+ vk + vd,k

+�kv f1,k + βεu1,k + R̃
T
k φk(Xk)u1,k +Es,k

)
. (35)

Let Vk(x, t) : R
N × R → R be an energy function where

t ∈ [t0, t], t0 is the start time of an iteration, and t is the
elapsed time after the start of an iteration. Vk is defined
as

Vk = V (1)
k + V (2)

k + V (3)
k + V (4)

k + V (5)
k (36)

where V (1)
k = v2

k /2, V (2)
k = (γ /λ2)(s2

k /2), V (3)
k =

1/2bq
∫ t

t0
�2

k dτ , V (4)
k = 1/2ξ

∫ t
t0

Es,k
2dτ, and V (5)

k =
1/2tr

{
R̃

T
k R̃k

}
. γ , bq, ξ ∈ R

+ are constants where bq and
ξ are chosen by the user and γ is subsequently defined. The
difference between the first energy function in two successive
iterations is computed as

�V (1)
k = V (1)

k − V (1)
k−1. (37)

Therefore, the following expression is obtained as

�V (1)
k = v2

k

2
− v2

k−1

2

=
t∫

t0

vk v̇kdτ + v2
k (t0)

2
− v2

k−1

2
. (38)

By substituting (20) in equation (38), the following equation
is derived as

�V (1)
k = −β1

t∫
t0

vkskdτ − β2

t∫
t0

v2
k dτ

+v
2
k (t0)

2
− v2

k−1

2
. (39)

The difference in successive iterations for the second energy
function is obtained as

�V (2)
k = γ

λ2

s2
k

2
− γ

λ2

s2
k−1

2

= γ

λ2

t∫
t0

sk ṡkdτ − γ

λ2

s2
k−1

2
+ γ

λ2

s2
k (t0)

2
. (40)

By substituting (35) into (40), we have

�V (2)
k = − γ

λ2

s2
k−1

2
− γα3

t∫
t0

s2
k dτ + γ

λ2

s2
k (t0)

2

+γ
t∫

t0

sk�kv f1,k dτ − 4

3
α2γ

t∫
t0

sksgn(sk)dτ

+γ
t∫

t0

skvd,kdτ + γ

t∫
t0

sk R̃
T
k φk(Xk)u1,kdτ

+γ
t∫

t0

sk Es,kdτ + γ

t∫
t0

skβε,ku1,kdτ

+γ
t∫

t0

skvkdτ. (41)

Using the upper bound of vd and βε in (11) and (33),
respectively, and (25), the following inequality is achieved:

�V (2)
k ≤ − γ

λ2

s2
k−1

2
− γα3

t∫
t0

s2
k dτ + γ

λ2

s2
k (t0)

2

+v̄dγ

t∫
t0

|sk |dτ + γ

t∫
t0

skvkdτ + γ β̄ε

t∫
t0

|sk |dτ

+γ
t∫

t0

sk�kv f1,k dτ + 4

3
α2γ

t∫
t0

|sk |dτ

+γ
t∫

t0

sk Es,kdτ + γ

t∫
t0

sk R̃
T
k φk(Xk)u1,kdτ. (42)
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The difference of the third energy function between two
successive iterations can be written as

�V (3)
k = 1

2bq

t∫
t0

�2
k dτ − 1

2bq

t∫
t0

�2
k−1dτ. (43)

Based on (17) and [45], the following equation can be
derived:

1

2bq

(
�2

k −�2
k−1

) = 1

2bq
(σ̂k − σ̂k−1)(σ̂k + σ̂k−1 − 2σ)

= 1

bq
(σ̂k − σ)(σ̂k − σ̂k−1)

− 1

2bq
(σ̂k − σ̂k−1)(σ̂k − σ̂k−1). (44)

Considering (17), (44) can be rearranged as

1

2bq

(
�2

k −�2
k−1

) = −γ�kskv f1,k − 1

2bq
(σ̂k − σ̂k−1)

2.

(45)

Therefore, �V (3)
k in (43) can be simplified as

�V (3)
k = − 1

2bq

t∫
t0

(σ̂k − σ̂k−1)
2dτ

−γ
t∫

t0

(
�kskv f1,k

)
dτ. (46)

The difference of the fourth energy function between two
iterations is

�V (4)
k = 1

2ξ

t∫
t0

E2
s,kdτ − 1

2ξ

t∫
t0

E2
s,k−1dτ. (47)

Similarly, we can rewrite �V (4)
k as

1

2ξ

(
E2

s,k − E2
s,k−1

) = − 1

2ξ

(
v̂ f2,k − v̂ f2,k−1

)2
+1

ξ

(
v̂ f2,k − v f2,k

)(
v̂ f2,k − v̂ f2,k−1

)
.

(48)

Based on (26)–(28), we have

1

2ξ

(
E2

s,k − E2
s,k−1

) = −γ Es,ksk − 1

2ξ

(
v̂ f2,k − v̂ f2,k−1

)2
.

(49)

Hence,

�V (4)
k = − 1

2ξ

t∫
t0

(
v̂ f2,k − v̂ f2,k−1

)2
dτ

−γ
t∫

t0

(
Es,ksk

)
dτ. (50)

Considering R̃k(t0) = 0, the difference of the fifth energy
function between two successive iterations can be written as

�V (5)
k = 1

2
tr
{

R̃
T
k R̃k

}
− 1

2
tr
{

R̃
T
k−1 R̃k−1

}
(51)

which can also be rewritten as

�V (5)
k = −tr

⎧⎨⎩
t∫

t0

R̃T
k

˙̂Rkdτ

⎫⎬⎭− 1

2
tr
{

R̃T
k−1 R̃k−1

}
. (52)

By substituting (30) into (51), �V (5)
k can be obtained as

�V (5)
k = −1

2
tr
{

R̃
T
k−1 R̃k−1

}
−tr

⎧⎨⎩
t∫

t0

R̃
T
k

(
φk(Xk)u1,ksk

)
dτ

⎫⎬⎭. (53)

For proving the convergence of both the tracking error and
sk and removing unstable terms, consider γ = β1, α2 =
−3(v̄d + β̄ε)/4 and assume the values of v̄d and β̄ε are known.
�Vk ultimately results in the following inequality:
�Vk = �V (1)

k +�V (2)
k +�V (3)

k +�V (4)
k +�V (5)

k

≤ −v
2
k−1

2
− γ

λ2

s2
k−1

2
− γα3

t∫
t0

s2
k dτ − β2

t∫
t0

v2
k dτ

− 1

2bq

t∫
t0

(σ̂k − σ̂k−1)
2dτ − 1

2ξ

t∫
t0

(
v̂ f2,k − v̂ f2,k−1

)2
dτ

+v
2
k (t0)

2
+ γ

λ2

s2
k (t0)

2
− 1

2
tr
{

R̃
T
k−1 R̃k−1

}
. (54)

Equation (54) can be simplified further by choosing the gains
β2 > 2 and α3 > 2/λ2 as

�Vk ≤ −α4

t∫
t0

s2
k dτ − α5

t∫
t0

v2
k dτ

−1

2
tr
{

R̃
T
k−1 R̃k−1

}
− v2

k−1

2
− γ

λ2

s2
k−1

2

− 1

2bq

t∫
t0

(σ̂k − σ̂k−1)
2dτ − 1

2ξ

t∫
t0

(
v̂ f2,k − v̂ f2,k−1

)2
dτ

(55)

where α4 ∈ R
+ and α5 ∈ R

+. �Vk is negative semidefinite,
which results in

Vk ≤ Vk−1, k = 1, 2, 3, . . . (56)

This demonstrates that Vk is a nonincreasing sequence.
To prove the boundedness of Vk , using (20), (35), and (30),
the time derivative of V0 is derived below

V̇0 = −γα3s2
0 − β2v

2
0 + 1

bq
�2

0

+γ s0�0v f1,0 + γ s0 Es,0 + 1

ξ
E2

s,0. (57)

Based on (29) and (17), V̇0 can be further simplified as

V̇0 = −γα3s2
k − β2v

2
k + 1

bq
σ 2 + 1

ξ
v2

f2
. (58)

Therefore, V̇0 is bounded in the interval [t0, t], and V0 is
also bounded in [t0, t] because V0(t) = V0(t0) + ∫ t

t0
V̇0(s)ds.
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It follows from (55) that Vk is bounded. Accordingly,
vk , R̃k , σ̂k ,�k , Es,k , and sk are also bounded. Furthermore,
based on (55), it can be shown that

t∫
t0

s2
k dτ ≤ 1

α4
(Vk−1 − Vk). (59)

The fact that Vk is monotonically decreasing but is lower
bounded by zero leads to the following conclusion:

lim
k→∞

t∫
t0

s2
k dτ = 0. (60)

Based on (35) and considering (25), the boundedness of
vk , R̃k , σ̂k ,�k , Es,k , sk , and ṡk is also guaranteed. Accord-
ingly, by applying the Barbalat-like lemma presented in [62]
and [63], limk→∞sk = 0 uniformly on [t0, t]. Using (18),
this implies that ē(i)1 approaches zero with time. This fur-
ther implies that the actual trajectories of subsystems (∀
i = 1, 2, . . . , N) will follow the desired movement profile
defined in (4). Because Vk(x, t) in (36) can be regarded as
a common energy function in (34), it will be stable against
arbitrary switching between different allocation coefficients
(ιn , ςn) [64].

Remark 2: To implement this control method, the first
step is to tune the control parameters. Understanding how the
control parameters affect the performance of the closed-loop
system is one of the important points for tuning. Here, several
of the most important control parameters are mentioned. The
speed of learning σ can be changed by bq , the speed of
learning � can be changed by changing the activation function
gain, and the speed of learning v f2,k can be changed by
changing κ1 and κ2. The speed of learning must not be
chosen to be so high that it causes noise accumulation and/or
destabilizes the closed-loop control system.
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