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Abstract

In this article, we consider several properties of Fibonacci sequences in arbitrary
groupoids (i.e, binary systems). Such sequences can be defined in a left-hand way
and a right-hand way. Thus, it becomes a question of interest to decide when these
two ways are equivalent, i.e, when they produce the same sequence for the same
inputs. The problem has a simple solution when the groupoid is flexible. The
Fibonacci sequences for several groupoids and for the class of groups as special
cases are also discussed.
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1 Introduction

In this article, we consider several properties of Fibonacci sequences in arbitrary group-
oids (i.e., binary systems). Such sequences can be defined in a left-hand way and a right-
hand way. Thus, it becomes a question of interest to decide when these two ways are
equivalent, i.e., when they produce the same sequence for the same inputs. The problem
has a simple solution when the groupoid is flexible. In order to construct sufficiently
large classes of flexible groupoids to make the results interesting, the notion of a group-
oid (X, *) wrapping around a groupoid (X, ) is employed to construct flexible groupoids
(X, 0). Among other examples this leads to solving the problem indicated for the selec-
tive groupoids associated with certain digraphs, providing many flexible groupoids and
indicating that the general groupoid problem of deciding when a groupoid (X, *) is
wrapped around a groupoid (X, ¢) is of independent interest as well.

Given the usual Fibonacci-sequences [1,2] and other sequences of this type, one is
naturally interested in considering what may happen in more general circumstances.
Thus, one may consider what happens if one replaces the (positive) integers by the
modulo an integer n or what happens in even more general circumstances. The most
general circumstance we shall deal with is the situation where (X, *) is actually a
groupoid, i.e., the product operation * is a binary operation, where we assume no

restrictions a priori.

2 Fibonacci sequences in groupoids

Given a sequence <¢q, ¢1, .., Op, ... > Of elements of X, it is a left-*-Fibonacci sequence
if ¢pio = Gpi1 * ¢y, for m = 0, and a right-*-Fibonacci sequence if ¢,,5 = ¢, * ¢,11 for n
> 0. Unless (X, *) is commutative, i.e, x * y = y * x for all x, y € X, there is no reason
to assume that left-*-Fibonacci sequences are right-*-Fibonacci sequences and
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conversely. We shall begin with a collection of examples to note what if anything can
be concluded about such sequences.

Example 2.1. Let (X, *) be a left-zero-semigroup, i.e., x * y := x for any x, y € X.
Then ¢y = @1 * ¢o = ¢1, $3 = P2 ™ P1 = P2 = @1, Pa = $3 ™ P2 = 3 = ¢y, ... for any ¢,
01 € X. It follows that <¢,, >; = <@g, ¢1, ¢1, ... >. Similarly, ¢y = ¢o * P71 = o, P3 = D1
¥y = P1, Pa = b2 ¥ P3 = by = g, ... for any ¢, 1 € X. It follows that <¢,, >r = <o,
o1, Go» P15, Go» @1, .- >. In particular, if we let ¢g := 0, ¢7 := 1, then <¢, >, =<0, 1, 1,
1,1,..>and <¢,, > =<0,1,0,1,0, 1, ... >.

A groupoid (X, *) is said to be a leftoid if x * y = I(x), a function of x in X, for all x, y
€ X. We denote it by (X, * ).

Proposition 2.2. Let (X, *, [) be a leftoid and let <, >be a left-*-Fibonacci sequence
on X. Then <, > = <¢o, &1, L), [P(1), o [7(1), .5, where [ " D(x) = I(I"(x)).

Proof. If <¢,, > is a left-*-Fibonacci sequence on X, then ¢, = ¢; * ¢g = (1) and ¢3
= ¢ * @1 = L) = [P(¢y). It follows that a1 = s * i = 1) = 1% (¢). O

A groupoid (X, *) is said to be a rightoid if x * y = r(y), a function of y in X, for all %,
y € X. We denote it by (X, *, r).

Proposition 2.2°. Let (X, *, r) be a rightoid and let <¢, >be a right-*-Fibonacci
sequence on X. Then <¢, > = <¢o, ¢, r (do)s t(¢0), 7P(¢0), 1 ($1), '™ (o), r(3)(9), ..
(o), '™(¢y), ... where " D(x) = r("(x)).

In particular, if / (r, resp.) is a constant map in Proposition 2.2 (or Proposition 2.2,
resp.), say l(¢o) = l(¢1) = a for some x € X, then <¢,, > = <o, ¢1, a4, a, ... >.

Theorem 2.3. Let <¢,, >, and <¢,, >r be the left-*-Fibonacci and the right-*-Fibonacci
sequences generated by ¢y and ¢. Then <¢,, >; = <¢, >g if and only if ¢, * (b1 * )
= (" Gnn) * G for any n > 1.

Proof. If <¢,, >, = <¢,, >p, then ¢o*¢1 = ¢y = $1¥¢o and hence (p1*¢o)*¢1 = P2*¢1 =
$3 = $1%P2 = P1"(do*¢1). Similarly (42701)* P2 = $3*P2 = Pa = P23 = 42" (01" ¢o). By
induction on n, we obtain ¢,, * (¢,..1 * ¢,,) = (6, * 1) * ¢y, for any n > 1.

If we assume that ¢, * (¢,.1 * ¢,) = (0, * Pu1) * ¢, for any n 2 1, then ¢, * ¢,,,1 =
Gn " (Dp1 ™ Dn) = (00 ™ Dp1) * Gu = Gpia * ¢ foranyn 2 1.0

A groupoid (X, *) is said to be flexible if (x * y) * x = x * (y * x) for any x, y € X.

Proposition 2.4. Let X := R be the set of all real numbers and let A, B € R. Then
any groupoid (X, *) of the types x*y = A + B(x + y) or x*y := Bx + (1 - B)y for any x, y
e X is flexible.

Proof. Define a binary operation “*” on X by x * y := A + Bx + Cy for any &, y € X,
where A, B, C € X. Assume that (X, *) is flexible. Then (x * y) * x = x * (y * x) for any
%, y € X. It follows that A + B(x + y) + Cx = A + Bx + C(y * x). It follows that

wgn

AB+B(B—1)x=AC+C(C— 1)x 1)

for any x € X. If we let x := 0 in (1), then we obtain AB = AC.If A # 0, then B=C
and x *y = A + B(x + y). If A = 0, then it follows from (1) that
B(B—1)x=C(C— 1)x 2)

for any x € X. If we let x := 1 in (2), then we obtain B(B - 1) = C(C - 1) and hence

- 14+,/1+4B(B—1) 2{3

2 ]-_B/
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ie,x*y=Bx+Byorx*y=Bx+ (1 - B)y. This proves the proposition. &

Proposition 2.5. Let (X, *) be a flexible groupoid. Then (X, *) is commutative if and
only if <o, ¢1, ... > = <@g, D1, ... > for any ¢o, $1 € X.

Proof. Given ¢g, ¢1 € X, ¢o * ¢1 = ¢1 * ¢o = ¢Po since (X, *) is commutative. Since
(X, *) is flexible, we obtain

2 * 01 = (@1 * @o) * @1
= ¢1 % (@0 * ¢1)
=Q1 k@2 = @3

By induction on #, we obtain

Pn * Pp—1 = (‘pn—l * %—2) * Pn—1
= @p—1 * ((pn—2 * ¢’n—1)
= @n—1*¢n

Hence <¢q, ¢1, ... > = <o, @1, ... >r. The converse is trivial, we omit the proof. D

Example 2.6. Let X := R be the set of all real numbers and let x * y := -(x + y) for
any x, y € X. Consider aright-*-Fibonacci sequence <¢,, >z, where ¢q, ¢; € X. Since ¢,
= Q0" ¢1 = (o + 1), 3= O1 F Qo = [ + 2] = -[P1-(Po + P1)] = Po, Pa = P2 * B3 =
$1, .., we obtain <, >r = <go, ¢1, -(Po + 1), o, P1, (o + P1), Do, D1, ~(Po + 1), Do,
¢1, ... > and ¢,,3 = ¢, (n =0, 1, 2, ...). Since (X, *) is commutative and flexible, by Pro-

position 2.5, <¢,, >, = <¢,, >r.
Proposition 2.7. Let (X, *) be a groupoid satisfying the following condition:

(x*xy)xx=x*(y*x)=y 3)

for any x, y € X. Then <¢,, >1 = <@, >pif ¢ * ¢1 = é1 * Po.

Proof. Straightforward. O

Proposition 2.8. The linear groupoid (R, *), with x * y := A - (x + y), Vx, y € R,
where A € R, is the only linear groupoid satisfying the condition (3).

Proof. By Proposition 2.4, we consider two cases: x * y := A + B(x + y) or x * y := Bx
+ (1- B)y where A, B R. Assume that x * y := A + B(x + y). Since y = (x * y) * x, we
have

y=(xxy)xx
=A+B(x*xy+x)
=A+B(A+B(x+y)+x)
=A(B+1)+B(B+1)x+B%

It follows that B> = 1, BB+ 1) =0, AB+ 1) =0.IfB=1,then0=BB + 1) =2, a
contradiction. If B = -1, then A is arbitrary. Hence x * y = A - (x + ). Assume that x *
y = Bx + (1 - B)y. Since y = (x * y) * x, we have

y = (xxy) kx
=[Bx+ (1 —B)y] *xx
=B[Bx+ (1 —B)y]+ (1 —B)x
= (B> —B+1)x+B(1—B)y
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It follows that B> - B + 1 = 0, B(1 - B) = 1 which leads to g = L& V3i ZR> 2
2
contradiction.

This proves the proposition. O

3 Flexibility in Bin(X)

Given groupoids (X, *) and (X, ¢), we consider (X, *) to be wrapped around (X, ) if for
allw, y,z€ X, (wey) *z=2%(yex).If (X,*) and (X, ») are both commutative group-
oids, then (x e ) *z=z*(xey)=z*(yex)and (x *y) e 2=z« (x *y) forall x, y, z
€ X, ie, (X, *) and (X, ») are wrapped around each other.

Example 3.1. Let X := R be the set of all real numbers and let x * y := x> y* x o y :=
x-yforally, ye X. Then (x o) *z=(x-9) *z=(x-9)? =2* (y+x) forallw, y, 2
€ X, ie, (X, *) is wrapped around (X, ¢). On the other hand, (x * y) ¢ z = x2y2 - zand
z e (y*x) = z- yx* so that (X, ») is not wrapped around (X, *).

The notion of the semigroup (Bin(X), 0) was introduced by Kim and Neggers [3].
They showed that (Bin(X), U) is a semigroup, i.e., the operation U as defined in general
is associative. Furthermore, the left-zero semigroup is an identity for this operation.

Proposition 3.2. Let (X, *) be wrapped around (X, ). If we define (X, D) := (X, *)0(X,
o), e, x0y := (x * y) « (y * x) for all x, y € X, then (X, D) is flexible.

Proof. Given %, y, z € X, since (X, *) is wrapped around (X, ), we obtain (X, *) be
wrapped around (X, «)

(x0y)Ox = [(xOy) * x] * [x x (x0y)]
=[{(xxy) o (yx)}sx]oxx{(xxy)e(y*x)}
=[x {(yxx) o (xxy)}] o [{(y*x) o (xxy)}*x]
=[x (yLx)] o [(yDx) * x]
= x0O(yOx),

proving the proposition. O

Example 3.3. Note that in the situation of Example 3.1, we have x0y = (x * y) « (y *
x) =x%* - y%* =0 forall x, y € X, ie, (X, 0) = (X, *)O(X, ») is a trivial groupoid (X,
0, t) where t = 0 and xOy = 0 for all x, y € X.

Example 3.4. In Example 3.1, if we define (X, V) := (X, +)0(X, *), i.e., xVy := (x o y) *
(y + %) for all x, y € X, then xVy = (x - )* and hence (xVy)Ax = ((x - »)* - ¥)* = (x - (y
- x)M* = aV(yVx). Hence (X, V) is a flexible groupoid. Note that (X, V) is not a semi-
group, since 0V(0Vz) = z'® # z* = (0V0)Vz. Obviously, xVy = yVx for all %, y € X. By
applying Proposition 2.5, we obtain <@g, ¢1, ... >1 = <o, ¢1, ... >g for any ¢, ¢1 € (X,
V).

We obtain a Fibonacci-V-sequence in the groupoid (X, V) discussed in Example 3.4
as follows:

Example 3.5. Consider a groupoid (X, V) in Example 3.4. Since xVy = (x - y)*, given
do, 41 € X, we have ¢y = o V ¢1 = 61V = (¢1 - ¢0)4: and ¢3 = Vo, = (¢, - ¢1)4 =
[(¢1 - ¢0)* - ¢1]* In this fashion, we have ¢4 = [[(¢1 - ¢o)* - ¢1]* - (61 - B0)*1* In par-
ticular, if we let g = ¢; = 1, then ¢ =0, ¢3 = Ppa =1, p5 =0, o = @7 = 1, g = 0, ....
Hence < 1,1,0,1,1,0, 1, 1, 0, ... > is a Fibonacci-V-sequence in (X, V).
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4 Limits of *-Fibonacci sequences

In this section, we discuss the limit of left(right)-*-Fibonacci sequences in a real group-
oid (R, *).

1
Proposition 4.1. Define a binary operation * on R by x xy := ) (x+y)or any x, y €
1
R. If <¢,, >is a *-Fibonacci sequence on (R, *), then lim,_, 5@, = 3 (00 +2¢1)-

1
Proof. Since x*y = 2(x +y)=yxx forany x, y € R, <@, > = <¢,, > for any ¢o, ¢1
€ R

1 1
It can be seen that ¢, = ’ (o + 1), ¢35 = 2 (po +3¢p1). We et

1 .
@3 = 2 (As@o + B3gq) . Since
P4 =2 * Q3

1 |:‘ﬂ0+¢’1

! g0+ 301)
> 5 +4€00+¢’1

1
= 23 [3¢0 + 5(p1]'

1
we let it by ¢4=23[A4¢0+B4¢)1]. In this fashion, if we let

Pny2 1= o+l [Ani200 + Buiogi], we have

1
Pn+2 = ) [‘pn + (pn+1]

_ 1 [ Anpo +Bagr  Ani19o + Buign
Y L 2

1
- on+l [(2A4 + Ani1)@o + (2Bn + Bui1) 1]
It follows that

An+2 = 2An +An+11A3 = 1/A4 =3
Bpi» = 2By +Byy1,B3 =3,B4 =5

so that the evolution for Ay is < 1, 3, 5, 11, 21, 43, 85, ... > = < A3, Ay, As, ... > and
the evolution for By is < 3, 5, 11, 21, 43, 85, ... > so that By = Ay,;. If we wish to solve
explicitly for A, we note that the corresponding characteristic equation is 7% - r - 2 =
0 with roots r = 2 or r = -1, i.e.,, Agy3 = 025 + B(-1)X, & + B = 1 when k = 0, and 2« -

4 1 1
B = 3 when k = 1 so that o = 3,ﬂ ==y Hence Aj,; = 3[2k+2+(_1)k+1] and

1
Bius = Akt = 5 [2%3 + (—=1)%+2]. It follows that

1 1 1
2 |:3(2k+2 + (_1)k+1)(ﬂ0 + 3(2k+3 + (_1)k+2)¢1i|

1 -1 k+1 -1 k+2
3 |:[1+ ( 2k22 ](p0+ [2+ ( 2k32 ](pl:|

1
This shows that lim,_, oo, = 3 (¢o + 2¢1), proving the proposition.

Pn+3 =
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Proposition 4.2. Define a binary operation * on R by x * y := Ax + (1 - A)y, 0 <A <
1, for any x, y € R. If <¢,, >; is a left-*-Fibonacci sequence on (R, *), then

5 Al =A)go+en].

Proof. Given ¢, ¢; € R, we consider <¢,, >;. Since ¢y = ¢1 * ¢g = Ad1 + (1 - A)g
and ¢3 = ¢r*d; = (A%-A + 1)¢1 + A(1-A)dy, ..., if we assume that ¢, := A, + B, do(n
> 2), then

limy— co@n =

Dn+2 = Pnel * @n
= (Aps191 + Brir@o) * (A1 + Brgo)
= A(Ani191 + Bri1go) + (1 — A)(Ang1 + Breo)

It follows that

Apo = AApy + (1 - A)A"'
Bpi2 = ABpy + (1 - A)Bn

Hence we obtain the characteristic equation * - Ar - (1 - A) = 0 with roots r = 1 or
r=A-1 Thus A,,, = (A - 1)"** + B for some o, B e R. Since A = A, = (A - 1)* +
1 1

dA’-A+1=A4;=0ao(A-1)+B, btain o = d g= that

B an + 3 ( )” + B, we obtain « A_zan B 2_Aso a

(A— 1)n+2
A—2

A) = 0 with roots r = 1 or r = A - 1. Hence B,,,» = fA - 1)"** + 6 for some % J € R.

Since 1 - A = By = (A - 1)> + B, A(1 - A) = By = (A - 1)®> + J, we obtain

1 1—-A 1

- = that By, = A—1)"2 4+ (1 —A)]. Si 0 <A < 1,
y 2—A'8 ’ A so that By, 2_A[( )+ ( )]. Since 0 <A <

lim,,_,..(A - 1)"+2 = 0. It follows that

limnaooﬁo‘mz = limnaoo(AnQ(pl +Bn+2(p0) = (limnﬁooAnJrZ)(Pl +(limnﬁoan+2)‘P0 =

S L o+ (1= Al

Apsr = . For B,,,» we obtain the same characteristic equation r* - Ar - (1 -

, proving
the proposition. O
1 1
Note that if A = ) in Proposition 4.2, then lim,_, @y, = 3 (po + 2¢1) as in Proposi-

tion 4.1. Note that (R, *) in Proposition 4.2 is neither a semigroup nor commutative
and we may consider a right-*-Fibonacci sequence <¢, >z on (R, *).

5 Fibonacci sequences in a group
In this section, we discuss *-Fibonacci sequence in groups.

Example 5.1. Suppose that X = S, is a symmetric group of order 4 and suppose that
¢o = (13), ¢; = (12). We wish to determine <¢,, >;. Since ¢, = @109 = (12)(13) = (123),
O3 = ¢y P = (123)(13) = (12), ¢s = P3¢ = (12)(123), ..., we obtain <¢,, >, = < (13),
(12), (123), (12), (13), (132), (23), (13), (123), (12), (13), ... >, i.e, it is periodic of per-
iod 6.

Proposition 5.2. Let (X, , e) be a group and let ¢o, ¢1 be elements of X such that
Goep1 = Py * Go. If <b,, >1 is a left-o-Fibonacci sequence in (X, o, €) generated by ¢y and
1, then @i = (pfk*z(pg””. In particular, if ¢po = ¢1, then @y, = <pf"*3 where Fy is the k™

Fibonacci number.
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Proof. Let ¢y, ¢; be elements of X such that ¢ » ¢ = ¢1¢ ¢g. Since <¢,, >; is a left-
.-Fibonacci sequence in (X, e, e) generated by ¢y and ¢;, we have

F3 F Fs F.
03 = 0200, 01 = 9303, 05 = V305 = 01 05" w6 = V503 = 91° 0y and g, = @7 le. If we

assume that o = (pf’*(pg’ﬂ and Ohe1 = (pf’”‘ (pgk, then
Fi  Fr  Fi- Fiewz Frer i i =
Prs2 = P10k = O 0 01 0t = o g In particular, if ¢y = ¢;, then
Fro Fio F.,
Prs2 = 910" =9y 0

Proposition 5.3. Let (X, », €) be a group and let ¢, ¢, be elements of X such that
Poep1 = ¢1 ¢ Go. If <y, >1 is a full left-+-Fibonacci sequence in (X, », €) generated by ¢q

Fz+ —F k —F R+ +
and ¢, then O—(on) = (pol ‘o1 2% gnd Y- (2k1) = g 2 1)(pI1:zk 1,

Proof. Since ¢, = ¢ ¢.1, we have ¢_; = (p(;l(pl. It follows from ¢g = ¢_.; ¢, that

¢-2 = @3¢ " In this fashion, since ¢oe¢ = ¢10¢, we obtain ¢_3 = <p0_F“g0f3 and

Qg = gogs(pl_F4. By induction, assume that = ¢_() = gog"” (p;Fz" and

—Fy(e1)  Fop, .
Y—(2k+1) = @y @,'. Then we obtain

-1
©_@2ks2) = [@—(2ke)] P2k
Forsa  —Fors1  Fors1 . —Far

=% "¢ Yo ¢

Forra+Faps1 , —(Faks1 +Far)
= (po -+ ket gol

Forss  —Foksa

=@y ¥ ’

and

O—(2ks3) = [0—(20s2) | 0 (2101)

-1
Fores  —Forea —Fors2  Fops
- |:¢0 -+ 901 e+ ¢0 o+ (pl o+

_  Foa+Forn  —(Far2+Fanis)
= ¥,

Yo

Fara  —Fares
0 ’

=9 (2]

proving the proposition. O
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