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ABSTRACT

Often, given a system of biochemical reactions, it is useful to be able to predict
the system’s future state from the initial quantities of the involved molecules. There
are many methodologies for developing such predictions, ranging from simple
approaches such as Monte Carlo simulations to more sophisticated higher-order tensors
and stochastic automata networks. Many revolve around solving the chemical master
equation that arises in the modeling of the underlying biochemical kinetics.
Traditionally, the chemical master equation models states consisting of the population
counts present of each molecular species. This work considers the case of dealing with
the resulting high dimensional data and shows how tensor representations allow us to
cope with the “curse of dimensionality” that significantly complicates such problems.
One key outcome in this work is the demonstration of the inherent differences and
similarities between two prominent modeling methods, by computational examples on
one hand and a mathematical proof on the other hand. The second key outcome is the
development of a tensor-based representation of the chemical master equation modeling
states as the number of times a given reaction has fired. This means that states are
reaction counts as opposed to the traditional population counts. The tensor-based
solutions considered in this thesis may have applications in dealing with many other

high dimensional data outside of strictly chemical reaction systems.
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CHAPTER 1

INTRODUCTION

There is an ever-increasing need to more effectively handle large quantities of data in
many important fields of study. This data is generally high dimensional, meaning it
captures a large number of variables, and it must be stored in a way that allows for
efficient analysis and computations. My work uses higher-order tensors for improved
space and computational efficiency. An order-N tensor is an N-dimensional array that
can be in the shape of a vector (N = 1), matrix (N = 2), or a higher-order tensor
(N > 3). While these data structures are, inherently, storage-intensive, there exist
many decompositions and compressions that allow for large efficiency improvements,
making higher-order tensors an appealing method of coping with large quantities of
data. My work focuses on the applications of these higher order tensors specifically
with regards to modeling biochemical reaction systems via the chemical master
equation (CME).

Such reaction systems are found in a wide array of biological settings including
enzyme kinetics and genetics. Additionally, these reaction systems can be useful for
modeling problems beyond the scope of molecular chemical reactions. For instance, one
method of modeling disease spread is to view the transmission and recovery processes
as a set of chemical reactions: one infected individual and one health individual may
“react" to produce two infected individuals. Analyzing and developing efficient
higher-order tensor representations of this problem promises to be impactful both in

and beyond the scope of biochemical reaction systems.



The material in this Master’s thesis builds on a faculty-reviewed paper that
appeared in SIURO (SIAM Undergraduate Research Online Journal) [2]. An outline of

the document is as follows:

e Chapter 2 introduces background regarding matrices, tensors, and stochastic

automata networks.

e Chapter 3 introduces the fundamentals of modeling biochemical reaction systems
via the chemical master equation. In this chapter, the states of the chemical
master equation are formulated as population counts of each molecular species

involved in the system.

e Chapter 4 introduces and analyzes similarities/differences between two
separately-published tensor-based formulations of the chemical master equation

from Chapter 3.

e Chapter 5 reformulates the chemical master equation in terms of reaction counts.
In this chapter, states represent the number of times each reaction has fired. This

chapter introduces a new tensor-based formulation of the CME.



CHAPTER 2

BACKGROUND ON TENSORS AND STOCHASTIC AUTOMATA NETWORKS

This chapter introduces necessary terminology and operations for matrices and
tensors. Included are three decomposition/approximation methods: Singular Value
Decomposition, Canonical Polyadic (CP) Decomposition, and Tensor Train (TT)

Decomposition.
2.1 DMatrix and Tensor Definitions

An N-dimensional (or order-N) tensor is an array X& RI>2XXIN where for
n=1,2, ..., N, the size of the n'* dimension, also known as the n‘* mode, is I,, and
the indexing range is therefore 1 to I, (or 0 to [, — 1 if indexing is zero-based);

elements are referenced by the notation X;, ;, i = X(i1, %2, ..., ix)for i, in the n'

dimension’s indexing range [1]. Additional referencing notations are:

e A colon subscript indicates all elements of a mode.

e A fiber is given by fixing all indices of the tensor except for one. A mode-n tensor

fiber is given by fixing the indices of all modes except for the n'®.

e A slice is given by fixing all indices of the tensor except for two.

As shown in Figure 2.1, one-dimensional and two-dimensional tensors are vectors
and matrices, respectively; a three-dimensional tensor may be visualized in a 3D

structure and thought of as several equal-sized matrices stacked on top of each other.



X4 Xy - - - Xy X1 - - -

X Xno- - Xy Xpr o 0 X

1*Order 2 Order

(Vector) (Matrix) 3" Order

Figure 2.1: Visualization of 1%, 2"¢ and 3" order tensors in R?, R’*7 and R/*/*K
respectively.

While these can be easily visualized in 1D, 2D, and 3D as gridpoints as is shown
in Figure 2.2, visualization is harder in higher dimensions, but the concept of

gridpoints extends to integer lattices or hyper-rectangles.

| s

Figure 2.2: 1D, 2D, and 3D gridpoint visualization.

2.2 Matrix Operations

With the notations used to represent tensors introduced, we now delve into
operations used for tensor-based computations, starting with the simplest case: matrix
(and vector) operations. Matrix addition and multiplication are widely known standard
operations; in addition to these, we introduce several more advanced and less widely
known operations [1]. Extensions of these operations to higher order tensors are

discussed in Section 2.4.

Addition and Multiplication

Matrix addition is performed on two I x J matrices A and B where the

resultant matrix C' has element c¢;; given by

Cij = a,-j + bij

4



Standard matrix multiplication between an I x J matrix A and an J x K

matrix B yields an [ x K matrix C' with element c¢;; given by
J

Ci. — E aijbjk.

J=1

Diagonal Creation

For a vector a € R!, the diagonalization of a is denoted by diag(a) and results

in a square I x I matrix with elements

aq 0 0

0 (05} 0
diag(a) =

0 0o ... ar

Frobenius Norm

Often in dealing with matrices/tensors, it is essential to have a measure of how
different or similar two equally-sized objects are. One method of doing so is the

Frobenious norm. The Frobenius norm of an m x n matrix A is given by

IA[l =




Kronecker Product

The Kronecker Product of two matrices A (size I x J) and B (size K x L) is

denoted A ® B and results in a matrix of size (/K) x (JL). It is defined as

anB a,lgB alJB

A®B: a21B CL22B CLQJB
(IHB CL[QB CL[JB

Kronecker Sum

The Kronecker Sum [3| of an I x I square matrix A and a J x J square matrix
B is given by
AoB=Acll’ +NI'® B

where IT¥ is the K x K identity matrix. For example, the Kronecker sum of two 2 x 2

matrices A and B is given by

ayy + b1y b1o a12 0
ADB— bay ay1 + bag 0 a2
as 0 ags + biy bi2

i 0 a1 bay a9 + 522_

For diagonal matrices, the result is simpler: the Kronecker sum of two diagonal matrix
is another diagonal matrix. Take diagonal matrices A € R’”*! and B € R7*/ with

A = diag(a),a € R! and B = diag(b),b € R’. Then

A @ B = diag([as + b,as + b, ...a; + b])



where a; + b is defined by [a; + b1, ...,a; + bs]. The vector [a; + b,as + b, ...a; + b]

may be generated by

a1 +bas+b,...a;+bl=ax 1’ +1'®0b (2.1)

where 1% is the vector [1,...,1] € N*. During this work, we may refer to the

"Kronecker sum" of two vectors as

adb=ax1’+1'2b

noting that this is a slight abuse of notation.

Khatri-Rao Product

The Khatri-Rao Product of two matrices A (size I x J) and B (size K x J) is

denoted A ® B and results in a matrix of size (/K) x (J). It is defined as

A@B:[a1®b1 a2®b2 ...U;J®bj]

2.3 Matrix Approximation

While matrices (and higher order tensors) are extremely useful for representing
data, they can become extremely difficult to deal with in terms of storage and
computation time. Matrix approximations are methods of representing matrices that
use less space than would be required for storing each element of the matrix; here, we
present the low rank approximation that makes use of a matrix’s singular value

decomposition.
2.3.1 Singular Value Decomposition

Given a matrix, we can perform a decomposition in which we write the matrix as

a product of several others. Here, we will investigate one such method known as

7



singular value decomposition. Given some m x n matrix A, we can perform a singular

value decomposition, writing A in the form
A=UxV"

Here, U and V are orthonormal matrices and X is a diagonal matrix. U is m x n and
contains the eigenvectors of AAT, V is n x n and contains the eigenvectors of AT A,
and X is n x n and contains the singular values of A (the i** singular value is o;).

Letting r be the rank of A, o; be the i diagonal element of S (the i*" largest
singular value), u; be the i*® column of U, and v; be the i*" column of V', we can write
the SVD as

,
A=USV =) wuow]

i=1
Notice that each operation bmu;o;v! yields a row vector times a column vector, which
gives a matrix - this type of vector product is referred to as an outer product, and will

be important for later understanding of higher-order tensor decomposition.
2.3.2 Low Rank Approximation

In singular value decomposition, we are writing a representation of the entire
matrix - we can build from these results using Low Rank Approzimation to write an
approximation of the original matrix using fewer rows and columns. To find the best
rank-/, [ < r approximation A’ for the original matrix A using low-rank

approximation, we perform
!
! E : T
A = U;0;0;
i=1

Alternatively, we can write this approximation using a matrix ', where the smallest

r — [ singular values of ¥ are replaced with zeroes. Using this method, we write

A =UY'VT = U diag(0,05...01,0,0...) VT



One question that arises from approximating matrices is how good was the
approzimation?; one way of analyzing this is using the Frobenius norm of the difference
between the original matrix and the approximation, ||A — A’||. For a perfect
approximation (A = A’), this result would be zero; the larger the value, the worse the
approximation. To illustrate the savings of a low-rank approximation, assume n = m
and r < n. Then, while the full matrix would take a quadratic O(n?) storage, the

low-rank approximation would take a linear O(nr).
2.3.3 Example: Image Compression

Low rank approximation for singular value decomposition is a useful tool as it
reduces the amount of data needed to represent a matrix; one illustrative application
field is in image compression.

Images (particularly black and white images) are naturally represented as
matrices. Given a black and white image with height h pixels and length [ pixels, the
corresponding matrix is A € R"*!. Entry a;; is a value representing how dark or light
the pixel at row ¢ column j is. For large images, this can require lots of storage; a low
rank approximation A’ can be used to represent A using less data - of course, the lower
the rank, the more blurry the image will become.

Figure 2.3 shows an example of this. Image 2.3a is the original 648 x 500 image.
Images 2.3b, 2.3c, and 2.3d show rank 100, 30, and 10 approximations, respectively.
Note that the rank 100 approximation is nearly indistinguishable from the original
image. The image is still distinguishable in the rank 30 approximation, but many
details are lost. By the rank 10 approximation, the general form of the image can be

found but is largely indistinguishable on its own.



(¢) Rank 30 compression. (d) Rank 10 approximation.

Figure 2.3: Low rank approximations of a black and white image.
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2.4 Tensor Operations

Now that matrix operations and approximations have been introduced, we move
to operations for higher order tensors [1|. First, we introduce methods for rearranging

tensor elements; from there, we introduce operations analagous to matrix operations.
2.4.1 Rearranging Elements

One category of operation that can be done to a tensor is element
rearrangement; the two introduced here are vectorization and matricization. These

allow for easier viewing and handling of higher-order tensors.

Vectorization

The elements of a tensor can be represented in vector form vec(X) in which
fibers are connected in a single line in a chosen, well-defined order. The following is an

example of a vectorization of a mode-3 tensor:

T
vec(f)C) = [371117$112, - X211, £212..-L311, L312, ---L333

Matricization

Similar to vectorization, matricization is the process of representing a tensor in
the format of a matrix. A mode-n matricization is the representation in which the
mode-n fibers of the tensor are the columns of the matrix. The mapping of tensor

element (71,19, ...ix) to matrix element (i,,j) is given by

N k—1
J=1+Y (i — 1)Jp with J, = ] In
K et

11



2.4.2 Numeric Operations

Addition and Subtraction

Addition and subtraction extend nicely from matrices to higher-order tensors -
these operations are performed element-wise. Given two tensors X and

Y € RIv¥I2x-xIn the elements of their sum Z are given by

Ziysinyin = Xiyjig,iny T Dirin, iy

Multiplication

Unlike addition, multiplication does not have a clear extension to higher-order
tensors. However, one extension of multiplication to tensors is the n-mode matriz
product between a tensor X € R 2XxIN and a matrix U € R7*!» notated X x,, U.
The resulting product is a tensor Y € RIV¥--*In-1xIxInp1XXIN " and the elements of

Y =X x,, U are given by

In

91’1.A.in,1jin+1...i1\/ = E Tirio..in Wiy,

in=1

Alternatively, this can be represented through mode-n matricized tensors, where
Yoy = UXm)

Other complex ways of defining tensor multiplication exist [1].

12



Norm

The norm of a tensor is analogous to the Frobenius norm of a matrix, and is

given by
LI Iy
[REND DD DD D AN
i=lig=1  ip=1

2.5 Tensor Decomposition

Storing higher-order tensors can consume large amounts of data. Just as there
are approximation techniques for matrices, there are also many existing ways for

approximating higher-order tensors.
2.5.1 Canonical Polyadic Decomposition

One form of tensor decomposition is Canonical Polyadic (CP) Decomposition;
this is very similar to singular value decomposition for matrices as was presented in
Section 2.3.1. Recall that the singular value decomposition of a matrix is written as the
sum of several outer products of vectors. The concept of an outer product (notated o)
can be extended into higher dimensions with the outer product of N vectors yielding a
tensor X € R 2x-xIN a5 follows:

X=aj0az0..0ay, where z,,, iy = a1, Az, --QN;

The application of the outer product to CP decomposition can be nicely
illustrated with a third order tensor. Using CP Decomposition, a third order tensor is

represented

R
X ~ E a.ob,.oc,
r=1

where a,, b,, and c, represent vectors, the products a, o b, o ¢, are third-order tensors,

and R represents the rank of the resulting tensor.

13



C1 Co Cr

X ~ by 4 by ... 4 br
ap as apR

Figure 2.4: Visual representation of CP Decomposition on a third order tensors;
from [1]

This results of a CP Decomposition can be written as factor matrices, each
containing the vectors corresponding to a single dimension. For a third order tensor, we
have three factor matrices: A = [a; ay ... ag], B = [by by ... bg|, and

C = [¢) ¢ ... cg]. Employing these allows us to write X in matricized form as follows:

X3 ~C(BoA)T

When decomposing a tensor with CP decomposition, there will likely be some
approximation error - given an initial tensor X, constructing the tensor given by the

factor matrices will give a different tensor X'. The error between these can be given by
error : ||f)C — f)C/H

The size of the error is dependent on the rank of the resulting approximation; picking a
value for the rank is a complex problem and is not further explored here.
Algorithms

When dealing with CP decomposition, two of the most important algorithms are

performing the decomposition to attain factor matrices and reconstructing a tensor

14



given factor matrices. The former is performed by fixing all but the first factor matrix,
solving for it; fixing all but the second factor matrix and solving for it; and so on,
repeating until a stopping condition, such as a low enough error, is met. The latter is
performed through summing the outer products of corresponding columns of factor

matrices. Very simple examples of algorithms for a third order tensor are shown below.

Algorithm 2.5.1 CP Decomposition Algorithm 2.5.2 Tensor Construction
Data: X Data: A, B, C
A, B, C randomly initialized initialize X to all zeros
while stopping condition not met do while ¢ less than Rank do
AT « (CTC +*B"B) ' (X1(C ® B))" tempX = a;ob;oc;
BT + (CTC+xATA) (X p(CoA)T X =X + tempX

CT + (BTB+ATA)"\(X35(BoA)T  ©nd

X < from Algorithm 2.5.2

end

Example: Movie Frames

One visual example of decomposing a tensor is decomposing a movie, which
consists of several frames stacked on top of each other. In MATLAB, a “movie" of
several plots playing one after another can be created and stored as a three-dimensional
tensor such that each slice represents a frame/plot. CP Decomposition can then be
performed on the tensor and the movie frames can be played such that less storage is
required but the contents of the frames are retained. Figure 2.5 below shows the first
few frames of such a “movie" before and after a CP Decomposition. Of important note,
the CP Decomposition performed here is not using my CPD function, but rather a

more sophisticated decomposition from the tensorlab package.

15



Figure 2.5: First four frames of a MATLAB movie before (left) and after (right) CP
Decomposition

2.5.2 Tensor Train (TT) Decomposition

In application to the chemical master equation, CP decomposition is not used in
practice; more commonly, we see what is known as Tensor Train Decomposition [4].
Below is a brief background on tensor train to lay the groundwork towards
investigating that problem; notations are similar to those of [5, 6].

In the tensor train (TT) decomposition of a tensor X € RI*/2x--xIN " one is able
to compute the value of X;, ;, ;. through a series of vector and matrix multiplications
derived from a new set of N 3-dimensional tensors X, ..., Xy referred to as the TT
cores of X. For i, € {1,..., I}, 1 <k < N, the 7" slice of tensor X}, is written X (iy,).

Using this notation, the TT decomposition of X is written as

:x:(il,ig, o o ,iN) — Xl(ll) el XN<ZN)

Matrix dimensions are given by X (ix) € R"-1*"¢ with boundary conditions
ro = ry = 1; these values are referred to as the T'T ranks of X. The dimensions of the

TT cores are X € R —1X1kxTk,

16



Letting [ := max ([y,...,Iy) and rpp := max (ry...7ry_1), the storage cost of
the TT decomposition is O(r2., - N - I); when 777 is small, this is substantially less
than the explicit storage O(I"). For such cases, the TT decomposition is promising in
chemical master equation applications, where tensor representations can become very

large.

X1(2) X5(3) X5(2) X4(1)

Xogo1 =

Figure 2.6: Visual representation of Tensor Train Decomposition.

In Figure 2.6, a 4-dimensional tensor X has been decomposed into four
3-dimensional tensors, X1, X2, X3, and X4. The value at X334, is calculated by
multiplying the row-vector from the 2"? frontal slice of X;, the matrix from the 37
frontal slice of X5, the matrix from the 27¢ frontal slice of X3, and the column vector

from the 1! frontal slice of Xy.
2.5.3 Quantized Tensor Train (QTT) Decomposition

An alternative form of the T'T decomposition providing additional storage
benefitss is the Quantized Tensor Train (QTT) decomposition; the QTT decomposition
is popular in the area of modeling biochemical reaction systems largely due to the work
of |7]. Via the QTT decomposition, a tensor X € RIV>*I¥ with I, = 2% for some
L, € N can be reshaped into a tensor Y of order L = L1 4+ ...+ Ly and size 2 X ... X 2

(L times). Take the binary representation of i; — 1 given by

ig—1= (zﬁs)—1>+...+2Ls—1 (ﬁfj—l)

17



where (1) —1 € {0,1}. Then the QTT yields
y (eﬁ”,...,eg),e?),...efg,...,egm . .ggp> — X (i1, 42, ... iy

Placing tensor Y into TT format gives the QTT form of X. Let rgrr be the maximum
of the TT ranks of Y. The storage complexity of the QTT form of X is then
O(rdpr - N -logy(I)), an even larger reduction from explicit storage cost than the TT.

These storage complexities are summarized in Table 2.1

Format | Explicit TT QTT

Storage v Oy - N 1) O(rgpp - N -logy(1))

Table 2.1: Summary of storage complexities of explicit, T'T, and QTT tensor forms.

2.6 Stochastic Automata Networks

Now that we have introduced tensors, we turn to automata networks with an

underlying continuous time Markov Chain methodology.
2.6.1 Finite Automata and Regular Expressions

Before expanding to the concept of stochastic automata, we will first introduce
finite automata, a simple but powerful mechanism for machines to recognize patterns.
Given an input, a finite state automata can transition between various states and
determine whether the final state matches a desired output [8]. There exist two types
of finite automata: non-deterministic (NFA) and deterministic (DFA); our focus will be
on DFA. DFA consist of a set of states (including a starting state and a final state), set
of inputs, and a function indicating how states transition between each other.
Additionally, in DFA, any given set of inputs leads to exactly one set of transitions and
one output [8]. One useful way of representing DFA is via diagrams or tables of state

changes.

18



2.6.2 Transition Diagrams and Tables

The concept of DFA becomes substantially clearer through an example. For
instance, say we wanted to represent the regular expression (a|b)*abb using DFA (as is
presented in [8]). Here, we are taking in strings of any length of a’s and b's; we are
looking specifically for a string beginning with any combinations of a and b, followed by
the sequence abb. In this example, a and b make up the input alphabet and the state of
reaching abb is the final state. Figure 2.7 contains the corresponding DFA transition
diagram and table, where states have been enumerated from 0 to 3 with 0 as the
starting state and 3 as the ending state. In the diagram, the arrows indicate the state
transitions caused by the set of inputs. In the table, the left “State" column indicates a
state before a transition; after input a or b, there is a transition to the state in the
corresponding column. A dash indicates there is no change and corresponds to a

self-loop in the diagram.

b State | a b
0 1 -
1 - 2
start _,& @ @ 9 1 3
3 1 0
a

Figure 2.7: DFA transition diagram (left) and table (right) for the regular expression
(alb)*abb.

2.6.3 Stochastic Automata Networks

In order to outline stochastic automata networks, we must first define stochastic
automata. Stochastic automata with finite number of states are similar to finite
automata in that there is a finite set of states with a transition function mapping a
next state for each given state; like DFA, a single transition from a particular state

leads to a unique state. However, unlike in finite automata, in stochastic automata,
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each transition has a certain probability of happening. For a given state, the sum of
probabilities of leaving the state via different transitions should sum to one. A
stochastic automata network is then formed by analyzing the interaction of several
stochastic automata together; an example of this in the context of chemical reaction

systems will be given in Section 3.2.2.
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CHAPTER 3

INTRODUCTION TO THE CHEMICAL MASTER EQUATION

The concepts introduced in the preceding sections can be used to model systems of
biochemial reactions via the chemical master equation (CME). Section 3.1 introduces
important notations and concepts used in reaction systems and the CME; Section 3.2

uses these terminologies in demonstrating the CME.
3.1 General Reaction Systems and Terminology

When modelling a system of reactions, there are several key components,
including the species of molecules involved in the reactions, the quantities of each
species present, the equations for the reactions themselves, and the rates at which the
reactions occur; the notations presented in this section are similar to but modified from
notations seen in other literature in the field, such as in |7, 9]. For a given reaction
system, define IV to be the number of different types of molecular species involved; the
species are labeled as S;...Sy. To describe the quantities of the various species
present at some point in time, let N be the set of natural numbers including 0. Define a

population count state to be a nonnegative integer vector
x = (r1,19,...,o5)" € NV,

where x is the state with quantity z; of species S;. For a system with || possible

states, the state space is defined as the set

L . [s]
Q= {:c O ORI ) LA NN}. . (3.1)
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We will use #(x) to reference the index of the state «; in the enumeration (3.1).
Transitions between states occur via a number of M chemical reactions Ry, for

k=1,2..., M. The equations for the reactions are given by

Rk . slel + SkQSQ + ...+ SkNSN C—k> Sk7N+151 + 8&]\[4.252 + ...+ SkygNSN (32)

where the positive ¢, € R is the rate constant of reaction R;k. The values sg1, ... skaon
are stoichiometric coefficients notating how much of each species is involved in either

side of the reaction. The coefficient of species S; on the left-hand side of reaction Ry is
given by sy; its coefficient on the right-hand side is given by sy y4;. A convenient way

of representing this information is via an M x 2N stoichiometry matriz of the form

11 ... SIN | SI,N+1 ... S12N

c NMx2N, (3.3)

SmM1 --+ SMN | SM,N+1 .- SM_2N

where entry (k,[) represents the corresponding coefficient sg;. Using a similar notation,
we also define an N x M stoichiometry change matriz V' that indicates how much each
reaction changes the quantities of each species. This matrix is written in transposed

form for consistency of notation as

T
S1,N+1 — 811 ... S12N — SIN

V= : : e ZNM, (3.4)
SM,J+1 —S11 ... SM2N — SMN
In the stoichiometry change matrix, the k' reaction is associated with the A" column
of V given by vy, = (vig, ..., 0N, )T = (Sk.N41 — Sk1 - - - Skan — Sk) .. Element vy, gives

the quantity by which reaction Ry changes the population count of species S;. When

the system is in state a, the firing of reaction Ry causes the transition to state x + vy.
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Associated with each reaction is a state-dependent propensity function ax(x).

Usually, this function is given by

ax(x) = ckﬁ (wl) (3.5)

assuming that for any z; < vy, (slk) = 0 and for any vy, = 0, (;”lfk) = 1. This
combinatorial components indicates how many ways there are to select the vy,
instances of species S; from the x; present in state @ in order for reaction Ry, to fire. It
will become important to note that in this case, ay(x) is separable: there exist
functions oz,(:) e ach) such that for & = (x1,...,2y5)7, the propensity function can be

derived by ay(x) =[], a,(cl)(xl).

Michaelis-Menten Reaction System

The Michaelis-Menten reaction system is a well-known approach to modeling
enzyme kinetics and is based around the interactions of substrates and enzymes. In
Michaelis-Menten kinetics, a substrates (S) will bind with an enzyme (E) to form an
enzyme-substrate complex (ES). The enzyme-substrate complex can then either reverse
back into the substrate and enzyme or react irreversibly to yield a product (P) and the
original enzyme; this process is illustrated in Figure 3.1.

Throughout this exposition, the Michaelis-Menten species S7, Ss, S3, Sy are
represented by S, E, ES, P, respectively. For instance, the state [2, 1,0, 0] indicates the
presence of two substrate S, one enzyme FE, zero intermediate E'S, and zero product P.
The three reactions modeled by this system are defined in Table 3.1

R :S+ESES

R,: S+ E&ES
Ry:ESS P+ E

Table 3.1: Michaelis-Menten Reaction System.
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Substrate Products

E—
 @—

Enzyme Enzyme-Substrate Enzyme
Complex

Figure 3.1: Michaelis-Menten Reaction System.

Writing the Michaelis-Menten reactions in their full forms gives the

stoichiometry matrix

S E ES P - S E ES P

1 1 0 0 0 0 1 O0|S+ESE

0 0 1 0 1 1 0 0 ESBS+
00 1 0 01 0 1|ESBP+E

The Michaelis-Menten stoichiometry change matrix (3.4) is given by

S FE ES P

-1 -1 1 0| S+F
(3.6)

The Michaelis-Menten propensity functions are defined combinatorially as in
Equation (3.5). For the duration of this work, unless otherwise stated, we take the

reaction rates in computation to be ¢y = 1,¢c5 = 1,¢3 = 0.1.
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With four species and three reactions, the Michaelis-Menten system is relatively
simple (but nonetheless relevant and realistic) and thus will form the basis of numerous

examples throughout the remainder of this work.
3.2 Chemical Master Equation (CME) via Population Counts

Using these notions of reaction systems, we are interested in analyzing the state
vector’s evolution over time. Given an initial state vector @y, the chemical master
equation (CME) seeks to compute the state of the system after a length of time t given
as x(t). Since reactions firing is probabilistic, we cannot know for sure what state will
be present at time ¢. Rather, we seek to determine the probability that the system will

be in each state in the state space.
3.2.1 Overview

To analyze the change in states over time, let the probability that the system is

in state x at time ¢ be given by P(«,t). Define a column vector

p(t) = [pi(t), p2(t), ..., pae(t)]"

in which each entry p,, := P (@, t), the probability of being in state x,, at time ¢. The

change in this probability distribution for a single state x over time is given by

OP(z,t)

Using this formulation of the CME, we can generate a transition rate matrix A, which

we refer to as the CME Operator, where element a;;,% # j is the propensity of changing
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to state ¢ when the system is currently in state j; these are given by

(

ozk(a:j), T; = &j + vy
A(i,J) = 4 =M ag(e;), i=j : (3.8)
0, else

\

Starting with an initial probability vector pg, the probabilities of being in each state at

each period of time are found by solving the system of differential equations [7]

Splt) = A-p() -
p(O) = Po
which has exact solution
p(t) = exp(tA)p(0). (3.10)

One question that arises when performing this modeling is what are the possible
states? Evidently, a large number of states would result in computations of high time
and storage complexity. First, we will analyze a small finite set of states that we know
are all possible reachable states from a given starting state; eventually, we will discuss

the implications of realistic and arbitrarily large state spaces on the CME.
3.2.2 Michaelis-Menten Application: Finite State Space

To clearly illustrate the CME’s functionality, this section presents a small
example using the Michaelis-Menten reaction system in Table 3.1 defined previously.
Suppose the system starts at state &; = [2,1,0,0]7. Then, all states possibly reached

by the system and the corresponding CME operator are given by
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L1 = [27170’ O]T -2 1 0 0
xy = [1,0,1,0)" 2 —-1.1 0 0

xs = [1,1,0,1]7 A= 0 01 -1 1 (3.11)

o o o o

xy = [0,0,1,1]7

x5 =[0,1,0,2]" L ' -

A transition diagram, as introduced in Section 2.6.2, is useful for showing
transitions between states. In this transition diagram, the states are @y, @», ..., x5, and
transitions occur via reactions Rj, R, and R3. This is illustrated in Figure 3.2; here,
we assume we start in state x;. Note that with each of these reactions’ different
probabilities of occurring, this is a stochastic automata model.

Beyond thinking of this model as simply transitioning from one state vector x to
another, we may think of the four components of the state vector as the combination of
four stochastic automata—one for each type of molecule—and we may see this as a
stochastic automata network with its state space a hyper-rectangle or lattice from the
cross product of the components. Chapter 4 shows how this can be conveniently

formalized with tensors.

RQ RQ
/Rl\@ R; Ry Rs

Figure 3.2: Michaelis-Menten 5-State Stochastic Automata Example

Using this information about state transitions, the CME can be employed to

predict the probability of being in a particular state at time ¢. Assuming state x; to be

27



the starting state gives initial probability vector

The probability vectors after time ¢ are then computed using Equation (3.10); for

example, with £ = 10 and ¢ = 100, the resulting probability vectors are

[0.1802] [0.0005]
0.3485 0.0009
p(10) = 10.2007|,  Pp(100) = |0.0128
0.1742 0.0122
10.0963 10.9736

In this example, at time ¢ = 10, the system is most likely to be in state x,.
However, by t = 100, the system will most likely be in state x5. Figure 3.3 further
illuminates the change in probabilities over time, plotting the probabilities (y-axis) of
being in each state (z-axis) from times 0 to 100 in intervals of 20. As time progresses,
the system appears to approach remaining in state @xs; this aligns with state x;’s status
as a terminal state in Figure 3.2.

Using the states’ probabilities at a given time, the system’s marginal
probabilities—probabilities for each individual species—at that time can be computed;
these are the values of interest in most applied settings. Figure 3.4 shows the marginal
probabilities for each species in the above example at each plotted time. Each sub-plot
corresponds to a species S, E, ES, or P; each row of subplots corresponds to a value of

t. The x-axis holds the possible population counts for each species; the y-axis
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Time =0 Time = 20 Time = 40 Time = 60 Time = 80 F Time = 100

1 0.3 0.7 1 1
06
08 0:25 038 08 08
0.5
02
__ 06 i 06 06 06
x 0.15
2 04 03 04 04 04
0.1
0.2
02 —_— o 02 02 02
0 0 0 0 0
X; Xy X3 Xy Xg X1 Xy X3 X, Xs X; Xy X3 X X X1 X, X3 X, X X; Xy X3 X, X X; X, X3 X, Xg

Figure 3.3: Probabilities of being in states @ ...ax5 at times 0, 20, 40, 60, 80, and 100.

represents the corresponding probabilities. These marginal probability plots allow us to
investigate how each individual species is likely to change over time. For instance,
examining the first column of subplots shows how S shifts over time towards being most
likely to have population count 0. At time ¢ = 100, substrates are most likely to be at
quantity 0, enzymes are most likely to be at quantity 1, enzyme-substrate complexes
are most likely to be at quantity 0, and products are most likely to be at quantity 2.
This provides a similar outcome to the state-wise analysis: these most-likely marginals
correspond to the state © = [0, 1,0, 2]” = x5, the most likely state at ¢ = 100.

In this example, we assumed that we were dealing only with a finite and known
list of reachable states. This assumption, however, is not realistic to what the real
modeling problem looks like. It is known that without an imposed bound on the
molecules’ quantities, the state space can be arbitrarily large. A fundamental question

of the CME arises in determining how to generate the CME operator in such cases.
3.2.3 State Space Truncation

The goal of the CME operator is to capture the transition from any one state to
any other. However, without preexisting knowledge of a starting state, there are a
theoretically countably infinite number of possible states that a system could be in. As
such, we must truncate the state space, or put a bound on the quantity of each

molecule we will represent in our model [7]. If the initial population count is known,
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this can be done such that all possible states are captured, however, the state space can
grow extremely large in realistic cases.

Each molecule S;,1 <1 < N is given a maximum population count n; € N that
may be present in any given state; i.e. Ve € 2,0 < x; < n;. There are [, :=n; + 1
possible values of each quantity z; of S;, so the state space consists of || =1, ... - Iy
possible states. The population count state space (3.1) is then given by the lattice or

hyper-rectangle

Q={(z1,29,..., ay)T eNV |0 <2, <my, 1 €{0,1,...,N}}.

This results in A € RIUXI® and p € RIY where || is extremely large in realistic
applications. For example, if I; ~ 100 and J = 5 species, then |Q] is already of the
order 10, For the following chapter the state space will refer to the truncated

population count state space described here, unless stated otherwise.
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Figure 3.4: Marginal probabilities of each species’ quantity at times ¢ =0, 20, 40, 60,
80, 100. Each row corresponds to a time. Each column corresponds to a molecule.
x-axis indicates population counts; y-axis gives corresponding probabilities.
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CHAPTER 4

CHEMICAL MASTER EQUATION VIA TENSORS

As was just demonstrated in Chapter 3, with a large number of states and
number of molecules (i.e. ||, N > 1), the problem of modeling biochemical reaction
systems is high dimensional. This presents an opportunity for incorporating
higher-order tensors [10, 7]. The bulk of this chapter is what was published in the
faculty-reviewed paper [2].

Instead of enumerating the states and writing A as a matrix, one may instead

write the CME operator as an order 2N tensor

.A € R11><~~><IN><11><~--><IN

where the entry A, represents the propensity of transitioning from

s TNy TN41, o T2N
state (zny1,...,Tan) to state (z1,...,2y), such that each molecule S; changes from
quantity xyy; to ;.

The succeeding sections demonstrate the formulation of the matricized version
of A, written as A, indexed by rows (zy,...,zx) and columns (zy41,...,Z2x). These

sections assume the combinatorial form of the propensity function «; for each reaction

Ry.
4.1 Classic Approach

In 2011, Hegland et al. [10] introduced a method for generating the CME
operator as a sum of rank-one tensors; this work formed an important basis for similar
tensor approaches. Notably, in 2014, Kazeev et. al 7] presented the incorporation of

tensor train decompositions to the computational procedure of [10] while Dolgov and
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Khoromskij [11] also used tensor train decompositions in application to the CME.
These developments had the core benefit of improving the efficiency of storage and
computation of the CME operator, which, as we have seen, can grow to be very large
quickly enough that perpetually storing it in its entirety is neither appealing nor
feasible. These works have sparked a substantial exploration of tensor train

decompositions in the CME, such as the adaptive procedure in [12].
4.1.1 Algorithm

This section gives an overview of the algorithm to generate the matricized
version of the CME operator using a sum of tensors as initiated by Hegland et al. [10].
We use the algorithmic version in Kazeev et al. |7], adapting notations to match those
given throughout this work, where the resultant CME operator matrix A is generated
by the sum

M
A=) (S, — O)M,, (4.1)

k=1
The matrices IT, Si, M}, are of size || x [Q2|; IT is the identity matrix; and Sy and M}
are generated by a series of Kronecker products as detailed below.
A reaction’s M, is a diagonal matrix storing the values of its propensity function
ag. That is, M}, at index (@(x), 2(x)) is oy (x) with all other values equal to zero. M
may be computed by finding the vector w* such that M), = diag(w”). For each reaction

R, and species 5), define the intermediate vector composed of binomial coefficients

wf = (al(0) ..’ (m)) = ((il) e (8”;)) | (4.2)

Using these, w® and M, are given by

N
W= ®wf, M, = diag(w")
=1
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We are able to compute M}, as a series of Kronecker products due to the separability of
the propensity function.

Similarly, a reaction’s matrix Sy is defined by first creating matrices SF,
[=1,...,N (one for each species); these SF matrices are shifted identity matrices in
which the amount and direction shifted is dependent on the corresponding values of n,
and the stoichiometry change value vy;,. Specifically, for vy, = 0, the corresponding S¥

is the identity matrix. Else, SF is given by

0 . 1
1|, shifted up |uy,| rows if v, <0
0
Sf = (4.3)
0
1 , shifted down vy, rows if v, > 0
1 0

The formulation of the matrix is
N
Sy =S/
=1

In [7], the quantized tensor train approximations of the wy, are formed before the
Kronecker products are computed; although this was a crucial aspect of Kazeev et
al. |7], this highly beneficial tensor compression step is noted as a comment in this

work’s presentation as our own focus rests in the formation of the operator via
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1

2
3

4

5
6
7
8
9

10
11
12
13
14
15

Kronecker products. Further meanings behind these matrices and how they are
computed are demonstrated through the pseudocode in Algorithms 4.1.1, 4.1.2,

and 4.1.3. Refer to [7] for a more detailed explanation of this presentation of the
approach; refer to [10] for a more detailed explanation of the original presentation of

the approach.

Algorithm 4.1.1 Classic Approach |7, Alg. 1]

Data: stoichmatrixz, I, c
// stoichmatrixz; the stoichiometry matrix from Equation (3.3)

// I:= (L, ..., Iy); vector of mode sizes with |Q|=][T
// ¢:=(c1, ..., cr); vector of reaction rate constants
Result: A

V + N x M stoichiometry change matrix // create from stoichmatrix; refer
to Equation 3.4

IT + identity matrix of size |Q]

A < zero matrix of size |Q]

for k <+ 1:M do
Sk +—1
Wg < Ci
for [ + 1:N do
SF + shifted identity matrix resulting from Algorithm 4.1.2
wk « vector resulting from Algorithm 4.1.3

// Do kronecker products to generate S) and M,
Sy < S ® SF // matrix
wh +— w" @ w} // vector

end

M, + diag(wh)

A<—A+(Sk—ﬂ)*Mk

end
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16
17
18

19
20
21

22

23

Algorithm 4.1.2 Create S

Data: I;, vy

// Input data values come from Algorithm 4.1.1
Result: S}

t |Ulk|

SF < zero matrix of size I

Replace SF(1: I; —t, 1+t : I;) with identity matrix of size ¢

if v >0 then
SF « transpose of SF
end

Algorithm 4.1.3 Create w}

Data: [, sy
// Input data values come from Algorithm 4.1.1

Result: w!
ny+— I, —1
Skl Skl

wk (( 0), e (”l)) // propensity function values; see Equation (4.2)

// Kazeev et al. [7] achieve their compression by applying a
QTT_Approx to wf

4.1.2 Application Example: Michaelis-Menten

In this section, we expand on the small example given in Section 3.2.2; there, S
and P both have maximum values of 2 while £ and E'S have maximum values of 1.
Thus, we have n; = ny = 2 and ny = n3 = 1. The size of the state space is given by
|2] =3 x 2 x 2 x 3 = 36; the resulting matricized CME operator A will have a size of
36 x 36. When using Equation (4.1), the generated matrix is shown in Figure 4.1; a
blank indicates that the corresponding location has a zero value, while non-zero values
are given in their positions. Although the state space has drastically increased and the
index ordering has changed, careful examination of the matrix in (3.11) demonstrates
that entries of the latter can be found in the former, though not necessarily with the

order; this is expected, as that small state space is a subset of this one.

36



20 1 0.1 -1 g
25 g
30

1
35 -3.

5 10 15 20 25 30 35
nz =42

Figure 4.1: The shape and 42 non-zero values of the CME operator generated in
Section 4.1.2. Columns sum to zero, except on boundary states where probability leaks
occur.

4.2 SANs Approach

Prior to and separate from the approach summarized in Section 4.1.1 above,
Wolf presented a method for computing the CME operator in 2007 [9]. Here, we
further examine Wolf’s methodology and show later that it is essentially equivalent to
the more publicized classic tensor approach of [10] and made more efficient by [7],
which is a striking discovery that has not been noted until now and was the main

contribution of my work in [2].
4.2.1 Notations and Modeling Method

The formulation in [9] relies on the distinction between three types of molecules

involved in the system of reactions: reactants, products, and catalysts.

e Reactants: Have a non-zero coefficient on the left side of the reaction (3.2); the

set of reactant species for Ry are notated by REA (k).
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e Products: Have a non-zero coefficient on the right side of the reaction (3.2); the

set of product species for Ry, are notated by PRO(k).

e Catalysts: Have non-zero coefficients on both the right and left-hand sides of the
reaction (3.2) and a zero value in the change matrix (3.4); the set of catalyst

species for Ry, are given by CAT(k) = REA (k) N PRO(k). !

Using these distinctions, Wolf generates the operator @, that functions analagously to
the transpose of the CME operator A from Equations (3.9) and (3.10); for more
details, refer to [9]. The work in [9] was to show how to generate @ using the
Kronecker product. The fundamental components of Wolf’s method are presented here
with slight modifications to some notations (primarily indexing); most notations are
kept the same for ease of referring to the original work.

For each reactant S; € REA(k), Wolf defines the vector

depf = ((°),... (™)) entm. (4.4)
Skl ’ ’ Skl

For species S; that are not reactants of R;, Wolf instead defines
ind} = (1,...,1) € Nt (4.5)

Using these vectors, [9] defines I; x I; matrices Dep] (d) and Ind} (d)—these
shift the corresponding dep and ind vectors to a d** diagonal. For 7, j such that
(1 +d) =j where j <ij <I, and —n; <d < ny, the element at position (i, j) of
Dep! (d) is equal to the i element of dep] and the element at position (4, 5) of

Ind} (d) equals 1. All other entries are set to zero.

!The work in [9] makes the assumption without loss of generality that catalysts have equivalent
stoichiometric coefficients on both sides of the reaction; we follow this assumption.
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Using these definitions, [9] defines a matrix El(k) for each reaction Rj, and species

S; given by

;

Ind; (0) if $; ¢ REA(k) UPRO(k)
Dep} (0) if S € CAT(k)

Dep; (—s) if S; € REA(k)\ CAT(k)

:[l’l(ll;C (Sk,l—i-N) if S; € PRO(k) \ CAT(]{)

\

and a corresponding diagonal matrix Dl(k) given by

D® = diag(E®1), 1=(1,...,1)T e N! (4.7)

Wolf finally generates Q as

M N N
Q- Yo (@ -@ol) (19
=1 =1

k=1

This usage of sums of Kronecker products presents the opportunity for the
potential addition of tensors train decompositions in a fashion analagous to that

presented in |7]; we will comment more on this in the following sections.
4.2.2 Algebraic Version and Algorithm

Evidently, the method presented in [9] is largely based on if/else statements,

) in Equation (4.6). This work presents a

particularly in the creation of the matrix El(k
the remodeling of these conditional statements into a more compact algebraic
representation that is not only more readable but also useful for implementation of an
automated algorithm in MATLAB to generate Q.

First, we examine the values for the diagonal shift d in Dep/ (d) and Indy (d)

used in Equation (4.6) in the four different cases.

o If Sl g REA(]C) U PRO(IC), then Skl = Sk,N+1l = 0. ThUS, Sk,N+l — Skl = 0.
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o If 5 € CAT(]C), then sy = Sk,N+1- Thus, Sk N4+l — Skl = 0.
o If S, € REA(k) \ CAT(k), then s ny; = 0. Thus, sp v+ — Sk = —Ski-
o If S € PRO(]{Z) \ CAT(]{?), then s, = 0. Thus, Sk, N+l — Skl = Sk,N+1-

Evidently, for all cases, the shift value is then given by s; y4; — sg. Note that if
S1 € REA(k) UPRO(k) or S; € PRO(k) \ CAT(k) then s = 0; for any
nez, n>0, (g) = 1. For such §j, the entries of depfc would be all ones, which is the

definition of ind}. Thus, the formulation of Equation (4.6) can be re-written using only

Dep matrices and corresponding dep vectors as
E" = Depf - 4.9
) = Depy (sk,n+1 = Sk)- (4.9)

Algorithms 4.2.1, 4.2.2, and 4.2.3 are pseudo-codes, based on this re-formulation

of the work in [9].

Algorithm 4.2.2 Create dep]
Data: [;, sy
// Input data values come from Algorithm 4.2.1

Result: dep}
sty I, —1
a8 depl « (( 0),...,(’”)) // binomial coefficients; refer to Equation (4.4)

Skl Skl
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Algorithm 4.2.1 SAN Approach

Data: stoichmatrix, I, c

// stoichmatrix; the M x 2N stoichiometry matrix from Equation (3.3)

// I:= (L, ..., Iy); vector of mode sizes with |Q|=]]T
// ¢:=(c1, ..., cp); vector of reaction rate constants
Result: A

V < N x M stoichiometry change matrix // create from stoichmatrix; refer

to Equation (3.4)
Q < zero matrix of size |Q]
for k< 1: M do

for [ < 1: N do
(k)

create depf using Algorithm 4.2.2 create E;" using Algorithm 4.2.3 create

Dl(k) using Equation (4.7)

// Do kronecker products to get £ =@V, El(k) and DW= QY Dl(k)

if j =1 then
eW— EM,  D® pP
else
ek gl o El(k); PF L ph) g Dl(’f)
end
end
Q<+ Q +c;,(EW — D)

end

Algorithm 4.2.3 Create El(k)

Data: depf, Uik
// Input data values come from Algorithm 4.2.1
Result: El(k)
I} < length of dep’;, // is equal to I
t <+ ’Ulk|
El(k) < zero matrix of size I
if v > 0 then

Replace El(k)(l I —t, 14t: 1) with diag(depf(1: I, — t))
else

Replace El(k)(l +t: 1, 1: 1 —t) with diag(dep; (1 +t: )
end
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4.2.3 Application Example: Michaelis-Menten

We use the method from Sections 4.2.1 and 4.2.1 to compute Q for the same
state space given in Section 4.1.2, where S and P have the three possible values from 0
to 2 and F and E'S have the two possible values 0 and 1; the resulting matrix Q is

given in Figure 4.2.

0.1 1

i E
RGN
-

10 [

15 g

1.1 0.1 1
1.4 0.1 1
1 1
1 -1
20 1 -1
1 -1
25 [ &1
0.1 0.1
0.1 0.1
30
2 -2
2 -2
2 -2
35T b
0 5 10 15 20 25 30 35
nz = 32

Figure 4.2: The shape and 32 non-zero values of the CME operator from Section 4.2.3.
Rows sum to zero.

It is immediately clear that the matrices in Figures 4.1 and 4.2 are not the
same—they have different numbers of non-zero elements. Upon closer inspection,
however, it is apparent that off-diagonal elements of Q7 are equal to the off-diagonal
elements of A. In the following section, we further explore these differences and

similarities; it turns out that this off-diagonal similarity holds true in the general case.
4.3 Methodology Comparison

In the above section, we saw that the two generation methods led to different,

but similar, CME operators. A key difference between them is that the sum of each
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column of the transpose of @ in Section 4.2.3 is zero, whereas this is not the case for A
in Section 4.1.2. This indicates that, when using @, each resulting probability vector
will sum to 1; on the other hand, using A in Section 4.1.1, the resulting probability

vectors may sum to a value less than 1—that is, we see ‘probability leaks’.

Probability Leaks

The source of the probability leaks stems from truncating the state space. To
clearly see why this is the case, suppose that a Michaelis-Menten system had starting
state [1,0,2,2] —it would then be possible to transition to state [2,1,1,2] via Rs. Say,
however, that the model uses the state space of Sections 4.1.2 and 4.2.3, which limits
the quantity of E'S to 1. This possible state [2,1,1,2] is not found in the state space
and thus the propensity to transition to it from the starting state [1,0,2,2] is not
included in the CME operator. As a result, the computed probability vector should,
intuitively, not sum to one, as not all possible states are represented.

However, Equation (4.3), through the creation and subtraction of the diagonal
Dl(k) matrices, forces the rows to sum to zero and thus eliminates the probability leaks.
When examining probability leaks, we refer to possible states outside of the state space
as sinks. For a given initial state, as the size of the state space increases the classic

tensor approach, the amount of probability lost to the sinks will decrease.

Equivalence of Non-Diagonal Elements

As was shown in the Michaelis-Menten computational examples, there appeared
to be numerical equivalency between the off-diagonal elements of each method’s CME
operator. This work demonstrates a proof that the off-diagonal elements resulting from
the classic method [10, 7| are identical to the transpose of those resulting from the SAN
method [9].
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Recall that each algorithm is performed iteratively—for each reaction, several
matrices are generated and summed together. Additionally, recall that the classic

methodology’s algorithm is summarized by the equation
M
A=) (S — MM,
k=1
where A is the CME operator, with

Sp=58f®--®8k,  M,=dag(c, *wf @ ®@wk),

as described in Section 4.1.1. The SAN methodology of [9] is summarized by

M N N
oY (@ -@ol).
k=1 =1 =1

where @ functions analagously to the CME operator in transposed form, as is
described in Section 4.2. Since M, and ®f\;1 Dl(k) are diagonal matrices,
demonstrating the equality of the off-diagonal elements of A and Q7 can be reduced to

demonstrating that

If for each k € [1, M| we have

N T
S M, = @@E}“) ,
I=1
then Equation (4.10) will hold true. Thus, in expanded form, we aim to show that

(St@- @ 8k) «diag(c; *wf ® @ wh) = (B @ 0 BY)T.
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Owing to properties of the Kronecker product, this can be re-written as
(St * diag(wf) @ - - © (8% * diag(wh)) = (BT @ - o (BY)T.
Thus, the proof is complete if we show that for any reaction Ry and species S
Sk« diag(w)) = (BT (4.11)

To prove Equation (4.11), note that, as was mentioned previously, the vector depfC for

reaction Ry and molecules S; used in creating El(k) is equivalent to wf; we have

wia () e

From this point, we can look at the problem under two different lights: expanding
matrices for comparison (more intuitive) vs. solving analytically (more compact).
These are two approaches to the same proof; we discuss each in turn.

Matrix Expansion: Note that El(k) € RE*4 is given by
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14t
!
0 (depf),
L -t — : (dep})r,—: | , S; € PRO(k) (4.13a)
0
I —t
!
0
14+t — | (dep})i : , S ¢ PRO(k) (4.13D)
(depy);, -+ 0

where, consistent with the notation in Algorithms 4.1.2 and 4.2.3, t refers to |v.

Now, note that SF € R*/t is given by
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( L —t
1
0
1+t — | 1 : , S, € PRO(k) (4.14a)
1 0
1+t
!
0 1
0

Multiplying SF from (4.14) by diag(wf) = diag(dep}) from Equation (4.12) yields the

matrix in R?*% given by
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( I, —t
1
0
1+t — | (W) : , S € PRO(k) (4.15a)
(wlk)fl—t 0
1+t
4
0 (wlk)1+t
L—t — : (wh) |, S & PRO(k) (4.15b)
0

We see from Equations (4.13) and (4.15) that
k o1; kY _ (gpNT
S, diag(w;) = (E,™)".

Thus, we see that the off-diagonal elements of A are equivalent to the off-diagonal

elements of Q7.

Solving Analytically: From Equations (4.9) and (4.12), proving the equality in

Equation (4.11) is equivalent to demonstrating

St + diag(wf’) = (Dep; (spn1 — su))"
= (diag(depy) Ind; (si,n41 — sm))"
= (Ind; (sy,n11 — su))" (diag(dep;))"
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= (Ind; (s n11 — sia))” diag(depy)

= (IIICI;C (Sk,N—f—l — skl))leag(wlk) (416)

Evidently, this simplifies to demonstrating that

Slk = (IIICI;€ (Sk,N—i-l — Skl>)T. (417)

By definition vy, = Sg n41 — Sk Thus, from their respective definitions, Slk and
Indf (sk.n+1 — sk1) are each shifts of the I; x I; identity matrix by magnitude v;, but in
opposite directions; Equation (4.17) follows as true. It follows that the off-diagonal

elements of A are indeed equivalent to the off-diagonal elements of Q7.
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CHAPTER 5

CHEMICAL MASTER EQUATION VIA REACTION COUNTS

As has been seen thus far, storing and computing the population counts and
their associated propensities can get extremely computationally complex very quickly.
An alternative method is to instead count the number of each reaction that has
occurred; under certain conditions, this technique has the potential to lessen the

computational burden.
5.1 Set-Up

In dealing with reaction counts, several additions to the set-up of the chemical
master equation seen before are necessary. First, and perhaps most evident, is the
reformulation of the state space. Previously, we dealt primarily with 2, the population
count state space. Instead, the state space must now represent the counts of each

reaction that has occurred; call this state space {1z. In a system with M reactions,

Qr C NM_ A state r € Q, is defined by

r:=(ry,re,...,ry) € NM

where r; represents the number of times reaction R; has fired. To map from reaction
counts back to population counts, define a mapping I' : 2 x Qr — €. Taking xq € 2 as

the initial population count state,

[(xg,r) =x9+ Vr (5.1)

where V is the stoichiometric change matrix initially defined in Section 3.1.
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Example: Growth and Decay Process
Define a simple reaction system representing growth and decay processes for a

molecule S by the two reactions shown in Table 5.1

R150—8>®
RQ@%}S

Table 5.1: Growth Decay Reaction System.

The stoichiometric matrix is V' = [—1 1} and the reaction count state space
Qg is in N2,

Suppose we start with 15 S molecules. Additionally, suppose there have been
three growth reactions and two decay reactions leaving 16 of molecule S. This is

represented by taking xo = [15] and r = [2, 3]T. Then

I(x© r) = [15] + [1,1] m = [16].

5.2 Solving the CME via Reaction Counts

As in the CME via population counts, the goal of the CME via reaction counts
is to determine the probabilities of being in certain states after a time ¢. Denote the
probability of a system being in state r at time ¢ by P(r,t). Then the probability of

being in state r at time ¢ can be derived by the equation

OP(r;t) =) ap(xo+ V(e —L))P(r —Ti;t) — Y an(xo+ Vr)P(r;t) (5.2)

Nt
HE

where Iy is the identity vector with a one at index k and «y is the propensity function

as defined in Section 3.1. Define a column vector

q(t) = (), q2(t). - - g (B)]"
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in which each entry ¢, := P(r,,, 1), the probability of being in state r,, at time ¢.
Using this formulation of the reaction count based CME, we are interested in

generating a transition rate matrix AR, which we refer to as the CME reaction count

R

operator, where element a;;,i # j is the propensity of changing to state ¢ when the

system is currently in state j and defined as

Oék($0+VTj), T; :Tj+Ik
AR(ivj) =3\ Zi‘il ag(xo + VTj), 1=7 : (5.3)
0, else

\

Notice that in each time step, we allow only one reaction to occur. As a result, only
one entry of a state » may change. Specifically, this singular changing entry must
increase by one—unlike population counts, reaction counts may never decrease as time
progresses. This “push-forward” nature of the reaction count state space lends itself a
nice property of the CME reaction count operator: when states are arranged properly,
AR is lower triangular, which has many potential computational benefits.

Using the operator A in solving the reaction count CME is very similar to the
population count system. Starting with an initial probability vector qq, the
probabilities of being in each state at each period of time are found by solving the

system of differential equations

d
—q(t) =A% -q(t)
dt ! (5.4)
q(0) =qo
which has exact solution
q(t) = exp(tA™)q(0). (5.5)
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Although the result of the reaction count CME gives probabilities of how many
reactions have occurred by time ¢, we are interested in an eventually learning
population count probabilities. To do so, I can be applied to each state r; probabilities
for reaction count states that lead to equivalent population count states are summed
together.

In moving forwards in the analysis of the reaction count CME, we focus on a
truncated reaction count state space. Just as in the preceding chapters in which we
examined the state spaces with each species S; having upper bound population count
ny, the state spaces we focus on with regards to reaction counts allow each reaction Ry

to occur at an upper bound of nff times.
5.3 Tensor-Based Reaction Count CME Operator

As was discussed in Chapter 4, the formulation of an efficient tensor train
compression of the chemical master equation arises from the ability to write the CME
operator as a composition of Kronecker products. To the best of knowledge at the time
of this work, no tensor or Kronecker product formulation of the reaction count CME
operator has been discussed. Despite the similarities between the population count and
reaction count CME, such a formulation is non-trivial. The population count
Kronecker product formulation rests in the separability of the propensity functions
ag(x) for & € Q. However, in the reaction count state space, the propensity functions
are still based in population counts; the propensity function for a state r € Q2g given by
ax(xo + V'r) is not separable for 7. This work presents a novel formulation of the
CME reaction count operator based in Kronecker products and Kronecker sums.

Similarly to in the formulation of the CME operator of [10, 7] as discussed in
Section 4.1.1, the formulation of A, can be summarized by

M

AR =3 (SF —mM? (5.6)

k=1
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where SE, ME, IT are matrices of size || X |Qg| as detailed below and I is still the
identity matrix.

Similarly to the presentation in Section 4.1.1, S is the Kronecker product of
intermediate shift matrices Sf¥, € R™2X™> for 1 <ky < M. If k = ky then S, is the
identity matrix shifted down by one; else, S,fm is the identity matrix. Computing the

Kronecker product gives

R
SF =) St (5.7)

ka=1

Matrix M is a diagonal matrix storing the propensity function values for the
associated reaction rate states in lexicographical order. That is, entry of
ME(@a(r),a(r)) == ap(xo + Vr); all other entries are zero. The matrix M® may be
computed by finding w®" such that M = diag(w®"). To aid in computation, define
for each species S; the vector f; € RI“l to be the vector storing the population count
of S; at each reaction state in lexicographical order. More specifically, for each
i€ {1...|Qg|}, take the unique r such that a(r) = i. Define the corresponding
x; =x9+ V7'r; Then f, = ([El(l), e ,a:l(‘QRD) This vector is computed via iterative

Kronecker sums as shown in Algorithm 5.3.1.

Algorithm 5.3.1 Create f;
fl ~—0
for k£ «+ 1:M do

fl < fl D Ulk[o, c.. ,nkR]
end

For each reaction, let wa for 1 <1 < N be the vector of length |Qg| given by
applying a,(f) to each element of fi, i.e. wa = (a,(cl)(f”) . alil)(fl|QR‘)>. Finally,

Letting * represent the element-wise product, w®" and M are computed as

k 1 1 : k
W =l o xwBy, MFE = diag(w®

)
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Note that the necessity of transferring between reaction counts and population
counts amid the computation of the CME reaction count operator substantially ads to

its complexity.
5.4 Computational Example

To analyze the output of the output of the CME via reaction counts compared
to population counts, we introduce a computational example based on the
Michaelis-Menten system introduced in Section 3.2.

Suppose that the initial population state is &g = [3,2,2,2]. Let the upper
bounds on population counts be n; = 6,1, = 5,n3 =5,n4 =8 for S, £, ES, P
respectively. These upper bounds are set such that for the given x, all reachable states
are included in the state space. Let the upper bounds on reaction counts be
nft .= nft = nlt = nft =5 for each Ry, Ry, R3. Here, the reaction count state space is
substantially smaller than the population count state space with |Q2z| = 125 and
|2] = 1440. Figure 5.1 shows the shapes of the associated population count CME
operator A and reaction count CME operator A®. Figure 5.1b illustrates the lower
triangular shape of the affiliated CME reaction count operator.

Let pp and gy be the population count and reaction count probability vectors
assigning 100% probability of beginning in state xy. For a given time ¢ with
p(t) = exp(At)po and q(t) = exp(AFt)qo, let Y p(t) and > q(t) represent the sums of
the resulting probability vectors.

Figure 5.2 illustrates the marginal population count probabilities for the case
where ¢ = 0.5 computed by means of the population count CME (top) and reaction
count CME (bottom). Although the two plots are visually effectively identical, analysis
of the resulting probability vectors reveals that the two methods produce slightly
different results. Summing the probability vectors reveals that > p(0.5) = 1.0 whereas
>-q(0.5) = 0.9859, indicating that the reaction count method has led to some

probability leaks. This indicates that the selected upper bounds on reaction firings

55



N\ N\ .
NN\ N LI
N\ N
0 NN % | AL
N X N ) LY
b N N * S
N\ N X ® ('Y
100/ N B ] 40 P
N
N\ B
% N Wy b
AN N £ a5l % %
600 | = N . * %
AN . U
N N N e o
\\ \\ N
800 | N\ N\ b B i \
N 4 \
N X N . L3
x N N\ 100 F i
1000 N\ N =
N N
N N \\ \
N N 120 - . %%
1200 . ‘ | . T ‘ | ‘ | ‘ |
0 200 400 600 800 1000 1200 0 20 40 60 80 100 120
nz = 3072 nz =195

(a) A: Population count CME operator. (b) AR: Reaction count CME operator

Figure 5.1: Example shapes of population count and reaction count CME operators
modeling the same system.

were not large enough for the time window 0.5. It appears that by ¢t = 0.5, there is a
notable probability that at least one reaction has fired more than 5 times thus causing
a transition to a state not modeled by our state space.

Table 5.2 gives more results demonstrating the probability leaks occurring in the
reaction count probability vector using the same initial state xy = for four different
state spaces. The first column n® gives the upper bound on reaction counts; the state
space is size |Qg|*>. The following four columns give the sum of the resulting probability
vector q(t) given at t = 0.5,¢t = 1,¢ = 2.5, and ¢ = 5. For the small state space with

ng = nit = nlt = nlt = 5, there are already substantial probability leaks by ¢ = 1.

While setting ng = nft = nff = nf = 20 allows better modeling up to ¢ = 5, the
corresponding state space is extremely large.

While it is convenient in some capacities that reaction count states are always

increasing, this "push-forward" tendency means that as time progresses past even a
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nk Q5| > q(t)

t =051t = t=25]t=5
5 53 0.9859 | 0.7456 | 0.0341 | 0O
10 | 10* | 1.0 0.9999 | 0.7673 | 0.0414
15 | 153 | 1.0 1.0 0.9973 | 0.4944
20 | 20 | 1.0 1.0 1.0 0.9377

Table 5.2: Computational results for CME probability leaks via reaction counts with
o = [3,2,2,2]7. A value of 3" q(t) closer to 1 indicates less probability leak.

very small increment, accurate modeling requires an extremely large state space; this
growth in size is likely to outweigh any potential benefits gained from the lower
triangular nature of A,

However, there is a potential modification that is promising in using the reaction
count CME for any time interval. The following section explains how we may seek to
take advantage of the fact that reaction counts never decrease—once a reaction count

state has occurred, it no longer needs to be modeled.
5.5 Adaptive Solution to the Reaction Count CME

The introduction of an adaptive solution to the reaction count CME aims to
take advantage of the fact that within a small time step, only a portion of the states in
a larger state space are viable. This means that, within small time intervals, we may
look at a comparatively small window of states. Take time sub-intervals 7;,1 <1 < K

such that S_5 7, = t. Then e'4"q(0) = e(Tx+-+A%g(() = ¢ A™ ... 1A% q(().

Aqu_l that are

Letting gy = q(0), define intermediate probability vectors q; := €™
easier to deal with than the original computation of etARq(O). Furthermore, at each 7,
we can determine a corresponding Aff that contains transition propensities for the
small subset of states relevant in the time interval 7;. While this adaptivity will

introduce intricacies in re-indexing and re-sizing the CME operators and probability

vectors, there is likely to be significant payoff.
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(b) Marginal probabilities computed via the reaction count method.

Figure 5.2: Marginal population count probabilities computed via population and re-
action counts for Michaelis-Menten at t = 0.5. Population count marginals in 5.2b are
recovered from the distribution computed by the reaction count method.

Similar adaptions have been demonstrated for population counts [6, 5, 12]
However, determining the relevant states for 7; seems to be a more challenging in the
case of population counts as states may be returned to once they have occurred. The
possibility of an adaptive reaction count CME opens the doors for promising future

investigations.
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CHAPTER 6

CONCLUSIONS

The chemical master equation (CME), which models the interactions between species
in a system of biochemical reactions, is a perfect avenue for the applications of higher
order tensors and their efficient decompositions (particularly the tensor train and
quantized tensor train decompositions).

This work reviewed two methods for using tensors to develop solutions to the
chemical master equation; the first is the classic method presented by Hegland et al. in
On the Numerical Solution of the Chemical Master Equation with Sums of Rank One
Tensors and further explored by Kazeev et al. in Direct Solution of the Chemical
Master Equation Using Quantized Tensor Train; the second is that presented by Wolf
in her work Modelling of Biochemical Reactions by Stochastic Automata Networks.
Though the classic formulation has received substantially more recognition in the
literature, we proved key similarities between the approaches. The close relationship
between stochastic automata networks and higher-order tensors motivates exploring
higher-order tensors in other stochastic automata problems and continuous time
Markov processes outside of chemical reaction systems.

Additionally, this work explored the potential for modeling the CME based on
reaction counts as opposed to population counts. Although modeling the CME via a
reaction count state space is, at the surface, a very similar to the population count
problem, many challenging intricacies are introduced. Even with states based on
reaction counts, population count information is needed at each time step to compute
transition propensities; these computations must be implicitly incorporated. A

successful incorporation of the QTT into the Kronecker product reformulation of the
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reaction count CME has many potential benefits: the truncated reaction count state
space itself is simpler and its CME operator has a lower triangular form because
reaction counts do not decrease. Further investigating the potential for an adaptive
QTT approach to the reaction count CME is an exciting avenue for future work that

promises to be impactful in modeling biochemical reaction systems.
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