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ABSTRACT

The corona theorem for the space of bounded analytic functions on the unit disk, > (D),
which was proven by Carleson in 1962, states that D is dense in the maximal ideal space of
H*> (D). This theorem can be reduced to the following result: Let { f;}""_, € H> (D) be such that

> 1fi(2)]" > €2 > 0forz € D. Thenthere exist {g;}"_, C H* (D) suchthat > f;(z) g (z) =1
=1 =1

in D. Furthermore, if we have the additional condition that {f;};_, are such that > | f; (2)]* < 1,

=1
then there exists B. < oo such that i lg: (z)]> < B.forall z € D.

In this dissertation, we prove tr:Ztlthe corona theorem holds for certain subalgebras of H>°(D),
and we provide estimates for the sizes of the given solutions. Among the algebras we con-
sider are those which contain bounded analytic functions whose k" derivatives vanish at 0 for
all k € K C N, which we call H (D). We give several properties the set X must have in or-
der for H3 (D) to be an algebra. We then prove the corona theorem in both the vector and matrix
cases for these algebras. In fact, in the vector case, we prove the corona theorem using two dif-
ferent techniques. Each technique gives a unique estimate, and one extends our findings to more
general algebras.

We also settle a conjecture of Mortini, Sasane, and Wick involving the algebra C+BH> (D) ,
where B is a Blaschke product. We prove the corona theorem in C+ B H®° (ID) holds for an infinite

number of functions.

We end with a few suggestions for future research.



LIST OF ABBREVIATIONS AND SYMBOLS

C the complex numbers

N the natural numbers

D the open unit disk, {z € C: |z| < 1}
D the closed unit disk, {z € C : |2] < 1}

H> (D) the algebra of bounded, analytic functions on D
B(H)  the set of bounded operators on a Hilbert space H
AUB  theunion of sets A and B

AN B  theintersection of sets A and B

AcCB Aisasubsetof B

A& B thedirect sumof Aand B

acA aisanelementof A

a¢ A aisnotanelement of A

T, AT the transpose of vector f or matrix A

ran ' therangeof F, {F (z) : z € D}

ker F the kernel of F, {z € D : F'(z) =0}

I, the n x n identity matrix

det A the determinant of matrix A



ACKNOWLEDGEMENTS

I would like to thank my advisor, Dr. Tavan Trent, for his guidance during my time as
a graduate student at the University of Alabama and especially throughout the writing of this
dissertation. He has introduced me to and modeled well the world of academic research. Without
his helpful suggestions and much-needed encouragement, this would never have come to fruition.

| also owe a debt of gratitude to the rest of my committee, Dr. Martyn Dixon, Dr. Martin
Evans, Dr. Beth Todd, and Dr. Zhijian Wu. Thank you for taking an interest in the success of
my dissertation and for your valuable time and input. | also thank my fellow graduate students
for their help and support during my time at UA. | acknowledge the assistance of the staff of the
Mathematics Department, and | am grateful to them as well.

I would also like to express my appreciation to my parents for instilling in me the value
of education, but also teaching me to treasure so many other things in life. In addition, I thank
my husband Philip. His support and constant encouragement have played a pivotal role in the
completion of the PhD program. | believe his dedication to this dissertation almost surpasses my
own.

Last but not least, | thank my God for allowing me the privilege of writing this. "For the

Lord gives wisdom; from His mouth come knowledge and understanding."”



CONTENTS

AB S T R A C T e ii
LIST OF ABBREVIATIONS AND SYMBOLS .. ... e i
ACKNOWLEDGEMENTS .. WY
1 INTRODUCTION AND SUMMARY .. 1
2 REPRODUCING KERNEL HILBERT SPACES AND MULTIPLIERS ................ 3
2.1 Reproducing Kernel Hilbert Spaces ......... ..o 3
2.2 MURIPI OIS . e 9
3 THE CORONA THEOREM ... e 12
3.1 The Corona Theorem in H®(ID) ..o 12
3.2 The Corona Theorem in Other Algebras .............o i 13
3.3 Subalgebras of H>°(D) for which the Corona Theorem Fails......................... 16
4 H (D), ASUBALGEBRA OF H™ (D) .ottt 18
4.1 Definition of HR2 (D) ..ot 18
4.2 Structure 0f the Set K ... .o 20
4.3 Vector and Matrix Versions of H52 (D)) .. ... 29



5 REPRESENTATION OF KERNELS OF MATRICES WITH ELEMENTS IN
THE ALGEBRA AS RANGES OF MATRICES WITH ENTRIES IN THE

ALGEBRA . 30
6 THE CORONA THEOREM IN H2 (D) ..ot 37
6.1 The Corona Theorem in 75y (D) ..o 37
6.2 The Corona Theorem in H (D) ... 40
6.3 The Corona Theorem in [H72 ()] ....ooiiiiiiii 48
6.4 Future ReSBarCh ... 51
REFERENCES ... e 52

Vi



Chapter 1
INTRODUCTION AND SUMMARY

Let H>° (D) denote the collection of bounded analytic functions on the open unit disk
D = {z:|z| <1}, and let M denote the maximal ideal space of > (D). The corona theo-
rem for H>° (D) , which was proven by Carleson in 1962 ([1]), states that D is dense in M. This

theorem can be reduced to the following result: Let {f;}" , € H* (D) be such that
Y Ifi(x) = >0forzeD.
i=1

Then there exist {g;}., € H> (D) such that

Zf, (2)gi () =1inD.

=1
It has also been shown that if we have the additional condition that {f;};_, are such that
i |f: (2)]” < 1, then there exists B. < oo such that i lg: (2)]” < B.forall z € D ([13]).
- In this dissertation, we prove that the corona theolr:elm holds for certain subalgebras of (D),
and we provide estimates for the sizes of the given solutions. Among the subalgebras we consider
are those which contain functions whose k' derivatives vanish at 0 for all & in some set K C N.
We prove the corona theorem in both the vector and matrix cases for these algebras.

The content of this dissertation is as follows: in the second chapter, we introduce some

background material necessary for the development of our proofs. This material includes the

definitions and some important properties of both reproducing kernel Hilbert spaces and multipliers

on algebras.



In the third chapter, we present an abbreviated history of the corona theorem. This chapter
includes examples of algebras for which the corona theorem holds, as well as an example for which
the corona theorem fails.

In the fourth chapter, we introduce some of the algebras for which we will prove the corona

theorem. They include the algebra
HED)2 {f:D—C: f(2) € H°(D)and, forall k € K, f®(0) =0}.

Examples of such algebras are given, as well as an example of a set K for which H3°(D)) is not an
algebra. Also, many characteristics that the set K must have in order for H5° (D) to be an algebra
are discussed and their necessity proven. Finally, the algebras of both vectors and matrices with
entries in H? (D) are defined.

In the fifth chapter, another necessary element for our proof of the corona theorem in certain
subalgebras of H°° (D) is discussed. For a function F' (z) in our algebra, we find an operator @ in
the same algebra such that ran () = ker F.

Finally, in the sixth chapter, we prove that the corona theorem holds for certain algebras,
including both the vector and matrix versions of H°(ID), and give estimates on the sizes of the
solutions. In fact, in the vector case of H3° (D), we prove the corona theorem using two different
techniques. Each gives a unique estimate, and one extends our findings to more general algebras.

We end with a few suggestions for future research.



Chapter 2
REPRODUCING KERNEL HILBERT SPACES AND MULTIPLIERS

2.1 Reproducing Kernel Hilbert Spaces

Let H (D) be a Hilbert space of complex valued functions on a set D with an inner product

<f7 g>’H(D) and norm ||f”H(D) - V <f7 f>

Definition 2.1.1 A linear evaluation functional over H (D) is a linear functional

[, : H (D) — C that evaluates each function h € H (D) at the point z € D, i.e.

Definition 2.1.2 A functional I, : H (D) — C is bounded if there exists a C', < oo such that,
forall h € H (D),

1= ()] = |h ()] < C [llsyp) -

Definition 2.1.3 We say that H (D) is a reproducing kernel Hilbert space on D if, for every

z € D, the linear evaluation functional [, : H (D) — C is bounded.



Example 2.1.1 Hardy space, or the space of holomorphic functions on the unit disc,

H* (D) = {f(Z) Do C: f(2) =) fa2" D Ifal’ < oo},

is a reproducing kernel Hilbert space.  For f,g € H?(D), we have the inner product

(f.g) = ifng_n and hence the norm ||f|* = i If.)”. Letz € Dand h € H*(D). Then
n=0

n=0
we have that, for |z| < 1, h(z) = >_ h,2", which implies
n=0

o0
E hpz"
n=0

h(z)] =

o0

< Sl -l
n=0

< (ZM?) -(Z\zl2”>
n=0 n=0

o0

where C, = (Z |z[2”> < 0o. Thus h (z) is bounded for any fixed ~ € I, and so H? (D) is a

n=0

reproducing kernel Hilbert space.

Example 2.1.2 The Hilbert space containing square-integrable functions in [0, 1], i.e.

L2[0,1] = {f :[0,1] — C : f is measurable and /1 1f (2)) < oo}
0

is not a reproducing kernel Hilbert space. Elements of L? [0, 1] are equivalence classes of functions

and cannot be evaluated pointwise.

Suppose H (D) is a reproducing kernel Hilbert space on D, and let z be fixed in D. Consider

the linear evaluation functional [, : H (D) — C defined by [.(h) = h(z). By Definition 2.1.3, we



have that [, is bounded on H (D). By the Riesz Representation Theorem, every bounded linear
functional on H (D) is given by the inner product with a unique vector in H (D). Thus we have

that for every w € D, there exists a unique vector k,, € H (D) such that, for every h € H (D),

h(w) 2 L, (h) = (b, ko - 2.1)

Definition 2.1.4 We say that this two-variable function K (z,w) £ ky(2) : D x D — C is

the reproducing kernel for H (D).

Lemma 2.1.1 If k., (2) is a reproducing kernel for H (D), then k,,(z) is unique.

Proof  Suppose that k,(z) and K, (z) are reproducing kernels for H (D). Then, since (2.1)

holds for every h € H (D) , we can write

Ko (2) = (Ku k) sy -

It follows that

= <kw7 kz>H(D)
= ky(2).

Thus the reproducing kernel for H (D) is unique. O



Theorem 2.1.1 Let H (D) be a separable Hilbert space with reproducing kernel k,,(z) and

orthonormal basis {e, },,. Then

ku(2) = en (w)en (2).

n=0

Proof  Leth, = > (ku,€j)yp)€j- Then h, — ky, in H (D), and thus hy, (2) — ku (2), i.e.
7=0

we have that

ky(z) = limh, (2)

By the uniqueness of reproducing kernels, we have that the reproducing kernel for H (D) is

ku(2) = en (w)en (2).
n=0
0
Thus, to state what the reproducing kernel is for any reproducing kernel Hilbert space, we
need only know an orthonormal basis for the space. Since we are able to name such a basis for

H? (D), we now use this fact in order to find its reproducing kernel. In addition, we give two more

examples of reproducing kernel Hilbert spaces and their reproducing kernels.



Example 2.1.3 The reproducing kernel Hilbert space H? (D) has orthonormal basis {e,, } -,
where e, (z) = 2" forn = 0,1,2,.... Hence, for w, z € D, we have that the reproducing kernel

for H? (D) is

Example 2.1.4 Bergman space,

oo o] 2
42(D) = {f:mmc:f(z) = gl = YL <oo},
n=0 n=0

is a reproducing kernel Hilbert space with orthonormal basis {e, }~ ,, where e,, (2) = v/n + 1 2"

n=0"’

forn =0,1,2,.... Thus, for w, 2 € D, we have that the reproducing kernel for A% (D) is

ol
€
O
[
()¢
o

n(w)en (2)

3
Il
=)

ky(z) = Z\/n+1wn-\/n+1z"
n=0

I
[M]#

(n+1) (wz)"

3
I
o

(1 —1w2)*



Example 2.1.5 Dirichlet space,

D* (D) = {f D= C:f(2) =) L IAP=D) m+D)ff < oo} :

n=0 n=0
1
is a reproducing kernel Hilbert space with orthonormal basis {e,,}°° ., where e, (2) = 2"
p g p { }n_O ( ) \/n——i—l
forn =0,1,2,.... Thus, for w, 2 € D, we have that the reproducing kernel for D? (D) is
ko (2) = ) en(w)en (2)
n=0
=1 1,
= Y T
—vn+1 n+1
=1
N Z n+1 2
n=0
5 (=)
= —log —
20 1 —wz
Definition 2.1.5 Let D be a set, and let K = K (z,w) be a two variable function,

K(z,w): D x D — C. K is called a positive definite kernel if, forany N € N, we have

N N
Zch@K (zj,2K) >0

§=0 k=0

forall {2}, c D and forall {¢;}}, C C.

Theorem 2.1.2 Suppose k., = k (z,w) is the reproducing kernel for a Hilbert space H (D) .

Then k,, is positive definite.



N
Proof.  Consider x =  cjk.,. Then
j=0

0 < ||

N N
— <chkz-7’ Czkz1>

§=0 i=0

N N
= Y ac; (ks k)

i=0 j=0

N N
= ZZC_ZC]k(ZZ,Z])

i=0 j=0

Thus k,, is positive definite. O

2.2 Multipliers

Definition 2.2.6 Let H (D) be a reproducing kernel Hilbert space of functions on a set D.

Let p € H (D). Forall f € H (D), define M, : H (D) — D by
A4w(f):é‘Pf-

If M, € B(H (D)), then we say that ¢ is a multiplier for 7 (D). We denote the multipliers of

H (D) by M(H(D)).

Theorem 2.2.3 If © is a multiplier for a reproducing kernel Hilbert space H (D), then ¢ is

bounded on D.

Proof Assume H (D) has reproducing kernel k,, (z). We first establish the validity of the
following claim, which is an interesting and useful correlation between multipliers and reproducing

kernels:



Claim221 M (k) = ¢ (W)ky

Proof of Claim2.2.1  Forall f € H (D), we have that

(Mg (k) Py = ks My ()i

= (ku, ¢f>H(1>)

= (of, kw>H(D)

= (k1)
O
Thus we have that
H(p(w)kaH(D) - HMHZ(kW)HH(D) (2'2)
S HM; ||kw||H(D)‘

But the left hand side of (2.2) is equal to [ (w)| [|kw|l+p) . and since k,, 7 0 implies that
[kwllyypy # 0, dividing by [|ku 4,y Yields
o () < [[Mg]] = M|

for all w € D. We have by definition that M/, is bounded. It follows that ¢ is bounded on D. [

Example 2.2.6 The algebra of multipliers on A2 (D) is isomorphic to H> (D). ([3])

10



Example 2.2.7 The algebra of multipliers on A% (D) is also isomorphic to > (D) . ([3])

Example 2.2.8 The algebra of multipliers on D? (D) is strictly a subset of > (D). For

n3

example, > = is contained in H (D)) but ot in D (D) ([12).

n=1

11



Chapter 3
THE CORONA THEOREM

In 1941, Japanese mathematician Kakutani proposed a conjecture that later became known
as the corona problem ([4]). Its name is derived from the solar corona, the glowing atmosphere
surrounding the sun that is easily visible during a total solar eclipse. Kakutani conjectured that
the open unit disc I is dense in the maximal ideal space of H>° (D). Here the open unit disk D
is analogous to the sun, and Kakutani claimed that unit circle {z : |z| = 1}, or the corona, is in

essence "empty."

3.1 The Corona Theorem in H>(D)

Newman showed that the corona problem can be reduced to an interpolation problem ([8]), which
was then proved by Carleson in 1962 ([1]). The result is the famous Carleson’s Corona Theorem,

which states that if functions fi, fo, ..., f, € H* (D) satisfy
P 1) 44 () 22 >0
for all z € D, then there exist functions ¢, g ..., g, € H* (D) such that

figr + fogo + -+ fagn =1

in D. He also gave a bound for the size of the solutions. If we have the additional condition that

the above f1, fo, ..., f,, are such that

P+ )+ () < 1

12



then there exists B. ,, < oo such that
9 ) + 192 () + -+ lgn (2)]° < Be

forall z € D.

In 1979, Wolff gave a simplified proof of Carleson’s corona theorem, which can be found
in Koosis” book ([6]), that made use of Littlewood-Paley expressions. One year late, Rosenblum
([10]) and Tolokonnikov ([14]) independently solved the corona problem for infinitely many func-
tions in H*° (D). Fuhrmann extended the H> (D) corona theorem to the finite matrix case ([5]),
and Vasyunin (see Nikolskii [9]) to the one-sided infinite matrix case. Uchiyama showed that the

corona solution could be estimated by (for € small)

C 1
191 (2)]” 4+ [g2 (2)] + -+ 4 [gn () < =5 In =

where C is a universal constant (see Trent [13]).

3.2 The Corona Theorem in Other Algebras

Since Carleson’s important proof of the corona theorem in H°° (ID), many have endeavored to solve
corona-type problems in other spaces for a finite number of functions, infinitely many functions,

or matrices of functions.

Example 3.2.1: Multipliers on Dirichlet Space, M (D? (D))
Tolokonnikov proved the corona theorem on the multiplier algebra of Dirichlet space for a finite

number of functions (see Nikolskii [9]). Trent then extended this to infinitely many functions

([12]).

13



Given {f;}72, C M(D*(D)), we let F(2) = (fi(2), f2(2),...). We use M to denote

the operator from D? (D) to 5132)2 (D) defined by ME (h) = ijh for h € D* (D). Trent showed

j=1

that if we have {f;}>°, C M (D? (D)) with || M{|| <1and0 < &® < Z |£;|? forall z € I, then
j=1
there exists {g;};2, C M (D? (D)) such that:

I. ijgj =1linDand

j=1

1,500

i Mgl < =5

Example 3.2.2.: H¥ (D)

Mortini, Sasane, and Wick proved that the finite corona theorem holds in an algebra involving
Blaschke products, namely Hgy (D), defined below ([7]). Also, they conjectured that the corona
theorem in Hg (D) holds for an infinite number of functions. We settle this conjecture among

other results in this dissertation.

Definition 3.2.1 Fora € D, let

a—z
goa(z)zl_aZ:]D)H]D)

denote the Mobius transform of the open unit disk DD onto itself. The Blaschke product B with

zeros a;, of multiplicity my, is defined to be

|ay] "
B=]] (a_k%k where > “my, (1 — |ag|) < oo.

k>1 k>1

14



Definition 3.2.2 Letayg, £ > 1, denote the zeros in ID of a Blaschke product B with multiplicity

my. We denote by Hy (ID) the set of all functions in H>° (D) that satisfy the following:
i. forall j,k: f(a;) = f (ax)

ii. forallkandalll <m <my —1:f™ (a)=0.

An equivalent definition is given by
Hy (D)= C+ BH>™ (D).

In fact, they proved that the corona theorem for a finite number of functions holds more
generally for algebras generated by ideals in H>° (D). If I is any proper ideal in H°° (ID), then the

corona theorem holds in the subalgebra of H> (D) defined to be

C+I2{c+yp:cecCandypecl}.

Example 3.2.3: Matricial Corona Theorem

Trent and Zhang ([13]) established that, if .4 is a multiplier algebra for a reproducing kernel
Hilbert space of functions on €2, and if the corona theorem holds for A, then a one-sided infinite
matrix version of the corona theorem also holds. That is, if F'is an m x oo matrix of elements of

A satisfying:

i, 0<é&l, <F(z)F(2) forall 2 € Qand

ii.  max {||Mp|, HME”} =1,

then there exists an m x oo matrix with entries in A satisfying:

15



a. FG' =1, and

b. maX{HMgH ,

3.3 Subalgebras of H>°(D) for which the Corona Theorem Fails

Not all subalgebras of H> (D) have corona-type theorems. In 1977, Scheinberg ([11]) gave

subalgebras of H>(ID) for which the corona theorem does not hold. Let A (D) be the algebra of

functions that are in 7> (D) and are continuous on ID. He first proved the following:

Theorem 3.3.1 If B (D) isauniformly closed subalgebra of H°° (D) such that B (D) 2 A (D)

and 1 € B (D), then the following are equivalent:

For all n € N and for every f,(z), fo. (2)..., fn(2) € B (D) satisfying

inf {|f1 ()] + |2 (2)[ + -+ [fu (2)[} > 0, there exists g, (2), g, (2) - g (2) €

B (D) such that g1 f1 + gafa + -+ + gnfn = 1in D.

For all n € N and for every f; (2), f2.(2) ..., fu(2) € B(D) and every complex
homomorphism ¢ € B (D), we have that ¢ (f1 (2), f2(2),..., fu (2)) is in the

closureof {f (z) : z € D}.

For all n € N and for every complex homomorphism ¢, there is A € D such that for

every fi1(2), fo, (2) ..., fu(2) € B(D), we have that o (f1 (2), fa(2),..., fu(2)) €

Er;o{closure of {(fi(2),fa(2),....fu(2)):z€Dand |z — \| <e}}.

The corona theorem is true for B (D).

16



Scheinberg then proved the existence of subalgebras of H> (D)) for which the corona theo-

rem is not true.

Theorem 3.3.2 For each n € N, there exists a uniformly closed subalgebra
B, (D) € H* (D), B, (D) > A(D) such that B, (D) satisfies (iii.) above, but does not sat-

isfy the corona theorem.

It does not seem to be known if a corona-type theorem must hold for subalgebras of H>°(D),

which are also multiplier algebras of a reproducing kernel Hilbert space.

17



Chapter 4
H$ (D), A SUBALGEBRA OF H> (D)

4.1 Definition of H°(D)

The main purpose of this dissertation is to show that the corona theorem holds for certain subalge-
bras of H°°(ID) and to provide estimates for the sizes of the given solutions. An example of the
type of subalgebras we consider is the algebra of functions in H°°(ID) whose k" derivatives van-
ishat O for all £ € K C N, where K is chosen appropriately to give an algebra. We will call this

algebra H22 (D). In other words, define
HEMD)2{f:D—C: f(z) € H*(D)and, forall k € K, f®(0) =0},

where K is chosen appropriately to give an algebra. Note that interpolation problems for the
algebra C + z2H*> (D) have been investigated by Davidson, Paulsen, Raghupathi, and Singh.
[(2)]

Now, For any K for which H?(D) is an algebra, we have that H22(D) is the multiplier

algebra for the reproducing kernel Hilbert space on I,
HZ (D)2 {f:D—C: f(z) € H*(D)and, forall k € K, f*(0) = 0}.

As such, it seems reasonable to investigate if there is a corona-type problem for H3°(ID). Note
that the reproducing kernel for H% (D) can be found by considering an orthonormal basis for the

space, namely {en},coyum i - Where e, = z". This implies that, for w, 2 € D, the reproducing

18



kernel for HZ (D) is

ko(2) = > en(w)en(2)

ne{0}UN\K

- Y @

ne{0}UN\K

= ) (w2)".

ne{0}UN\K

First we investigate for what sets K" we have that H3?(D) is an algebra. Given a finite set
K, itis easy to determine if H3°(ID) is an algebra, which we illustrate for the reader with a simple

example.

Example  Functions in H*°(D) whose first and third derivatives vanish at 0, i.e.

HS y, (D) = {f D — C: f(2) € H*(D)and £ (0) = f" (0) = o} ,

make up one such subalgebra. Given f (z),g(z) € H 3 (D), we have:
L (f+9)(0)=(f+9)"(0)=0,

ii.  (f9) (2) = f'(2)9(2) + f(2)d'(2)

= (fg) (0) =0-g(0) + f(0) -0 =0, and

il (79)" () = 1"(2)g(2) +3(2)d (2) + 3L (2)g"(2) + [ ()9 (2)

= (fg)" (0) = 0-g(0) +3f"(2) - 0+3-0- g"(0) + f(0) - 0 = 0.

Since H{y 5, (D) is closed under both multiplication and addition, we have that it is indeed

an algebra. It follows that it is a multiplier algebra for the reproducing kernel Hilbert space

19



H? 4 (D). Forw,z € D, the reproducing kernel for [77, ,, (D) is

ko (2) = Yoo ()"

ne{0}UN\{1,3}

1 N3
= 1_wz—wz—('wz)

— 14 (@)’ + (@:)

1 —wz

Example 4.1.1 The functions in H*° (D) whose second derivatives vanish at zero, i.e.
Hy (D) ={f:D—C: f(2) € H*(D)and f”(0) = 0},

do not form an algebra. We do not know, for arbitrary f(z), g (z) € Hf, (D), that the second

derivative of the product of f and g,

(f9)" (2) = f"(2)g (2) + 2f' (2) ¢ (2) + f (2) 9" (),
vanishes at zero. In other words, we do not have that Hf, (D) is closed under multiplica-
tion.

4.2  Structure of the Set K

Though we are unable to fully characterize the set K for H5°(D) to be an algebra, there are certain
criteria that K’ must meet. Some of these criteria are outlined here. For all of the following,

assume K C N is such that H¢2 (D) is an algebra.

Lemma 4.2.1 ko ¢ K if and only if o(2) = 2™ € H32(D).

20



Proof

o)

I. F0r0<k<k‘0,g0(k)(z) :W
0o— K):

Zko=k 50 oM (0) = 0.
ii. ) (2) = k!, s0 pk0)(0) # 0.

iii. Fork > ko, o™ (2) =0forall z € D. O

Lemma 4.2.2 Suppose j,k ¢ K. Thenj+k ¢ K.
Proof Letp(z) = 27 and ¢ (z) = 2. Then p(2),4(z) € HE(D). Since H¥ (D) is an algebra,
we have that the product (o) (2) = 27t* € H?(D). By Lemma4.2.1,j + k ¢ K. O

Corollary 4.2.1 Suppose j ¢ K. Then 2j,35,4j,... ¢ K.

Lemma 4.2.3 Suppose n consecutive integers j,j + 1,...,5 + (n — 1) ¢ K. Then we can
find n + 1 consecutive integers, namely nj,nj +1,...,nj + (n — 1),nj +n, notin K.
Proof

i. ByCorollary4.2.1,nj ¢ K.

ii. Fork=1,2,..,n—1,nj+k=[n—1)j]+[j+k]. Butby Corollary 4.2.1, we

have that (n — 1) j ¢ K, and by supposition, j + k ¢ K forany k =1,2,...,n — 1.

iii. Again, by Corollary 4.2.1,we have thatnj +n=n(j+1) ¢ K. O

Generalization of Lemma 4.2.3  Suppose j,j + k ¢ K. Then, foranyn = 1,2, 3, ..., we have

that nj,nj + k,nj + 2k, ...nj+ (n — 1)k,nj + nk ¢ K.
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Proof By Corollary 4.2.1, nj ¢ K. Also, for m = 1,2,3,....,n, we have that
nj +mk = (n—m)j+m(j + k). Now (n —m)j ¢ K and m(j + k) ¢ K by Corollary

42.1. So(n—m)j+m(j+ k)¢ K by Lemma4.2.2. O

Lemma4.2.4 Suppose ko € K. If 1 < j < kg satisfies j ¢ K, thenky — j € K.

Proof  Suppose ¢(z) € H32(D). It follows that o%0)(0) = 0. Let)(z) = 2’. Then, by Lemma

42.1,¢(z) € HP(D). Since H2 (D) is an algebra, we have that the product (¢Y¢)(z) € H (D).

Thus
0 = (¥p)*(0)
ko k
— ( 0) ¢(P)(O>@(ko—P) (0)
p=0 p
ko) ) (0o tho—9)
= ;)Y U ()
— (k;f))j[go(ko—j) (0)
J
Thus o 0=9) (0) = 0, i.e. ko — j € K. O
Lemma 4.2.5 If K is infinite, then there cannot be two consecutive integers
JJ+1¢ K.
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Proof  Suppose j,j + 1 ¢ K. Then we have that the following integers are not contained in K:
P =i=0-1j
Pirl=0G-25+0G -1

P-j+2=0G-3)+20+1)

P=2=j+(G-2)(+1)
P-1=0G-1G+1)
=g

PH1=0G-1i+(G+1)

PH+2=0G-2)+2(G+1)

PHi=j0+1)
PHi+l=5-j+(G+1)

PHi+2=0G-1j+2(j+1)

Thus K is finite, having fewer than (j — 1); elements. OJ

Lemma 4.2.6 If j,k ¢ K where ged(j, k) = 1, then K is a finite set.

Proof  Since ged(j, k) = 1, then there exists M, N € N such that Nj — Mk = 1. We establish

the validity of two claims:

Claim4.2.2 Forany Q e N,QMk+r ¢ K forr=1,2,....Q.
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Proof of Claim4.2.2 Let@Q e Nandr < (. Then
QMEk+r=(Q —r)Mk +r(Mk + 1).

Now (Q —r)Mk ¢ K since it is a multiple of &£ ¢ K. Similarly, »(Mk + 1) ¢ K since it

is a multiple of Mk + 1 = Nj ¢ K. Thus theirsum QM#k +r ¢ K. O

Claim 4.2.3 Any integer greater than A/2k? can be written in the form QM k + r for

some Q € Nand r < Q.

Proof of Claim 4.2.3  Consider M?k* +p, p > 1. If p < Mk, then we already have the
desired form, for
M?K? +p=QMk+r
where Q = Mkandr =p < Q. If p > ME, then write
ME*+p = M?E*+qMk+r
= (Mk+q)Mk+r

where » < ME. Then we have the desired form where Q = Mk +qgandr < Q. O

Thus, forany N > M?k?, we have that N ¢ K; hence, K is a finite set. d

The previous lemma tells us that, if 27, 2% € H3 (D) and ged (j, k) = 1, then 2 € H® (D)

for all large n.

Lemma 4.2.7 If j, k ¢ K with ged(j, k) = d, then there exists Cy such that Nd ¢ K for any

N > (.

Proof

Since ged(j, k) = d, then there exists M, N € Nsuch that Nj — Mk = d. Letk = sd.

Again, we first prove two claims:
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Claim4.2.4 Forany Q@ e N,QMk+rd ¢ Kforr=1,2,...,Q.

Proof of Claim4.24 Let@Q e Nandr < ). Then
QMEk+rd=(Q —r)Mk +r(Mk + d).

Now (Q — r)Mk ¢ K since it is a multiple of k£ ¢ K. Similarly, r(MFk + d) ¢ K since it

is a multiple of Mk + d = Nj ¢ K. Thus theirsum QMk +rd ¢ K. O

Claim 4.2.5 For any n > M?2s2%, we can write nd in the form QM E + rd where
r<Q.
Proof of Claim 4.2.5  Consider n = M?s*+p, p > 1. If p < Ms, then we already have
the desired form, for
nd = M?s*d+pd
= M?sk+pd
— QMk+rd
where Q = Msandr =p < Q. If p > Ms, then write
nd = M?*s*d+ pd
= M?*s*d+ Mgsd +rd
— (Ms+q)Mk+rd

where r < Ms. Then we have the desired form where Q = Ms+gandr < Q. O

Thus, for any N > M?s?, we have that Nd ¢ K. O

The previous lemma tells us that, if 27, 2% € H2(D) with ged (j, k) = d, then 2" € H2 (D)

for all large n.
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Theorem 4.2.1 Suppose K C N is infinite. Then for some integers N and d, we have that
ZNd G INFDd L (N+2)d e Hee(D), and if 2F € H2(D) where k > Nd, then k = Md for some

integer M.

Proof Let X C N be an infinite set for which Hp*(D) is an algebra. Let p,q ¢ K and
ged(p, ¢) = d. Then, by Lemma 4.2.7, there exists N € N such that 2" € H®(D) foralln > N.
Suppose 2* € H2(D), where Md < k < (M + 1)d for some M > N. Letged(Md, k) = dy,
with Md = jd, and k = ld;. Then we have that

k< (M+1)d

k < Md+d

ldl—jdl < d
(I—j)d < d.
But

Md < k

jdl < ldl

l—5 > 0
I—j > 1.

So we have that d; < d. Then, by Lemma 4.2.7, there exists N; € N such that z"" € H (D) for
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Definition 4.2.1 For N, d € N, we say that the infinite set X C N stabilizes at k = Nd if
i, 2WN-Dd g geo(D),
i, ZNd NHDd L (N+2)d e H2e(D), and

iii. if 2% € H (D) where k > Nd, then k = Md for some integer M.

Theorem 4.2.2 Let K C N be infinite. Suppose that we have, for some N € N and
some d € N, 2" € H3(D) for all n > N (condition (4i.) above). Additionally, suppose that,
if 22 € HP(D) for p > Nd, then p = Md for some M € N (condition (éii.) above). Then

2% € H2(D) implies that £ = jd for some j € N.

Proof  Suppose 2* € H3?(DD), and k is not a multiple of d. Then ™" € H32(D) for all m € N.
Now there exists @ € N with ged(Q, d) = 1 such that Qk > Nd. Now d does not divide Qk, and

2@% € H22(D). Thus we have a contradiction, and so & must be a multiple of d. O

Theorems 4.2.1 and 4.2.2 taken together tell us that, if the set X' C N is infinite, then all
elements of N\ & must be a multiple of some integer d, i.e. if N\K = {ky, ko ks },then k; = n;d
where n; € Nfori =1,2,3,.... Furthermore, we have that K must stabilize at some point, say

atn;d. Songy =ni+ 1forall k > j. Thus
N\K = {nld, nzd, e nj,ld, led, (nj -+ 1) d, (?”Lj + 2) d, .. } N
and elements of A (D) have the form

F(2) = fo+ iz + fo2™ oo fr2M0 4 fi 20D f 2ty (4.1)
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where f; € C. Letting w = z? yields that (4.1) becomes
Fi(w) = fot o™ + fow" + -+ fru™ + fow™ T+ fiow™ 4
= fo+ fiw" + fow +--+ ij+kwnj+k.
k=0
Thus Fy (w) is contained in the algebra H3, (ID) where
K1 :{1,...,n1—1,n1—|—1,...,n2—1,n2+1,...,nj—1}

is a finite set. Thus any algebra Hg° (D) where K is infinite can be reduced to a finite case.

Thus the problem of finding a corona solution in H3° (D) where K is infinite can be reduced
to two simpler steps. First, solve the corresponding problem in H32 (D) where K is finite as
above. Then, take those solutions in A7 (D) and compose them with = in order to get the

solution in H® (D).

Example 4.2.2 LetN\K ={6,8,2n:n >6},s0 K ={1,...,5,7,9,10,11,2n+ 1 : n > 6}
is an infinite set. Consider A% (D), which is indeed an algebra. Note that A3 (D) stabilizes at
k=2-6=12. We have that F' (z) € H® (D) if it has the form

F(2) = fo+ fo* + fs2* + ) _ fon2™ (4.2)

n=>6
where f; € C. Letw = z2. Then (4.2) becomes
Fy (w) = fo+ fow® + fsw' + ) fonu™
n=>6

Now F} (w) is contained in the algebra A7 (ID) where K = {1,2,5} is a finite set. Thus the task
of finding a corona solution for F' (z) in H3? (D) reduces to finding a corona solution for F; (w) in

H$ (D), say G (z), and composing this solution with 22. Then we have that G (z) £ G4 (2?) is

the desired corona solution for F'(z) in H? (D).
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4.3  Vector and Matrix Versions of H? (D)

We also consider the algebra comprised of vectors whose entries lie in H22(ID). This algebra is of

the form

j@ngg(m) = {{fj};;l - fi(z) € HE (D) for j = 1,2, ...,n and sugz 1£,(2)) < oo} :

= FAS] j=1
We will call this algebra H5,, (D). Multiplication here is entrywise. Elements of /5, (D) are
n—vectors, which we will write as "row" vectors, with entries in Hz°(ID). Thus F'(z) € Hg,, (D)

implies that F'(z) € M(C"™, C) and that it has the form

F(z) = (f1(2), f2(2) s, fu (2))

for n < oo, where f; (z) € H? (D) for j = 1,2, ...,n. Note that we could have n = oo, in which

case F'(z) € M(I?,C) is an infinite vector of the form
F(z) = (f1(2), f2(2), )
where f; (z) € H (D) for j € N.
Similarly, we consider the matrix version of this algebra,
T
L%H?,n(m)} - {[{Fk};';l]T L Fy (2) € M2, (D) for k = 1,2, m} ,
elements of which are m x n matrices with n > m of the form

Fi (2) fia(z)  fiz(2) 0 fin(2)
F5 (2) foa(z)  fo2(2) - fan(2)

Fm (Z) fm,l (Z) fm,Z (Z) fm,n (Z)
where Fi(z) € HE,(D) for k = 1,2,...m,ie. fr; € HE(D)fork = 1,2,..,mand j =

1,2,...,n. We will call this algebra [H?}n(]ID)]m. Again, we could have n = oo, in which case

we have [H}’?,OO(]D))}m ,anm x oo matrix with rows in H (D).
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Chapter 5
REPRESENTATION OF KERNELS OF MATRICES WITH ELEMENTS IN THE
ALGEBRA AS RANGES OF MATRICES WITH ENTRIES IN THE ALGEBRA

In general terms, the problem we have is that, for a certain function F' in an algebra A, we
want to find a solution A € A such that FA = 1. Now our algebra A is a subspace of a larger
algebra X for which the problem has been solved. In other words, we know we can find a solution
Gypin X such that FG, = 1. 1f we can we find a suitable operator @ in A so that ker /' = ran @,
then we will let A = Go — QX for some X € & chosen appropriately so that A € A. This will

be our desired solution, since

FA = F(Gy—QX)

= FGp— FQX
= 1-0
= 1

In this chapter, we find such an operator (. We find the operator X in the following chapter.
Let {a;}72,,{b;};2, € *and a = (a1, az,...),b = (bi,bs,...) € B(I?,C). Forc =

(c1,¢2,...) € B(I?,C), define QY = (c1,c9,...), and let S : 1? — 2 be the backward shift
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operator with S(c) = (co,cs,...) . Let

1 [ 000 |
& C Lo
1 . . .
000
AP0 =
< 0
C{ ~Qstigg
%c{ el
k+1 L .

Define QY = (Agl) (), AV (o), ) : 1% — 2. We know (see Trent [12]) that, for all a, b € i2,
1

we have

Theorem 5.0.1 <a,b>1=0QQ" 1 =0 QY + Q"

We give an alternative treatment for the extension of Theorem 5.0.1 to the case of general n.

Define

H = &Hy=1D

HZ = Q‘PHla
Hy = %Hn.

Assume that for j = n — 1, n, we have

(-1
_QSJ(’“)(Q)

CkI
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and QYY) = ( AD (), 4D (o) | ) . H;41 — H; such that for all a, b € i2,

<ab>I= Qb *Qénfl) + Qén)@én)*

(Note that for j = 0, 1, the above is as in Theorem 5.0.1.) We want to find Q (n+1) Q(”“ such

that
<ab>1= Qéﬂ)*Qén) + le—i-l)@én—d—l)*.
Let
k-1 000
619 Hn+1 . ' :
A () = 000
Hn+1{ QS(k)
g Hn+1{ Ck]
E+1 L ]

Define Q"™ = (Aﬁ”“) (e), AS™ (¢), . ) SoQ"™Y . H,. » — H,.,. Consider

Qi 4 QUi (5.1)
We observe that formally
- (1,1[ 0
S(a) L S(b)
Similarly,
_ (n=1) [ An=1)% T
QY = s@ | and thus Q" = se) 0t
a ol QW b 0 (m)+
1 S(a) L S(b) |

So we have that (5.1) =

(n—1)= — (n—1) (n) (n)= —
s 0l Qs 0 s 0 | sy DT
IS | RSN B VAN | R

S(a) S(b)

r — (n—1)* ~(n—1) (n) (n)*
arby I + Qs(g) QS(g) + QS(@)QS(Q) g
0 a1b1[+Qs(b ()+Q+ (+)
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But by our inductive hypothesis,
arbil + Q4 QU + QU QU = arbil + S (a) S (B) I =< a,b> .

Repeating this argument p times yields that (5.1) =

[<a,b>1 0 0 i
<ab>1 0
0 . 0 Za,b T+ QU Qi + Qirta) Qi)
L =1 u

Since this holds for all p = 1, 2, ..., we get that

Theorem 5.0.2 <ab>1=Q"QY +Qu oI .

It follows that Qé"“) € B(Hpi2,Hyy1). Another way to write Theorem 5.0.2 is, for

u,v € 2,

( ) I = Q(n)TQ(n) + Q (n+1) Q (n+1)T

(5.2)

This will be useful for our proof of the following theorem, which will be utilized in our proof of

the corona theorem for the matrix case, [H3 . (D)] .

fi g1
f2 92 9 .

Theorem 5.0.3 Suppose F' = | . and G = : where f;,g; € [*fori=1,2,...
fm Im

Define Qr = Q}Q - Q™ and likewise Q¢ = Q%Y Q% - Q4. If FGT = I, then

G'F+QrQf = 1.
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Proof Let

J1 (51
F= < En ) where F, = f2 and G = (G” ) where G,, = g_2 ,
fn+1 : In+1 :
fn In
with f;,g; € 2 for i = 1,2,...,n + 1. Suppose FGT = 1I,.; in D. Define

Qr 2050 - QI and Q¢ £ QNYQR - QY. Consider
GTF + QrQf

F n n n n)T
n ————

From (5.2), we have that
T _ ()T H(n) (n+1) ~(n+1
(fn+1gn+1) ] - anll fn+1 + an+1 gni_l) .
But FGT = I, implies that f, 192, = 1in D. Thus
n)T (n+1) n+1)T __
I - Qénllen+l - an+1 Qé(hﬂrl)
Substitution into (5.3) yields
GTF + QFQE

= GrEy + g for + QrQ6, — Q)Q% . QPQTQE Q. QRTQNT. (5.4)

Vv Vv
az as

We utilize the identity (5.2) again to substitute for the terms a, and aj:

(fagnen) I = QU "QE™ + QP QL.
But f.g.,, = 0, so we have
n—1)T ~(n—1) n)T
_Q§n+l) an an Qéni—l
Similarly,

nrT n T
Q an+1 an+1Q( )
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Substitution into (5.4) yields

G'F + QrQ¢

= GIF+ g2y a1 + Qr,QF5, — QUQY . QDT D Qln=nT Q!

Continuing in this manner will give us the equation

GT'F + QrQg

1 n—1 n—
= GZZFn + gg+1fn+1 + QFann - gfﬂleg e Qgcn )Qén uT

QMg

) 2)T ~A(1)T
Qe

fn+1-

But £,Q%) ... QY VYT ... QW gT = det FGT ([13]). so the above equation becomes

G'F + QFQg = Gan + gg+1fn+1 + QFann - gg—i—l - det FG™ - Jnt1

= GIF 4+ g 0 fonn +QrQ6, —ghir -1+ fan
= GTF, +QrQ%L .
Iteration of the above argument yields
G'F+QrQ¢ = G 1Fua+Qr ,QF,

= Gg_QFn—2 + QFn—Zan—z

- G5F2 + QFQQgg
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But, by definition, Q, QF, = Qgi) T From (5.2), we have that (figh) I =9 f1 + Q%)QEJ?T.
Since fig7 = 1, we have
G'"F+QrQt = 9 1 +QnQ,
= gl h+QQN"
= (flg{) I

= [
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Chapter 6
THE CORONA THEOREM IN H2 (D)

Let /' € A C X have a corona solution in X, say GG. In the previous chapter, we found
for F' an operator ) € A such that ker F' = ran (. We now find an operator X € X" such that

Go— QX € A.

6.1 The Corona Theorem in A, (D)

In order to make clear for the reader the first method which we use, we begin with the special case
of 1) ..(D). Note that though we consider an algebra of infinite vectors, the following method
can also be applied to the algebra of finite vectors, Hf;’}m(]ﬂ)).

Let ' (2) € M35, .o(D) C %HW(D) with
0<e?<F(2)F(2)*<1

for all z € D. Then we know that there is a corona solution for F'(z), say G (z), which lies in

@H“’(ID)), i.e. forall z € D, we have that
1

We want to use ¢ (z) to find a corona solution in H{j, (D). Note that, since G (z) € %HOO(ID)),
’ 1

it can be represented by the power series

G(z) = Go+ Giz + G2 + ...,
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where G; is a constant vector fori = 0,1,2,.... Eliminating the ~ term from G (=) would yield a

function that lies in H{j, (D) as desired. Let

QG0

X(2)" FOF0) C 619H°O(]ID),

where we have suppressed notation by writing Qg()z) as Qr(»). Consider
V() 26 ()" - QrnX (2)" . (6.1)

Then we have that

forall z € D.

i, V(z) € H (D) :
In other words, we want to show that 1/ (0) = 0. We prove that V' (0)” = 07"

Differentiating (6.1) yields
Vi)' = Q)" =Q ()X (2) = Qe X' (2)" =

V(0" = G0)" - Q (0)X(0)" - QreyX' (0)".

Q%0 G'(0)T .
/ T _ F(O) o0 / —
But X’ (0)" = FO)FO) Also, Qr(:) € H (D), s0 Q' (0) = 0. This

implies that

_ QF(O)Q;‘(O) ,

V' (0)" =G'(0)" 70V F0)" G'(0)7. (6.2)
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Now, by Theorem 5.0.1, we have that
Qity@ry] = Q@i + iy ity
F()F ()1 = F(2) F(2)+Qu,Q%

By supposition, F'(z) F (2)* > €% > 0. Thus we have the following identity:

. ) A1)
F(2)'F(2) | QrQr)

F()F(z) | F(2)F(2)"

Suppressing the superscript notation again, evaluating at z = 0, and multiplying by

I =

G’ (0)", we get that

QF QF
F(0)F(0)*

F(0)F(0)

G0 = F(0)F(0)*

G'(0) + 2O gr)T (6.3)

But by supposition, we know that '(z)G(z)* = 1. Differentiating yields
F'(2)G()" + F(2)G'(2)" = 0inD=
F'(0)G(0)" + F(0)G'(0)" = 0
FO)G'0)" = 0

So (6.3) becomes

yonr _ FO) QrOWF©) 7
cor = o0y O+ Foyr(0) ¢ O
1T F F(0) ~
GO = FoF <>QG(12

0~ GO e o)

Applying this to (6.2) gives us that V'(0)" = 0%, s0 V (z) € H, (D).

Thus we have found a corona solution, namely V' (z) , where
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with V' (z) € HE, (D) as desired. We can use the original corona estimate ||G||, to estimate
. . Co, 1
the size of V' (z). Due to Uchiyama , we have that |G| < —20 In — for e small (see Trent [13]) .
£ £
This gives us that

1
V]l < 21/, <2 (%m_> |
3 €

6.2 The Corona Theorem in Hg (D)

Now we wish to find a corona solution in a similar algebra, but with a general K. We use an
inductive method like the above. Again, though the algebra we consider is one of infinite vectors,

the method can be used for one of finite vectors.

Lemma 6.2.1 Suppose K,, = {ki,ks,..., k,} C N where k; > k; for ¢ > j is such that
Hz (D) is an algebra. Also, define K = K, U {k}, k > k,, where k is chosen appropriately so
that H3° (D) is an algebra. Let F/(z) € HY® (D) C %HOO(]D)). Assume
’ 1
0<e?<F(2)F(2)*<1
for all z € . Suppose a corona solution has already been found for H5 (D), i.e. there exists
G(z) € HR (D) such that F(2)G(2)" = 1in D, with |G|, < C. < oo. Then there exists a

corona solution V' (z) € H% (D) such that for all z € D,

and [|V]|,, < 2]|G] -

Proof We wish to make use of G(z) in order to find a solution to the corona problem in
% (D). Note that, since G (z) € H%, (D) where K,, = K\ {k}, it can be written in a power

series expansion that includes the term G 2" where G, is a constant vector. Eliminating this term
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from G (z) would yield a function that lies in Hg (D) as desired. Let

1 Q*F(O)G(k) 0)"

X =g F(0)F(0)*

2 € H (D),
and consider

V()" 2G(2)" - QrnX (2)". (6.4)
Then we have that:

i. F(2)V(2)T =1, asin the previous argument.

i, V(z) € HE (D) :
In other words, we want to show that V(%) (0) = 0 for each k; € K,,. We prove

that V() (0)" = 07. Differentiating (6.4) k; times yields

>

V(T = Z ( ) () XD () =
7=0
kz
V(ki)(O)T ( ) )X(J) (0)
7=0
Now G(z) € HE, (D), so G*)(0) = 0" forall k; € K,,. Also,
* T

(k= J)! F(O)F(O)*

forall j < k; < k. So V*)(0)" = 0 for all k; € K, and hence V(2) € H32 (D).

i, V(z) € HE. (D) :

We need to prove that V*) (0) = 0. Now
k
VR )T = G® ()T — Z ( k ) QU ()XW ()T =

v = P ()T - (



Again, for all j < k, we have that X (0)” = 07. Thus
VE ()" = GP(0)" - QryX™ (0)". (6.5)

But we have that
T Q)G (0)"

(k)
O =T FEe)y
which gives us that (6.5) is
VE (0)T = GW0)T = Qr) - %
QF(O)Q;’O
k) (T _ & (\T _ 0) ~(k) ((\T

Now multiplying the identity

F(2)*F(z) QF(z)Q}(z

"= FOFE T FRFG)

by G*)(0)7', we get that

F(O)*F(()) G(k) (O)T QF(O)Q}(O) G(k)(O)T (67)

0" = Foro) FO)F(0)

But F(z) G (z)" = 1in D. Differentiating k times gives us that, for all z € D,

M-

( ;ﬂ ) FED()a0(z)" = 0=

7=0

= |l

( i ) FE=D0) G0 = o. (6.8)
= N7
Since G(z) € HE, (D), we know that G (0) = 0 forall j € K,,. Suppose j ¢ K,
j < k. Now since k € K, we have by Lemma 4.2.4 that £ — j € K, and hence

F®#=3)(0) = 0forall such j. Since {0,1,2,...,k} = K,U{j:j ¢ K, j < k}U{k},
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it follows that (6.8) is equivalent to

3 ( "; ) FED0)GO0) + Y ( "; ) FED(0)G9(0)T + FO)GP©0)T = 0

JEKn j¢K7j<k
> ( K ) FED©O)- 0"+ Y ( F ) 0-GY0)T + FO)GPO)T = 0
JEKR J JEK, j<k J

This implies that (6.7) is

O = Forer Ot Forop ¢ O
QF(O)Q?(O)
(k) — (k)
GO = Forer O
QF(O)Q}:“(O)
_ (k) _ (k)

Applying this to (6.6) gives us that
v (0)" = 0"

SoV (z) € HE (D).

with V' (2) € Hg (D) as desired. In order to estimate the size of V/(z), we make use of the
estimate |G| , and have that

Voo < 211Gl -
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Theorem 6.2.1 Suppose K = {ki, ks, ..., kn, kns1} C N where k; > k; for i > j is such

that H3° (D) is an algebra. Let F'(z) € HY (D) C %H“(]D)). Assume that, for all z € D,
’ 1
0<e? < F(2)F(2)* <1

Then there exists a corona solution V' (z) € H$% (D) such that for all 2 € D,

C 1
and ||V, < 2”*1—5 In = for & small.
9 9

Proof  Since H% (D) C %H“(]D)), we have by Carleson’s corona theorem that there exists
a corona solution for F'(z) that lies in ?HOO(]D)). Call this solution G (z). From Uchiyama,
we have that ||Go|| , < % lng—l2 for e small. Using the technique found in the proof of Lemma
6.2.1, we can build a solution that lies in the algebra H% (D) where K; = {k;}. This solution

is G (z) where

1 QF z)QF o)G (k1)

G266 - ey OO

We have that ||G4 || < 2||Gol|,
Similarly, we can use G, (z) to build a solution that lies in 1%, | (D) where Ky = {ky, ka} .

We call this solution G5 (z) where

lQF)Q(

(k2) T ko
I TOEORC O

G2 (Z)T é G1 (Z)T

and note that ||Gs|| , < 2|G4]|, < 2?||Gol|,
Continuing in this manner, we observe that we can build a solution for the corona problem
for ' (z) in HE (D), namely G,;1 (2) , with

C 1
Gl < 201Gl <20 (P15 )
[9) g
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Note that this estimate is based on the number of elements in the set K, which in this case is
n—+ 1.

Now we consider a similar algebra but employ another technique. This technique will
provide us with different, though not necessarily better, estimates than those found in Lemma
6.2.1. However, this approach is useful in that it can handle not only the algebra H3® (D), but

also algebras formed as follows: fix a finite Blaschke product, 5, and consider
Co + Canl + 023”2 4+ 4 CN_ank—l + Bnkf (Z)

where f (z) € H> (D) and C; € C. Let Ny = {n,;}"_, be chosen so that the above functions form
an algebra, and call it Hﬁfk’B (D). Then the following techniques give an "infinite" corona theorem
for Hy'" (D).

Let F(2) € HE, (D) where

C,eCforn<j-—1,
Hg (D)= Co+Cra" + -+ Cji2P 7 +2Ph(2): h(z) € H*(D),
p; > pi fori > k.

Assume that, for all z € D,

0<e?<F(2)F(2)* < 1.

Suppose we have a corona solution for £'(z), say G (z), which lies in H3 | (D) where

C,eCforn<j-—2,
Hi (D)= Co+Ci2™ +-- +Cj12P 2+ 27 h(z): h(z) € H* (D),
p; > pi fori > k.

In addition, assume that we have that |G| < C. < co. Now we know that

in . We want to use G (z) in order to find a corona solution in H3 (D). It suffices to find

X(z) € %H“(]D)) such that

T

[G (2)" — Qr»X (z)T] € HX (D).

45



We know from Theorem 5.0.1 that
F(2)G(2)' I = G()' F(2)+ Qr» Qb =
I = GR)'F(2)+ Qr» Qb
in D. Also, F' (z) has the form

F(2) = Fo+ 2" 4+ Fj_12P7 4 2P Fp(2),

where F; is a constant vector for 1 <i < j — 1l and Fr(z) € @HOO(]D)). Thus
- 1

I = G(2)" [Fo+ Fiz? + -+ Fj_ 29 + 27 Fg(2)] + Qr Qb

G (Z)T& + QF(Z)Qg(Z) = I-G()" [FizPt 4+ Fo2P? + - + Fj_12P71 4 2P Fp(2)]. (6.9)

Now, Fy = (f1, f2, ...) where the f; € C are notall zero. Suppose f;, # 0, and define Fyel = (f1),
T

€
wheree, = [ 0,...,0, 1 ,0,...|. Then multiplying (6.9) by —*— yields
' kth entry ( ) (fk)g

G()" + Qre Foe (F)e (Fo)e

Q& er T G)T
G(z)"k € (Z) (ﬂzpl +&Zp2+___+Fjjilijfl —i—zijR(Z)> eg.

(6.10)

Now G(z)T has the form

G(Z)T _ G_E)F_'_ G_”{Zpl et G?_2ij—2 + zpj—lGR(z)T

where G is a constant vector for 1 <i < j — 2and Gr(z) € %H‘”(]D)). Thus
- 1

C ) (B + B 4 Fya? + 22 Fp(2))

_ (G_g"i‘ G_”{Zpl 4+ e+ GT_2zpj_2 + ij_lGR(Z)T>

J

X (ﬂzpl _’_&ZIQ 4+ .4 F’j_lzpj—l + ijFR(Z)>

= P(2)+ zpjflGR(z)T[ﬂzpl + 2P oo Fy 2P 4 2P Fp(2)]

J/

-~

R(z)

lI>
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where P(2) € Hi, (D). But
SPi—1,Pi — ijfl‘f'pi c H%(D)
forl <i<j,s0p;_1+p; >p;forl <i<j Therefore R(z) € HE, (D), hence

G ()" (B2 + Bo 4o+ Fy 1297 + 29 Fp(2)) € Mg (D).

It follows that the transpose of the right hand side of (6.10) is in H3 (D) as desired. Thus we

o T €T
have found a suitable X (z) € @H> (D), where X (2)" = —Q(Gf(z; " that gives us a solution to
1 k)o
the corona problem in K (D), namely V'(z) where
QT i €T
V()" 2GR+ Qro
(fk)o
We can use ||G||, to estimate the size of V' (z) :
1 .
Vo < [ 1+ —= | Gl - (Estimate A)

max[(fi)o]
Note that this estimate is based on the size of the entries of the constant vector,
& = (fl,f2, o)
If we apply the technique used in the proof of Lemma 6.2.1 to this problem, we observe
that it would take m iterations where m = p; — p,_; — 1 in order to have a corona solution that is
contained in 3 (D). Therefore, the estimate for the corona solution found using that technique,

call it U (z) , would be

|U|o < 27727 H|G] - (Estimate B)
In some cases, Estimate A may be better than Estimate B. For example, if the constant vector

Iy has any entry greater than 1, then this is indeed the case. However, if all of the entries of Fj are

sufficiently small, then Estimate B may be better than Estimate A. Note that Estimate B depends
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on the size of the gap between p;_; and p;. The closer the integer p; is to p;_,, the better the

estimate.

6.3  The Corona Theorem in [H3% ()]

The previous argument can be altered and applied to the matrix versions of both our algebra
H? (D) and the previously defined algebras involving Blaschke products, HX,‘;’B (D). Let F(z)

be an m x oo matrix in [ %Ojvoo(]l)))} where

C,eCforn<j-—1,
H%(D) = CO —i—C’lzpl + - +Cj,12pj71 +ijh(2) . h(Z) € H*® (]D)),
p; > p fori > k.

Assume
0<e’l, <F()F()" <1,

forall = € . Suppose we have a corona solution for F(z), say G(z), which liesin [ ;gjflm(]l)))}

m
where

C, € Cforn<j—2,
Hig (D)= Co+Cre" + -+ 2P + 2P h(2) 1 h(z) € H* (D),
p; > py fori > k.

Assume an estimate for the size of G(z) is known, i.e. |G|, < C. < co. Now we have that
F(2)G()' =1,

in D. We want to use G(z) in order to find a corona solution in [H%"jvoo(]l)))} . It suffices to find

m

X (z), an m x oo matrix with entries in #°°(ID), such that

G(2) ~ Qs X(2)"] € [132 (D)

m

We know from Theorem 5.0.3 that we have the identity

G (=)' F(2) + Qr) Q) = 1
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in D. Also, F(z) has the form
f(Z) =Fo+ F12" + Foz? 4 - - —|—./Tj_12pj71 + ijfR(Z),

where F; is a constant m x oo matrix for 1 <i < j—1and Fr(z) isan m x oo matrix with entries

in H>(D). It follows that
I = G [Fo+ FuiaP 4 4 Fj_12P0 4 2P Fp(2)] + Qr(»Qb)
G(2) Fot QrnQey = 1=G() [Fie 4+ Fjoazh =t + 27 Fr(2)] (6.11)
Now, we have that for all z € D,
F(2)F(2)* > &l,,.

Thus

det F(2)F(2)* > &2
forall z € I, and so

det FoFy > g2m
since F(0) = F,. LetZ,, denote the set of increasing m—tuples of positive integers. Then we
have that
det FoFg = ) det FoEq, Fy,
TLELm

SO

det FoEr, Fy > 6 >0
for some 7, € Z,,,. (In the case where F(z) is an m x n matrix with m < n < oo, we have the
estimate det FoE,, F§ > %.) Define

A= FoE,, F.

Note that A is invertible.
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Multiplying (6.11) by E, F; A~! yields:

G(z)" + Qf(z)Qg(z)Emng*l

=FE, FiA -G (z)T [Fi2Pt 4+ Foo?? + o+ Fy 128 4 2P Fr(2)| Er Fo AT (3.4)

We wish to show that the transpose of the right hand side of (3.4) is in the algebra, [H?jm(m))]

Now E,, F;A~!is a constant matrix. Since G(z) € [Hj’;’j_l’oo(]l)))] , it has the form

It follows that

m

G(2) = Go+ Giz" + -+ Gj 22" + 27771 Gp(2).

g (Z)T [f'lzpl + f22p2 + o4 ﬂ_lzpj_l + ijFR(z)]

[gg“ + ngZpl S gg;dzpj‘2 + ij_lgR<Z)T]

X[fizpl + FoPr 4o 4 f},lzpj’l + ijfR(Z)]

P(z) +gpj—1gR(z)T[f1zp1 + For? 4+ Fig2P T zpj}"R(z)l

where P(z) € [Hfgjm(ﬂb)}

m

-~

LR (2)

. But

Pj—1,Pi — ,Pj—11Pi H>® (D
ZPi-1z z € Hy (D)

forl1 <i<j,so0pj_1+p; >p;forl <i<j Therefore R(z) € [H;{ij(m))] , hence

G (o) [Fial o+ Fyazh ™ + 2P Fn(2)] € [HEE (D)

m

It follows that the transpose of the right hand side of (3.4) is in [H%OWO(ID))] as desired. Thus

m

we have found a corona solution for F(z), namely V(z) € [ ?j7oo(}]]))] , Where

V()"

AL

m

g (Z)T + QF(Z)QS(Z)EﬂkaA_l

G(z)" + Qr( Q6 En. s (FoEr F3) "
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We can use |G|, in order to estimate the size of V' (z) :

VI, (1+ it [(Foe )7 )||g||oo

6.4 Future Research

As is the nature of research, this dissertation leads us to yet more questions. We describe a few
ideas for future research here.

While we give many properties in Section 4.2 that a set X' C N must possess in order for
H$? (D) to be an algebra, it is not clear how to completely characterize all such sets K. Is there a
systematic way to build them so that all appropriate sets are captured?

One result that can be improved upon is to reduce the size of the estimate found in our first
technique of solving the corona problem for F'(z) € H5 (D) in Section 6.2. Recall that when

the number of elements in K is n, our estimate for the corona solution G (z) is

HGH <2n+1 <§Ol i)

52
for e small. This estimate is less than ideal as it involves geometric growth.
Lastly, we observe that the second technique in Section 6.2 allowed us to extend the corona
theorem to other algebras, such as Hj’\}:B (D) defined above. We conjecture that a similar technique
can be used to give a corona theorem for an infinite version of the algebras C + I, where T is a

closed ideal in H> (D).
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