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ABSTRACT

A network consists of vertices and edges that connect the vertices. A
network is clustered by assigning each of the N vertices to one of k groups,
usually in order to optimize a given objective function. This dissertation
proposes statistical likelihood as an objective function for network clustering for
both undirected networks, in which edges have no direction, and directed
networks, in which edges have direction.

Clustering networks by optimizing an objective function is computationally
expensive and quickly becomes prohibitive as the number of vertices in a network
grows large. To address this, theorems are developed to increase the efficiency of
likelihood parameter estimation during the optimization and a significant
decrease in time-to-solution is demonstrated.

When the clustering performance of likelihood is rigorously compared to
competitor objective function modularity using Monte Carlo simulation,
likelihood is frequently found to be superior. A novel statistical significance test
for clusters identified when using likelihood as an objective function is also
derived and both clustering using the likelihood objective function and
subsequent significance testing are demonstrated on real-world networks, both

undirected and directed.

11



DEDICATION

To my family

111



ACKNOWLEDGMENTS

Thank you to my advisor, Marcus Perry, and my dissertation committee
members for their guidance in this research and in professional matters. I would
also like to thank all the faculty and staff in the Department of Information
Systems, Statistics and Management Science in the Manderson Graduate School
of Business for their instruction and assistance, without which none of this would

have been possible.

v



CONTENTS

ABSTRACT . . . . o e e s e e e e ii
DEDICATION . . . . . e e et e e e e e e e iii
ACKNOWLEDGMENTS . .. .. .. ittt e iv
LIST OF TABLES . . . . . . e i i i i e viii
LIST OF FIGURES . . . . .. ... v, ix
1 INTRODUCTION . ... . i ittt i e 1

2 ON THE STATISTICAL DETECTION OF CLUSTERS IN

UNDIRECTED NETWORKS . ... ................ 3
2.1 Abstract . . . ... 3
2.2 Introduction . . . . . . ... 3
2.3 A new objective function for network clustering . . . . ... . ... 9
2.4 A likelihood ratio test for detected clusters . . . . . .. ... .. .. 13
2.5 Application to real-world networks . . . . .. ... ... ... ... 18

2.5.1 Zachary’s karate club network . . . . . ... ... ... .. 19

2.5.2 Sageman’s terrorist acquaintance network . . . . ... . .. 23
2.6 Performance evaluations . . . . .. .. ... ... L. 28

2.6.1 LFR benchmark graphs . . . ... ... ... ... ..... 28



2.6.2  Clustering and power performances of the proposed cluster-
ing framework when applied to the LFR benchmark graphs .

2.7 Summary and discussion . . . . .. ...

EFFICIENT LIKELIHOOD-BASED NETWORK CLUSTER-
ING . . o e e e e

3.1 Abstract . . . ...
3.2 Imtroduction . . . . . .. ..o
3.3 Likelihood-Based Clustering Review . . . . . . ... ... ... ...
3.4 Theorems . . . . . . ...
3.5 Improvements to Loglikelihood-Based Clustering . . . . . . . .. ..
3.5.1 Efficient calculation of change-in-loglikelihood . . . . . . ..
3.5.2 Easily calculated parameter components . . . . . . ... ..
3.5.3 Reduced updating requirements . . . . ... ... ... ...

3.6 Summary . ... ...

ON THE STATISTICAL DETECTION OF CLUSTERS IN DI-
RECTED NETWORKS . ... ... ... ... 000,

4.1 Abstract . . . . . ..
4.2 Introduction . . . . . . ...
4.3 A new objective function for directed network clustering . . . . . .

4.3.1 Undirected case . . . . . . . . . ...

4.3.2 Directed case . . . . . ...
4.4 Efficient likelihood-based directed network clustering . . . . . . ..
4.5 Theorems . . . . . . ...

4.5.1 Easily calculated parameter components . . . . . . ... ..

vi



4.5.2 Reduced updating requirements . . . . . .. ... ... ... 68

4.6 A likelihood ratio test for detected clusters . . . . . .. ... .. .. 69
4.7 Application to real-world networks . . . . . .. ... L. 71
4.7.1 Hansell’s friendship network . . . . . . ... ... ... ... 71
4.7.2 2004 Presidential election blogs . . . . . .. ... ... ... 75
4.8 Performance evaluations . . . . . ... ... ... L. 78
4.8.1 LFR benchmark graphs . . . . .. .. ... ... ... ... 78

4.8.2 Clustering performance of the proposed clustering frame-
work when applied to the directed LFR benchmark graphs . 80

4.9 Summary and discussion . . . ... ... 86
5 CONCLUSION . . . . e e e e e 87
REFERENCES . . . . . . . et i i i et e e 88
APPENDIX . . . . . o e e e e e e e 92

vil



LIST OF TABLES

2.1 RMIs for AMI Performance

2.2  RMIs for Power Performance

5.1 Table of critical values for test of significance of k clusters . . . . .

viil



2.1

2.2

2.3

2.4

2.5

2.6

2.7

2.8

2.9

2.10

LIST OF FIGURES

Zachary’s karate club network . . . . . ... ..o 19

Model selection plots for Zachary’s karate club network using the
proposed method with the BIC (top plot) and the modularity method
(bottom plot). The proposed method suggests 5 groups, whereas
modularity suggests 4 groups. . . . . ... ... 20

Zachary’s karate club network clustered via maximizing the pro-
posed objective function and maximizing modularity. The mod-
ularity solution is shown by the shape/color of the node and the
proposed solution has nodes contained in the large rectangles. . . . 21

Density functions of the test statistic D,,,, under the null hypothesis
with N=34andk=4and k=5 ... ... .. ... . ...... 22

Sageman’s terrorist acquaintance network (connected components).
The giant connected component is outlined in solid black. . . . . . . 24

Model selection plots for Sageman’s terrorist acquaintance network
using the proposed method with the BIC (top plot) and the modu-
larity method (bottom plot). Both methods suggest 10 groups. . . . 25

Giant connected component of Sageman’s terrorist acquaintance
network clustered via maximizing the proposed objective function
and maximizing modularity. The modularity solution is shown by
the shape/color of the node and the proposed solution has nodes
contained in the larger rectangles. . . . . . . .. .. ... 26

Density function of the test statistic D,,,, under the null hypothesis
with N=125and k=10. . . . . . . . . . ... ... .. ... ... 27

A single realization of an LFR benchmark graph (with the k = 44
true communities identified) with N =500, v =2, =1, p = 0.1,
Ave Degree = 10, and Max Degree =25 . . . . . . . . . . ... ... 29

Network statistics for the single realization LFR benchmark graph
in Fig. 2.9 with N =500, vy =2, 8 =1, u= 0.1, Ave Degree = 10,
and Max Degree =25 . . . . . . . . ... 31

1X



2.11

2.12

2.13

2.14

2.15

2.16

3.1

4.1

4.2

4.3

4.4

4.5

4.6

Clustering performance evaluation using the modularity objective
function. Each point is the average adjusted mutual information
over 100 simulated LFR benchmark graphs. . . . . ... ... ... 33

Clustering performance evaluation using the proposed objective func-
tion. Each point is the average adjusted mutual information over
100 simulated LFR benchmark graphs. . . . . . ... ... ... .. 34

Power performance evaluation using the modularity objective func-
tion. Each point is estimated over 100 simulated LFR benchmark

Power performance evaluation using the proposed objective func-
tion. Each point is estimated over 100 simulated LFR benchmark

Linear interpolations of the RMIs across the parameter ~ and for
Awve Degree = 5. The solid line with red circles represents the pro-
posed method, and the dotted-line with blue squares represents the
modularity method. . . . . . .. ..o 38

Linear interpolations of the RMIs across the parameter v and for
Ave Degree = 7.5 (left plot) and Ave Degree = 10 (right plot). . . . 38

Time comparison of clustering using naive and proposed methods
of MLE parameter calculation, by Vertex Count . . . . . .. .. .. 52

Edges within cluster 1 {vertices 1,2,3,4,5}, and between cluster 1
and cluster 2 {vertices 6,7,8,9} in a simple, undirected binary network. 59

Edges within cluster 1 {vertices 1,2,3,4,5}, and extending to and
from clusters 1 and 2 {vertices 6,7,8,9} in a simple, directed binary

Data from Hansell’s 1984 survey of elementary school children. A 1
indicates strong friendship and a 0 indicates weak friendship. Stu-
dents 1 ~ 13 are male and 14 ~ 27 are female. . . . . . . . . .. .. 72

Clustering results for the Hansell network. Blue indicates males
and red indicates females. The solution clusters are differentiated
by their shapes. . . . . . . . .. oo 73

Clustering results for the Hansell network without students {26,27}.
Blue indicates males and red indicates females. The solution clusters
are differentiated by their shapes. . . . . . .. ... ... ... 75

2004 Presidential Election Blogs . . . . . . .. .. ... .. ... .. 7



4.7 2004 presidential election blogs clustered under modularity and like-
lihood . . . . . . . 79

4.8 Clustering performance evaluation using the modularity objective
function. Each point is the average adjusted mutual information
over 100 simulated LFR benchmark networks. The lines represents
average in-degree 5 (circle), 7.5 (triangle), or 10 (square). . . . . . . 82

4.9 Clustering performance evaluation using the proposed objective func-
tion. Each point is the average adjusted mutual information over
100 simulated LFR benchmark networks. The lines represents av-
erage in-degree 5 (circle), 7.5 (triangle), or 10 (square). . . . . . . . 83

4.10 Clustering performance for proposed objective function and modu-
larity. Each point is the average adjusted mutual information over
1200 simulated LFR benchmark networks. Likelihood is indicated
by circles and modularity by triangles. . . . .. ... ... ... .. 85

4.11 Clustering performance for proposed objective function and modu-
larity. Each point is the average adjusted mutual information over
1200 simulated LFR benchmark networks. Likelihood is indicated
by circles and modularity by triangles. . . . . ... ... ... ... 85

x1



1 INTRODUCTION

A network can be described by a set of vertices and the set of edges that
connect the vertices. One active area of network-related research is clustering. In
network clustering, the vertices of the networks are assigned to one of k clusters,
with the assignment of a particular vertex to a particular cluster usually made in
order to optimize a specified objective function. Clustering networks is both a
dimension reduction technique in which the original N vertices are reduced to k
representative clusters and a method for revealing underlying structure within
the network that may not be visible to the naked eye.

This dissertation is comprised of three related essays on the subject of
network clustering. The first essay, Chapter 2 of this dissertation, is an
introduction to the statistical detection of clusters in undirected networks - that
is, networks in which edges may exist between vertices but without a directional
component. This essay proposes statistical likelihood as an objective function for
optimization and uses the properties of the related likelihood ratio test to
develop a novel statistical significance test for identified clusters. The
performance of the proposed objective function is then rigorously tested against
a competitor objective function using Monte Carlo simulation. Finally,
demonstrations of both the proposed objective function and the statistical
significance test are made on real-world networks.

The objective function proposed in Chapter 2 is computationally expensive
to optimize. The second essay of this dissertation, Chapter 3, presents several

theorems that significantly decrease both the time-to-solution and



required memory when using a heuristic optimization algorithm to find a
near-optimal solution. The increased speed is demonstrated by comparing the
results of optimizing the statistical likelihood objective function in a naive
simulated annealing algorithm and a simulated annealing algorithm that takes
advantage of the efficiencies proposed in this chapter.

The third essay, Chapter 4 of this dissertation, is an extension of the
materials developed in Chapters 2 and 3 to the directed network case. Unlike
undirected networks, the edges connecting vertices of a directed network are
associated with a specific direction. The presence of direction must be accounted
for in the statistical likelihood model and new theorems developed for directed
networks in order to maintain the increased computational efficiencies derived in
Chapter 3. Like the undirected case, the performance of the directed statistical
likelihood objective function is rigorously compared to that of a competitor
method using simulated networks. Further, real-world networks are clustered
using the proposed directed-network objective function and the application of the

statistical significance test for clusters is again demonstrated.



2 ON THE STATISTICAL DETECTION OF CLUSTERS IN UNDIRECTED
NETWORKS

2.1 Abstract

The goal of network clustering algorithms is to assign each node in a
network to one of several mutually exclusive groups based upon the observed
edge set. Of the network clustering algorithms widely available, most make the
effort to maximize the modularity metric. Although modularity is an intuitive
and effective means to cluster networks, it provides no direct basis for quantifying
the statistical significance of the detected clusters. In this paper, we consider
undirected networks and propose a new objective function to maximize over the
space of possible group membership assignments. This new objective function
lends naturally to the use of information criterion (e.g., Akaike or Bayesian) for
determining the "best” number of groups, as well as to the development of a
likelihood ratio test for determining if the clusters detected provide significant
new information. The proposed method is demonstrated using two real-world
networks. Additionally, using Monte Carlo simulation, we compare the
performances of the proposed clustering framework relative to that achieved by

maximizing the modularity objective when applied to LFR benchmark graphs.

2.2  Introduction

Clustering has a wide array of applications, from pattern recognition and
spatial data analysis to data mining and military intelligence. Regardless of the
application, clustering methodologies are often used to explore a data set where

the goal is to partition the sample into distinct groups, or to provide new



understanding about the underlying structure of the data. Different approaches
have been developed to address the problem of clustering. A popular approach,
known as hierarchical clustering, seeks to identify nested clusters in a data set
(Gordon (1987)). Either agglomerative or divisive, hierarchical clustering
algorithms either combine or separate observational units in order to produce the
clusters. The output of such an algorithm is the dendrogram, where the user is
left to determine the appropriate number of clusters for the particular data set.
Another approach is k-means clustering. Using this approach, the user specifies
the number of groups a priori and then randomly assigns each observational unit
to one of those groups. The centroid of each of the groups is calculated, and each
observational unit is reassigned to the nearest cluster. The centroids of these new
groups are then recalculated and the observational units are again reassigned to
the closest group. The process continues until group membership stabilizes. A
good review of k-means clustering is given by Steinley (2006).

Unlike the previous methods, spectral clustering does not require the user to
specify the number of groups a priori. This approach requires the calculation of a
matrix to describe the similarity between each pair of observational units, i.e.,
the similarity matrix. The eigenvectors and eigenvalues of this matrix (i.e., the
spectrum) are then calculated and used to identify group membership, e.g., one
might bipartition the sample based on the sign of the elements of the eigenvector
associated with the largest eigenvalue. The interested reader is directed to von
Luxburg (2007) for a straightforward review of the technique.

Although clustering algorithms are often applied to conventional data sets,
they can also be applied to network data (e.g., social networks, biological
networks, computer networks, etc.). In such a case, the goal is typically to assign
each node in the network to one of several mutually exclusive groups based upon
information contained in the edge set. In general, a network can be defined as a
graph G = (V, E) with vertex set V' and edge set F, with edge e;7 € E denotes a

connection (or relationship) between node i € V' and node ¢ € V' (for



i=1,...,n,i =1,...,n, where i # i’). Networks can be characterized based on
the types of edges that exist between nodes. An undirected network is a network
in which e; = ey; , i.e., a relationship from node ¢ to node ¢ implies an equal
relationship from node i’ to node i. In contrast, a directed network does not have
this restriction. The values taken by the elements of E further characterize a
network. In a binary network, the edges may take only the binary values 0 and 1,
indicating the absence or presence of a link, respectively. Conversely, weighted
networks allow the edges to take continuous values, although these values are
often restricted to be non-negative. The most popular approach to network
clustering is to maximize the modularity metric, originally proposed by Newman
and Girvan (2004). Network clustering via modularity is available in a number of
network analysis software packages and thus is widely available to network
analysts. To define modularity, consider a network of size N, and let w;; = 1 if
node i belongs to group j, and 0 otherwise (i = 1,..., N and j =1, ..., k).
Further, let A;; denote the #i'th element of the adjacency matrix A, m denote
the total number of edges in the network, and d; the degree of node i. For a
given N x k group membership matrix w and N x N adjacency matrix A, the

; ( | ) ti ( - w ) ( )

where tr(G) denotes the trace of the matrix G and

d;d;

2m

By = Ay —

(2.2)

denotes the elements of the so called modularity matrix.

Modularity is a useful, intuitive, and effective statistic for measuring the
extent to which a given partition of a network is modular. Specifically, it
measures the fraction of edges that fall within the given groups minus the

expected such fraction if edges were distributed at random. Larger values of



modularity suggest the presence of densely intra-connected and sparsely
inter-connected nodes. The clustering problem involves finding w*, i.e., the
group membership matrix in the set of all group membership matrices €2 that
yields the maximum modularity value, or

w* = arg max|[Q(w|A)]. (2.3)

weN

In general, the optimization problem given above is not an easy one. In
particular, for even moderately-sized networks, the number of possible ways to
partition the vertex set is quite vast, rendering an exhaustive search infeasible.
As such, heuristic search algorithms are often employed by which the number of
possible network partitions evaluated is greatly reduced. In what follows we
discuss some of these methods. Although maximizing modularity is by far the
most popular objective, the methods discussed below are not exclusive to
modularity. For a more comprehensive review of the larger number of algorithms
available for performing community detection in graphs, the interested reader is
referred to Fortunato (2010).

The fastest method in common use was developed by Clauset et al. (2004).
Their work is a modification of Newman (2004), where although they do not
alter the general approach of Newman’s algorithm, they do optimize its memory
usage, data storage, and computational methods for use with sparse networks;
i.e., a vast majority of networks of interest. Newman’s algorithm is a greedy,
agglomerative, hierarchical clustering algorithm that seeks to maximize
modularity at each step. The algorithm begins by assuming that each node
represents an individual module, then merges the modules that lead to the
greatest increase in modularity.

Others have employed stochastic search methods such as simulated
annealing or genetic algorithms (Guimera et al. (2004); Ku cukpetek et al.
(2005)). These methods are generally found to be slower by more accurate than

other deterministic methods. In fact, Danon et al. (2005) found that simulated



annealing produced the most accurate results of any of the algorithms that were
tested.

Another approach involves examining the spectral properties of various
matrices. Newman (2006), for example, denotes the assignment of nodes into two
groups in terms of an N x 1 vector s in which node ¢’s membership in subgroup 1
is denoted by s; = 1(—1). By choosing the assignment of group membership in
such a way as to maximize the inner product of s and the eigenvector associated
with the largest eigenvalue of a function of the adjacency matrix, an
approximately optimal partition can be determined. Each of these two subgroups
can then be divided using a similar procedure.

Still another approach uses extremal optimization (Duch and Arenas
(2005)), which focuses on correcting those nodes with the worst fit. Kernigan and
Lin (1970) proposed a similar but more simplistic approach in which the graph is
divided into equal parts. Also, there exists a class of search procedures that work
by cutting the links between particular nodes or by otherwise physically dividing
the global network into smaller pieces, Girvan and Newman (2002) and Newman
and Girvan (2004). Finally there exists a class of probabilistic models, such as
those discussed in Snijders and Nowicki (1997) and Zanghi et al. (2007), that
treat the group membership assignments as a latent-class random vector.

Despite the large variety of methods, all clustering algorithms have the
common goal of detecting clusters. Some algorithms require the number of
clusters as an input parameter to the algorithm (e.e., k-means clustering).
Various model selection procedures, Akaike (1974) and Schwarz (1978), have
been developed that can be applied to this problem. Still other algorithms,
Newman (2004) and Reichardt and Bornholdt (2006), have some sort of stopping
criterion built in to the algorithm itself.

A growing body of research exists to guide the user in determining the
correct number of groups; however, an equally important and related problem is

determining if the output of these clustering algorithms is simply the result of



randomness, or if it displays significant structure in the data. That is, what if
the number of clusters is actually 17 A small but growing body of work exists in
this area. Bianconi et al. (2009) define a measure, ©, based on entropy measures
that seeks to quantify the relevance of some detected community structure;
however, no distribution for this measure is given. Lancichinetti et al. (2010)
describe a procedure based on extreme and order statistics than can be used to
determine the significance of clusters in unweighted, undirected networks. More
recently, Lancichinetti et al. (2011) extended this method to account for more
general network structures, including weighted and/or directed networks. Zhao
et al. (2011) propose a formal statistical test that uses simulation and
permutations to approximate the distribution of the test statistic under the null
hypothesis, and thus, facilitate testing.

In this paper, we consider undirected networks (weighted or unweighted)
and propose a new objective function to maximize over the vertex set partition
space. Since the proposed objective function is a likelihood function, it lends
nicely to the use of information criterion proposed by Akaike (1974) or Schwarz
(1978) for determining the ”"best” number of groups or clusters. Further, using
the proposed objective function, it is easy to develop an approximate statistical
test for determining if the clusters detected are indeed meaningful, or are simply
a result of the randomness associated with the stochastic process that produced
the network under consideration. We derive an approximation to the distribution
of the maximum likelihood ratio statistic under the null hypothesis of a single
cluster and use this distribution to obtain critical values for the test. We then
evaluate the clustering performance obtained by maximizing the proposed
objective function, relative to that achieved by maximizing modularity. We
consider the benchmark graphs discussed in Lancichinetti et al. (2008) (i.e. LFR
benchmark graphs) in our evaluations, since these graphs possess some properties
of real-world networks. we also assess the power of the proposed statistical test

when applied to LFR benchmarks, and with optimal group membership



assignments obtained by maximizing the proposed objective function, as well as

those obtained by maximizing modularity.

2.3 A new objective function for network clustering

Although modularity is an effective means to cluster networks, it provides
no basis for quantifying the statistical significance of the detected clusters. Large
positive values of modularity suggest that the number of edges contained within
the groups exceeds that of a completely random network. However, it does not
quantify the chance of sampling the observed network under the assumption of a
completely random network. Having an estimate of this probability would
provide insight into the significance of any new information obtained through the
clustering effort.

In this section we propose a new objective function for network clustering
that permits the development of a formal statistical test on the detected clusters.
In addition, like modularity, the proposed objective function will permit a means
to estimating the number of groups when this quantity is unknown. This is
important because of the number of groups is unknown a priori.

In the development of the proposed objective function, we make the

following fundamental assumptions.
A1 The number of network nodes N is fixed.

A2 There is no information available on the nodes, other than an arbitrary

label.

A3 The edges between nodes are conditionally independent random variables,

given the group membership assignment.

Under the above assumptions, and for a given group membership assignment
vector, it is easy to write out the complete likelihood function of the network
under an assumed distribution on the edge set (e.g., Bernoulli, binomial, Poisson,

normal, etc.).



Let z(;) denote an NV x 1 group membership vector with elements taking on
values 1,2, ..., k. In particular, the element z; () represents the group assignment
for node i € {1,..., N}. Further let 6 = [0y, ..., 0k, 0] denote a k& + 1 unknown
parameter vector, where element 6, h € {1, ..., k}, denote the expected edge
value between any two nodes belonging to group h and #, denotes the expected
edge value between any two nodes not belonging to the same group. Finally, let
Y|z = [Y1,..., Y, Y3] be a vector of sufficient statistics for the parameter vector
0, conditioned on the group membership assignment vector zy), and let y |z,
denote a realization of Y|z(). Then, by assumptions Al and A3 above, the

likelihood function for 8, given z;y and y|z), can be written as

k
L(6ly.zg) = {] [ /u(unlOh: 200)} fo(w1/65. 21 ). (2:4)
h=1

where fi,(yn|0h, z(x)) is the probability density (or mass) function for the
sufficient statistic Yy, h € {1,...,k}, and f;(s|0s, Z(r)) is the probability density
(or mass) function for the sufficient statistic Y.

For example, consider a network with edge values equal to 1 or 0, suggesting
the existence or nonexistence of an edge between nodes, respectively. One could
then model the edges between nodes contained in group h as Bernoulli(6},),

h € {1,....,k}, and the edges between nodes not contained in the same group as
Bernoulli(6,). As such, the sufficient statistics Yy, h € {1, ..., k}, are defined as
the sum of the edges that exist between nodes contained in group h and Y, is
defined as the sum of the edges that exist between nodes not contained in the
same group. Let N, denote the total number of possible edges between nodes
contained in group h and N, the total number of possible edges between nodes
not contained in the same group, where N, and N, are fixed. Then the likelihood
function in Equation 2.4 can be written explicitly as

k

L(Oly,zx)) = H O (1 — 0,) N9, (1 — 6,) o~ (2.5)
h=1

10



since the Y},’s are binomial (Ny, 6y), Y} is binomial (N, 0;), and the Y},’s and Y,
are all mutually independent by assumption A3.

The general clustering problem considered in this paper can be stated as
follows. Given an observed (symmetric) adjacency matrix A and number of
clusters k, the objective is to find the group membership vector zz‘k) € Zy and
corresponding parameter vector 9( k) € ©(Z)), where z;, and é(zz‘k)) are the
maximizers of L(zy), 0)y(A)), with Z) denoting the set of all possible
partitions of N vertices into k groups and y(A) is the vector of sufficient
statistics computed from the observed adjacency matrix. Recall that L was

defined generally in Equation 2.4, so that the problem can be written as

Z;,, = arg 1max max Z(k), 0 ), 0 . 2.6
(k) gz(k)GZ(k)[ 0(z(x))€Ok( Z(k)) Hfh ®)> h|yh>fb( b|yb))] ( )

Note that, for undirected /unweighted networks, such as those subsequently
considered in this paper, the general problem in Equation 2.6 can be written

explicitly as

Z(,) = arg <?€az)§k>[ Hyh( — 0,) VYR, (1 — B,) Ve, (2.7)
where 0, = yn/Nn, h € {1,...,k}, and 0, = yp/Np are the maximum likelihood
estimators of the unknown parameters for a given z(;). Further, as noted earlier,
yn, h € {1,...,k}, and y, are the sufficient statistics and are defined as the
number of observed edges between nodes contained in group h and the number of
observed edges between nodes not contained in the same group, respectively.

As with maximizing the modularity metric, the optimization problem given
in Equation 2.6 is challenging, particularly due to the combinatorial explosion for
large N and k. In general, the problem is NP hard even for moderately-sized
networks. As a consequence, throughout this effort, we employ a simulated
annealing (SA) algorithm to effectively search the partition space Zy) in

attempts to locate z for any given objective function being optimized.

11



Although there are several alternatives for searching the partition space, the SA
was chosen due to its simplicity and ease of programming.

We should point out that the proposed model is similar to the stochastic
block model of Snijders and Nowicki (1997); however, these authors proposed a
generative model that relies on Bayesian Markov Chain Monte Carlo (MCMC)
methods to estimate parameters of the posterior distribution P(Z)). Further,
the proposed model is also similar to the mixed model approach of Zanghi et al.
(2007), which maximizes the complete joint likelihood of the observations Y and
the missing data Z using a modified expectation-maximization (EM)
algorithm. In both of these papers, Z is treated as a random vector, whereas,
in the proposed method, z) € Z,) is treated as an unknown parameter vector
that needs to be estimated. Thus, the computational problem involves searching
the vertex set partition space to locate the group membership assignment vector
that maximizes the likelihood of z; given y. Fortunately, this task can be
accomplished with well-known optimization heuristics that are easily
implemented in practice, such as simulated annealing and genetic algorithms.

There are some significant advantages to employing the proposed objective
function in practice. First, since the proposed objective function is in fact a
likelihood function, well-known model selection methods can be directly applied
to estimate the number of groups, which is often unknown a priori in practice.
For example to determine the ”best” number of groups k, one can compute L*
for a range of values for k, where L* denotes the maximum likelihood value
obtained over z) and corresponding 6. Since when k increases, so does the
number of parameters (and hence L*(k) > L*(k’)(k' < k)), one cannot simply
choose the value of k that yields the maximum L*. Instead, one can use, e.g., the
Aikaike Information Criterion (AIC) proposed by Akaike (1974) or the Bayesian
Information Criterion (BIC) proposed by Schwarz (1978) to choose the "best” k.
Since the BIC yields a greater penalty for larger k, relative to the AIC, we chose

to use the BIC in this paper. In particular, we choose the value of k that

12



minimizes

BIC(k) = —2In L*(k) + (k + 1) ln[%n(n _1. (2.8)

Another significant advantage to using the proposed objective function is
that it directly permits the development of a formal statistical test on the
detected clusters by way of the likelihood ratio. Although the papers by Snijders
and Nowicki (1997) and Zanghi et al. (2007) elegantly address the general
clustering problem, neither paper formally addresses the problem of determining
the significance of the detected clusters, relative to some hypothesized null
model. In the next section we propose using a likelihood ratio to test the
significance of k detected clusters and derive an approximation to the
distribution of the likelihood ratio test statistic under the null hypothesis of a
single cluster. The information provided by such a test can be used to quantify
the chance of observing the given clusters if the observed network were truly

generated at random.

2.4 A likelihood ratio test for detected clusters

The likelihood ratio test is a natural fit for the sort of problem considered in
this manuscript. In general, such a test provides a means for comparing the
goodness-of-fit of a more complex model to that of a less complex model in terms
of the number of parameters. The more complex model includes more
parameters, while the less complex model includes fewer parameters. In
particular the two models are nested. For a good review of the likelihood ratio
test and related statistical procedures, the reader is referred to any textbook on
mathematical statistics, e.g. Hogg et al. (2005).

In the case of determining the significance of k detected clusters in network
data, let Y and z() be defined as in Section 2.3, where, independent of Y, z; 1)
takes on integer values between 1 and k. The null hypothesis that the data are
independently and identically distributed is tested against the alternative

hypothesis that the observations, while independent and coming from the same
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family of distributions, are not identically distributed; that is, the parameters of
the distribution are different depending upon group membership.

Let Lo(6p|y) denote the likelihood function under the null hypothesis of a
single cluster and Ly (0|y, z)) denote the likelihood function under the
alternative hypothesis of k clusters. Here, 6y denotes a single parameter and 6
denotes the k + 1 dimensional parameter vector previously defined in Section
2.3. By assigning group membership independently of the sample, the likelihood

ratio of the unknown parameters can be written generally as

Lo(Ooly)

Ao Oly-20) = 7615 2y

(2.9)

The likelihood ratio test is conducted by computing the quantity D = —21In A*,
where
Lo

Ar=22
Ly

(2.10)
and L and L] are the maximized likelihoods under the null and alternative
hypotheses, respectively. For even moderately sized networks, the statistic D is
approximately x? with k degrees of freedom under the null hypothesis of a single
cluster.

To illustrate, consider an undirected binary network. In this case, the null
hypothesis states that the probability of observing an edge between any two
nodes is simply 6y, while the alternative hypothesis states that the probability of
observing an edge between any two nodes is not equal to 6, but, more
specifically, is dependent upon group membership of the nodes. To parameterize
this, let y;, denote the number of observed edges between nodes assigned to group
h, h € {1,...,k}, and y, denote the number of observed edges between nodes not

assigned to the same group. Then, the likelihood function specified under the

alternative hypothesis can be written explicitly as

L8y, 2 Heyh — 0)Nr Ry (1 — 6,) N W (2.11)
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for 0 < 6y,,0, < 1, where y, € {0,1, ..., Ny}, Nj, = %nh(nh — 1) and ny, is the total
number of nodes assigned to group h. Also, y, € {0, 1, ..., Ny}, where N}, denotes
the total number of possible edges between nodes not assigned to the same

group. Also, define
k
Y= Z Yn + Up
h=1

and
k

y:ZNh+Nb
h=1

where y and N denote the total number of observed edges and the total number
of possible edges in the network, respectively. Then, the likelihood function

under the null hypothesis can be written explicitly as
Lo(Boly) = 65(1 — 6o)¥ ¥ (2.12)

so that, for a given group membership vector zy), the ratio of the maximized
likelihoods is given by
04(1 — Op)N—v

Aol ) — A ( - 2.13
0] = T G (1 Gy e

where 0 = y /N denotes the maximum likelihood estimate of 6y under the null
hypothesis, and 6, = Yn/Nn, {h=1,...,k}, and 0 = yp/Np denote the maximum
likelihood estimates of the unknown parameters under the alternative hypothesis.
It is important to note that the likelihood ratio given generally in Eq. 2.9 is
conditional on the group membership vector z). In cases where attribute
information is available at the vertices, and this information is used to specify
z (1) explicitly, then the group membership vector is known and the assumption
that group membership is assigned to the vertices independent of y is valid.
However, when z is unknown (which is the assumption in this effort), then is
must be estimated from y. As a result, group membership assignment will not be

independent of the vector of sufficient statistics. Consequently, when z) is
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unknown and must be estimated using y, the likelihood ratio statistic

D = —2In A* is not asymptotically x7 under the null hypothesis. Since our aim
is to estimate (and subsequently test) the unknown group membership
assignments, in what follows we discuss a novel approach to the approximation of
the null distribution of D when z) is unknown.

It should be clear that, since the number of possible combinations of z is
finite for a fixed NV and k, the population of possible values of D is also finite for
a fixed N and k. Let P denote the population of all possible values of D for a
fixed N and k. The most interesting member of P is D,,,, where D,,,, > D;(for
all 1), where l = 1,..., S(N, k) and S(V, k) denotes the Stirling number of the
second kind, i.e. the number of ways to partition NV elements into k subsets.
Explicitly, S(N, k) = 4 5o (=) (%)™

The practitioner could simply generate random combinations of z;) in
hopes of "stumbling” upon D,,q,. As the number of randomly generated zy)’s
increases, the probability of having selected the correct group membership
vector, and hence D,,,., increases. This approach is obviously problematic,
however, even for moderately-sized networks. For example, suppose the
practitioner suggests that a network of N = 100 nodes forms k = 5 clusters. The
number of possible partitions is S(100,5) = 6.57 x 10%7. Sampling enough times
to have even a chance at selecting D,,,. is clearly infeasible.

Nonetheless, there is hope for producing an estimate for the null
distribution of D,,,.. Let the G x 1 vector D denote a random sample
with replacement from P. If D,,,, is included in this sample, then the sample
maximum, D(g) = Dyas; if not, Digy < Dyye.. Intuitively, the larger the sample,
the more likely that D,,., is selected.

Since the sample is taken with replacement, the number of draws, M, until
D,q0 is selected follows a negative binomial distribution with probability of

1

selection p = SVE and the number of successes r = 1. The expected number of
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draws until success then is E(M) = % = S(N,k)—1, and

P(N,kE,M)=1—(1— S(]\lf k))M

where P(N, k, M) is the probability that D,,., has been selected at least once
after M draws.

Since the z()’s (and hence the D’s) are randomly selected, group
assignments are made independent of the sample. Consequently, under the null
hypothesis, the asymptotic distribution of each D; € D is x2. As such, actually
simulating random combinations of z) is unnecessary; that is the pdf of the

maximum of a random sample of size G from a 2 distribution is
fD(G) = GF(U>G_1f(u) (2‘14)

where F(u) and f(u) are the cdf and pdf of the x% distribution, respectively.
Because the support of the y? distribution is unbounded on the right, increasing
values of GG produce increasing values of D(q). By choosing an appropriate value
for G an estimate for the distribution of D,,,, under the null hypothesis can be
obtained. Recalling that E(M) = S(N, k) — 1 is the expected number of draws
required to select the maximum at random, set G = E(M). It is important to
note that the estimate for D,,,, (and thus, its distribution) is downwardly
biased; that is D(g) < Dyae, With equality achieve when D,,q, € D.

Hence, the 100(1 — a)th percentiles of the distribution of D¢ provide
approximate critical values for a one-tailed test for the significance of detected
clusters. The size of the test, however, will be somewhat less than « in the case
that the search algorithm used fails to find the group membership assignment
vector that maximizes the likelihood function specified under the alternative

hypothesis.
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Based on Eq. 2.14, approximate critical values then are calculated from

Ci_o(N, k) = F7Y(V1 - a) (2.15)

where if £k = 2, a closed-form expression is given explicitly by

Ci_a(N, k) = —1log,(1 — ¥I—a). (2.16)

For many networks, 1 - « is exceedingly close to 1, often too close for common
statistical computing packages. The critical values displayed in the Appendix
were calculated using MapleSoft (2011), which allows for variable precision in
computation. Additionally, one can find a computation recipe for computing
these extreme values of the x? distribution and others in, e.g., Press et al. (2007).

In practice, the test is conducted by computing D = In A* for a given N and
"best” k, and subsequently comparing to the critical value C;_,(N, k). If
D > Cy_o(N, k), then the test concludes in favor of the alternative hypothesis of
k clusters. That is, it is unlikely that the groups detected by the clustering effort
could have occurred by chance.

In the next section, we cluster two real-world networks in efforts to
demonstrate exactly how the proposed clustering approach is applied in practice.
In particular, we consider the well-known karate club network of Zachary (1977)

and the terrorist acquaintance network first published by Sageman (2004).

2.5 Application to real-world networks

In this section, we apply our proposed clustering framework to the karate
club friendship network of Zachary (1977) and the terrorist acquaintance network
of Sageman (2004). For comparison purposes, we also find the group membership

assignment vectors that maximize the modularity metric for both networks. A
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simulated annealing algorithm' (see Kirkpatrick et al. (1983) and Cerny (1985),
amongst others) was used in finding the ”"best” group assignment vectors when
using both, the proposed and modularity objective functions.

To measure the similarities between the proposed and modularity group
membership assignments found for each network, we computed the adjusted
mutual information (AMI) between the two clusterings. The AMI is an
information theoretic measure for comparing clusterings. It is ”adjusted for
chance” (i.e., corrected for randomness), where if the two clusterings are identical
the AMI is equal to 1, and if the mutual information between the two clusterings
is equal to the expected mutual information of two random clusterings, then the
AMI is equal to 0. Thus, similar clusterings will have AMI close to 1. For
additional information on the AMI measure used in this paper, as well as other
theoretic measures for comparing clusterings, the reader is referred to Vinh and

Epps (2010).

2.5.1 Zachary’s karate club network

Figure 2.1: Zachary’s karate club network

LCooling schedule for maximizing the proposed objective function: Initial temp=0.0025, Cool-
ing Rate: 0.9925, Temp Length: 15000.
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To demonstrate our proposed clustering framework, we first consider the 34
node karate club network shown in Figure 2.1. This is a social network, with
nodes representing members of a karate club observed by Zachary for roughly two

years during the 1970s and edges indicating social interaction between members.
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Figure 2.2: Model selection plots for Zachary’s karate club network using the
proposed method with the BIC (top plot) and the modularity method (bottom
plot). The proposed method suggests 5 groups, whereas modularity suggests 4
groups.

Since the number of groups is unknown, then when clustering using the
proposed framework, we employ the BIC to provide an estimate of this quantity.
When clustering under the modularity objective, it is sufficient to find the
number of groups k£ that maximizes modularity over the set of possible k. Figure
2.2 shows the model selection plots for the karate club network. Notice that
using the proposed approach, the estimated number of groups is 5 since the BIC

is minimized at k = 5. Further, using the modularity objective, the estimated
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number of groups is 4 since modularity is maximized at k = 4.

Figure 2.3: Zachary’s karate club network clustered via maximizing the proposed
objective function and maximizing modularity. The modularity solution is shown
by the shape/color of the node and the proposed solution has nodes contained in
the large rectangles.

Figure 2.3 shows the "best” solutions using both the proposed method and
modularity, where the proposed solution has nodes contained in large rectangles
and the modularity solution has nodes grouped by shape/color. The proposed
solution seems to suggest that there are four modular groups and an additional
group of "periphery” nodes. The characteristics of the periphery group are such
that, typically, nodes contained in this group have little relative influence on the
overall network (e.g., nodes with low eigencentrality measures). The AMI
computed between the two estimated clusterings is 0.4891, which suggests some

lack of agreement between the two solutions.
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Figure 2.4: Density functions of the test statistic D,,,, under the null hypothesis
with N =34 and k =4 and k = 5.

If we apply the likelihood ratio test developed in Section 1.3 to the karate
club network using the “"best” group membership assignment vector obtained by
maximizing modularity, we compute a test statistic of Djs,q = 94.65. Similarly,
the test statistic using the proposed "best” group membership assignment vector
is D = 130.91. The density functions of the maximum likelihood ratio statistic
(i.e., Dpae ) under the null hypothesis with N = 34 and k& = 4 and 5 are shown
in Fig. 2.4. The critical value at the 95% significance level for the test using the
modularity solution (i.e., k = 4) is Cy95(34,4) = 101.75, while the critical value
using the proposed solution (i.e., k = 5) is Cpo5(34,5) = 117.50. Notice that
Drir = 130.91 > Cyo5(34,5) = 117.5, with a corresponding p-value of 0.00007381
(so that the test is significant), suggesting a 0.007% chance that the clusters

found by maximizing the proposed objective function could have occurred by
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chance. Even further, Dys,q = 94.65 < Cp95(34,4) = 101.75, with a
corresponding p-value of 0.810448 (so that the test is not significant), suggesting
an 81% chance that the clusters found by maximizing the modularity metric
could have occurred by chance. Thus, relative to modularity, there is much more
evidence in support of the proposed solution.

It is important to note that the karate club later split into two factions
following a disagreement between node 1 and node 34, and these two factions are
often used as the "ground truth” communities in benchmark studies. We note
that our proposed solution is very similar to the communities extracted by Zhao
et al. (2011), with the exception of one additional subcommunity. In general, our
method identified the cores of the two true factions (i.e., Group 1 and Group 3),

as well as two tighter subcommunities (i.e., Group 2 and Group 4).

2.5.2 Sageman’s terrorist acquaintance network

In this subsection, the N = 210 node terrorist acquaintance network of
Sageman (2004) shown in Figure 2.5. is considered, where a link between two

nodes suggests that the actors are acquaintances.
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Figure 2.5: Sageman’s terrorist acquaintance network (connected components).
The giant connected component is outlined in solid black.

Notice that this network is comprised of 21 different connected components;
thus in order to reduce the computational complexity of the problem, one can
cluster each connected component independent of the others without losing any
information. In this paper, we cluster the giant connected component, which has

125 nodes (i.e. the component in Figure 2.5 outlined in a solid black line.)
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Figure 2.6: Model selection plots for Sageman’s terrorist acquaintance network
using the proposed method with the BIC (top plot) and the modularity method
(bottom plot). Both methods suggest 10 groups.
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Figure 2.7: Giant connected component of Sageman’s terrorist acquaintance net-
work clustered via maximizing the proposed objective function and maximizing
modularity. The modularity solution is shown by the shape/color of the node and
the proposed solution has nodes contained in the larger rectangles.

Figure 2.6 shows the best model selection plots for this network, where both
methods suggest that the number of groups is £ = 10. Figure 2.7 shows the
"best” solutions obtained using both the proposed method and modularity,
where, as before, the proposed solution has nodes contained in large rectangles
and the modularity solution has nodes group by shape/color. There appears to
be a significant amount of agreement between the two solutions for this network,
which is evidence by an AMI measure of 0.9296. One obvious difference, however,
is the group of periphery nodes (i.e. Group 7) identified by using the proposed
objective function. Again, periphery nodes are those that are less influential and
not well connected within the network. A second difference between the two
solutions is the classification of node 209, where modularity assigns this node to

Group 5 and the proposed method assigns this node to Group 2.
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Figure 2.8: Density function of the test statistic D,,q, under the null hypothesis
with N = 125 and k£ = 10.

If we apply our likelihood ratio test to the terrorist network using the
"best” group membership assignment vector obtained by maximizing modularity,
we compute a test statistic of Djys,q = 768.59. Similarly, the test statistic using
the proposed ”"best” group membership assignment vector is Dy, = 781.62. The
density function of D,,,, under the null hypothesis with N = 125 and k£ = 10 is
shown in Fig. 8. The critical value at the 95% significance level for the test using
either solution is computed as Cpg5(125,10) = 590.592 (since both methods
suggest k = 10), implying that the test is highly significant regardless of which
solution is used (i.e., Dysoq and Dy, are both significantly greater than
Co.95(125,10)). In particular, the p-values for both tests are essentially zero,
suggesting that there is practically no chance that the observed clusters

(obtained by using either the modularity solution or the proposed solution) could
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have occurred simply by chance.

The results in this section suggest that the proposed clustering framework
appears to perform quite well on real-world networks. However, for the networks
analyzed in this section, the true clusters are actually unknown (with the
exception of the split of the karate club network into two factions). Further,
since we only have a single realization of each network, it is difficult to assess the
clustering performance in an objective way. As a result, in the next section, we
use Monte Carlo simulation to assess the clustering performance of the proposed
objective function, as well as the power of the proposed statistical test, when
applied to the LFR benchmark graphs by Lancichinetti et al. (2008), since these

graphs possess the properties of real-world networks.

2.6 Performance evaluations

In this section we evaluate the clustering performance of the proposed
objective function, as well as the power achieved by the proposed likelihood ratio
test, when applied to the so called LFR benchmark graphs proposed by
Lancichinetti et al. (2008). These graphs possess some properties of real-world
networks, specifically, non-homogeneous degree distributions and community
sizes. In the next subsection, we provide a brief description of the LFR
benchmark graphs, to include the parameters involved in generating these
graphs. Subsequently, we discuss the results of a simulation study used to assess

the performance of the proposed clustering framework.

2.6.1 LFR benchmark graphs

Proposed by Lancichinetti et al. (2008) as a means to testing community
detection algorithms, the LFR benchmark graphs possess several properties of
real-world networks. In particular, most networks of interest have
non-homogeneous (or skewed) degree distributions and non-homogeneous

community (or cluster) sizes. For the LFR benchmark graphs, the degree
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distribution follows a power law with parameter 2 < v < 3 and the community
size distribution follows a power law with parameter 1 < g < 2, which
encompasses a vast array of graphs with non-homogeneous degree and community
size distributions. Further, there are three additional parameters: (1) the mixing
parameter u, which represents the fraction of a node’s edges connected to other
nodes not contained in the same group (and thus, 1 — p represents the fraction of
a node’s edges connection to other nodes contained in the same group), (2) the
average degree of the network, or Ave Degree, and (3) the maximum degree of
the network, or Max Degree. Note that when Ave Degree = Max Degree, then all

nodes have the same degree and the degree distribution is homogeneous.
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Figure 2.9: A single realization of an LFR benchmark graph (with the k = 44 true
communities identified) with N = 500, v =2, f =1, u = 0.1, Ave Degree = 10,
and Maz Degree = 25

To illustrate, Figure 2.9 shows a single realization of a 500 node LFR
benchmark graph with v =2, 8 =1, u = 0.1, Ave Degree = 10, and
Max Degree = 25. In addition to the nodes and edges, the algorithm that
generates the benchmark also provides the true community structure, as well as
some network statistics as output. For example, the true community structure of
the network is also shown in Figure 2.9, while Figure 2.10 shows plots of the

descriptive statistics for this network. Notice that there are k = 44 groups for
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this network, having a variety of different sizes. In Figure 2.10, notice the skewed
degree distribution in the top plot, which is a common property of real-world
networks. Also, the middle plot shows a histogram of the fraction of nodes
having a given p value. It is important to note that, in general, the algorithm
that generates the benchmark attempts to set the p-value of each node to the
pre-specified input value. However, this cannot always be done, particularly for
nodes with small degree. Thus, the distribution of the p-values has a bell-shaped
curve with a pronounced peak, such that the average of the p-values is
approximately equal to the pre-specified input value of x. The bottom plot in
Figure 2.10 simply illustrates the non-homogeneity of the sizes of the different
communities in the network by showing a stem plot of the sizes of the
communities versus the number of occurrences.

Since the LFR benchmark graphs possess properties inherent in real-world
networks, we chose to evaluate the performance of our proposed clustering
framework when applied to these graphs. It is important to note that real-world
networks are often much more complex than the LFR graphs; however, since
these graphs exhibit skewed degree distributions and non-homogeneous
community sizes (properties that are inherent in a large number of real-world
networks) they serve as adequate benchmarks for evaluating network clustering
algorithms. In the next subsection we discuss the results of an extensive Monte
Carlo simulation study used to evaluate the clustering and power performances
of the proposed clustering framework, relative to that achieved by maximizing

modularity.
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Figure 2.10: Network statistics for the single realization LFR benchmark graph
in Fig. 2.9 with N = 500, v = 2, 8 = 1, u = 0.1, Ave Degree = 10, and
Max Degree = 25

2.6.2 Clustering and power performances of the proposed clustering framework

when applied to the LFR benchmark graphs

In this subsection we report the results of a Monte Carlo simulation study
where we applied our proposed clustering framework to the LFR benchmark
graphs to assess its expected performance. We investigated clustering
performance as a result of maximizing the proposed objective function, and for
comparison purposes, we also investigated that achieved by maximizing the
modularity metric. Additionally, we assessed the power of the proposed
likelihood ratio test when the “best” group membership assignment vector
(specified under the alternative hypothesis) is obtained through maximization of
the proposed objective function, as well as through maximization of modularity.

In what follows, details of the simulation model are discussed.
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For any given combination of the LFR benchmark parameter settings
studied?, we generated 100 independent benchmark graphs. For each simulated
graph and corresponding number of groups k (which was given for any particular
graph), we used simulated annealing algorithms to find the group membership
vectors that maximize the modularity metric and the proposed objective
function, respectively. Once these vectors were found, we then computed the
AMI between the true group membership vector (which was given) and the
estimated group membership vectors obtained by maximizing the two objective
functions. The average of the AMI values obtained via maximizing modularity,
as well as that obtained by maximizing the proposed objective function, was then
computed over the 100 independent simulated graphs.

We consider networks of size N = 100 nodes with Maz Degree = 20 and
three different values for Ave Degree, and Ave Degree =5, 7.5 and 10. For each
value of Ave Degree, we considered four different combinations for the parameters
v and ; namely (v, 5) = (2,1),(2,2),(3,1),(3,2), which encompasses the
extremes of the ranges of these parameters. Finally, we considered the values of
the mixing parameter p between 0.1 and 0.6, in increments of 0.05. Figures 2.11
and 2.12 show the estimated AMI curves over the parameter space p

corresponding to modularity and the proposed method, respectively.

%ie., v, B, u, Ave Degree, Max Degree
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Figure 2.11: Clustering performance evaluation using the modularity objective
function. Each point is the average adjusted mutual information over 100 simu-
lated LFR benchmark graphs.
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Figure 2.12: Clustering performance evaluation using the proposed objective func-
tion. Each point is the average adjusted mutual information over 100 simulated
LFR benchmark graphs.

In addition to computing the average AMI, we also estimated the power of
the proposed likelihood ratio test over the 100 simulated benchmark graphs,
where the "best” group membership assignment vector was obtained either via
maximizing modularity, or via maximizing the proposed objective function.
Recall that the power of a statistical test is the probability of rejecting the null
hypothesis, given that the null hypothesis is false. Figures 2.13 and 2.14 show
the estimated power curves corresponding to the modular and proposed
solutions, respectively.

From Figures 2.11-2.14, we can observe the following general results. (1) A
decrease in the AMI and power performances is observed as the mixing
parameter increases. This is intuitive since for all y, the groups or communities
are more densely intra-connected, and sparsely inter-connected (and vice versa

for large it). (2) An increase in AMI and power performances is observed as
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Ave Degree approaches Max Degree, suggesting that as the degree distribution
becomes more homogeneous, an increase in AMI and power performances is
observed. (3) An increase in AMI and power performances is observed as the
parameter 7 increases, which is also intuitive since there is more variability in the
degree distribution v = 2 than when v = 3. (4) No significant effect on AMI or
power performances due to changes in the parameter J is observed. Although
there does not appear to be a significant effect on performance due to changes in
B, it is certainly possible that one might see a significant effect for networks with

a greater number of nodes.
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Figure 2.13: Power performance evaluation using the modularity objective func-
tion. Each point is estimated over 100 simulated LFR benchmark graphs.
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Figure 2.14: Power performance evaluation using the proposed objective function.
Each point is estimated over 100 simulated LFR benchmark graphs.

In order to make direct performance comparisons between the proposed and
modularity methods, we computed the relative mean index (RMI) over the range
of values of u considered in our simulation study, where the RMI for the vth
method being compared (e.g., v =[1,2]), where v =1 corresponds to the

modularity method and v = 2 corresponds to the proposed method) is calculated

by

T

1
RMI, =~ ;mz‘ —ma)(m;) 7 (2.17)
where r denotes the number of levels of p considered in the simulation study
(e.g., r=11 in our study since g = 0.1,...,0.6 in increments of 0.05). If we are
comparing AMI performance, then m;, is the AMI value at the ith level of ;1 and
for the vth method being compared, and m; is the largest AMI between the two

methods at the ith level of u. If we are comparing power performance, then m;,

and m; are the corresponding power values. The method that yields the smallest
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RMI value is most desirable, since this suggests better performance across the
range of values of the mixing parameter .

Table 2.1 shows the RMI values corresponding to the AMI performance. For
these results, it is evident that neither of the methods investigated performs
uniformly best across the range of LFR benchmarks parameters investigated.
instead, the method that has the best relative performance depends on the values
of the parameters v and Ave Degree. Figures 2.15 and 2.16 show linear
interpolations of the RMIs given in Table 2.1 across the variable « for the three

values of Ave Degree considered in our study.

v B RM[proposed RMIModularity
2 1 0.0206 0.0033
2 2 0.0206 0.0023
Ave Degree=5 5 | 45003 0.0383
3 2 0.0000 0.0344
2 1 0.0050 0.0052
2 2 0.0097 0.0036
Ave Degree = 7.5 3 1 0.0012 0.0425
3 2 0.0019 0.0405
2 1 0.0164 0.0156
2 2 0.0100 0.0131
Ave Degree =10 o | 55046 0.0310
3 2 0.0060 0.0259

Table 2.1: RMIs for AMI Performance

From Figure 2.15, when Ave Degree = 5, the proposed method seems to
outperform the modularity method over approximately 67.5% of the range of ~.
Further, the proposed method also appears to be more robust to changes (and
thus, to the variation in the degree distribution) since there is less change in the
RMI values across the range of v, relative to the modularity method. Finally,
note that, from Figure 2.16, as the Ave Degree increases, then so does the
relative performance of the proposed method. In fact, when Ave Degree = 10, the
proposed approach achieves the best relative performance over the entire range of

~ values.
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Figure 2.15: Linear interpolations of the RMIs across the parameter v and for
Awve Degree = 5. The solid line with red circles represents the proposed method,

and the dotted-line with blue squares represents the modularity method.
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Ave Degree = 7.5 (left plot) and Ave Degree = 10 (right plot).

Table 2.2 shows the RMI values corresponding to the power performance.
Notice that, since the RMI values corresponding to the proposed method are
always zero, then relative to modularity, the proposed method achieves greater

power across the entire spectrum of LFR benchmark parameter values considered




in our study. Recall that the proposed objective function is the denominator in
the likelihood ratio test and specifies the likelihood function under the
alternative hypothesis of k clusters. Since the group membership assignment
vector that maximizes modularity is not necessarily equivalent to the one that
maximizes the proposed objective function, it is not surprising that the power
achieved using the modular solution is somewhat less than that achieved by

using the proposed solution.

v B RM[proposed RMIModularity
2 1 0.0000 0.1178
2 2 0.0000 0.1880
Ave Degree =5 5 1 (0000 0.2161
3 2 0.0000 0.1733
2 1 0.0000 0.1159
2 2 0.0000 0.2023
Ave Degree =75 o 1 4 5000 0.1039
3 2 0.0000 0.0887
2 1 0.0000 0.1052
2 2 0.0000 0.0897
Ave Degree =10 5 "1000 0.1286
3 2 0.0000 0.0750

Table 2.2: RMIs for Power Performance

The results of the simulation study discussed in this section suggest that the
proposed objective function is a viable alternative to modularity. In addition to
better overall clustering performance, maximizing the proposed objective
function will permit greater power to detect clusters, relative to computing the
test statistic using the ”best” modular solution. Although the proposed approach
will provide greater power, our simulation results show that one can still achieve
good power using the solution that maximizes the modularity metric. Since
community detection via modularity maximization is widely available in several
network analysis software packages, this result is particularly meaningful.

As a final note, our simulation study was conducted in the same manner as
that given in Lancichinetti et al. (2008), where the assumption was made that

the number of groups k is a known quantity. Obviously, this is not the case in
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practice, and thus, an important future study is one that assesses relative
performance between the two approaches when the number of groups k is
unknown. Lastly, although our study only considered networks of size N = 100,
there is no reason to believe that the performance observed would change

dramatically for networks of larger size.

2.7 Summary and discussion

Clustering is a common first step in exploratory data analysis and is
typically used to find groups of ”similar” observations. The goal of clustering is
to reveal underlying patterns in the data, and ultimately, to use these patterns
for decision making purposes. Although the clustering of conventional data sets
is very common, more recently, the clustering of network data sets has generated
significant interest. In network clustering, one is often interested in finding
clusters of nodes that are densely intra-connected to each other and sparsely
inter-connected to external nodes. The literature contains a variety of methods
available for solving this problem, where the most popular methods seek to
maximize the modularity metric.

Although the modularity metric is an intuitive and effective objective
function to maximize, it provides no direct statistical basis for quantifying the
significance of the detected clusters. In this paper we proposed a new objective
function for network clustering that extends easily to a likelihood ratio test, and
thus, provides a well studied statistical basis for quantifying the significance of
the detected clusters. We then derived a novel approximation to the distribution
of the proposed likelihood ratio test statistic under the null hypothesis of a single
cluster (i.e., K =1). This distribution was then used to obtain approximate
critical values for the statistical test. The application of our proposed clustering
framework to the real-world networks in Zachary (1977) and Sageman (2004) was
then demonstrated.

Finally, using Monte Carlo simulation, we evaluated the performance of the
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proposed clustering framework, relative to the modularity method, when applied
to the LFR benchmark graphs of Lancichinetti et al. (2008). Our simulations
suggest that maximizing the proposed objective function will generally yield
better clustering performance than that achieved by maximizing the modularity
metric. Further, it was observed that if the likelihood ratio test statistic is
computed using the solution obtained by maximizing modularity (as opposed to
maximizing the denominator of the likelihood ratio), then the power of the test
will be reduced, unless the group assignment vector that maximizes modularity
also maximizes the likelihood function specified under the alternative hypothesis.
Thus, for a given type I error probability «, to maintain a statistical test with
the greatest power, one should make efforts to maximize the proposed objective

function.
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3 EFFICIENT LIKELIHOOD-BASED NETWORK CLUSTERING

3.1 Abstract

Clustering networks by maximizing likelihood produces high-quality clusters
and allows for statistical significance testing but calculating parameter estimates
is burdensome. We introduce iterative, efficient expressions for updating
parameter estimates and compare the results between the naive and the proposed

methods of calculating parameters.

3.2 Introduction

A network G = (V| E) is a set of vertices V' connected by a set of edges F.
Clustering GG involves assigning each of the network’s N vertices to one, and only
one, of k clusters. Once a network has been clustered, a metric can be calculated
to evaluate the goodness of the clustering.

In a previous work by Perry et al. (2013), the statistical likelihood of a
clustering was proposed and evaluated as an objective function to be optimized
against modularity, the current gold standard of clustering metrics introduced by
Newman (2006) . Perry et al. demonstrated that maximizing likelihood produces
clusters of quality often exceeding those produced by maximizing modularity on
benchmark networks created to simulate a range of real-world network types, and
the likelihood objective function the additional benefit of a statistical significance
test.

However, the calculation of likelihood and modularity for a given clustering

are both computationally expensive, requiring the traversal of a network’s entire
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edge set F, at a minimum. Blondel et al. (2008) introduced a simple expression
that required relatively little information to calculate the change-in-modularity
when a vertex is reassigned from one cluster to another compared to the naive
calculation of change-in-modularity in which two passes of E are necessary to
calculate the difference in the pre- and post-reclustering modularities. They
employed this expression in the so-called ”Louvain Method”, a greedy
agglomerative algorithm that starts with each of N vertices assigned to its own
cluster and then repeatedly groups and consolidates the vertices into an
increasingly smaller number of clusters based on the observed
change-in-modularity.

The Louvain Method does not allow a user-specified k, but rather continues
consolidating vertices until no further increase in modularity is observed. The
previously-proposed likelihood maximization method however, relies on heuristic
optimization algorithms to find a near-optimal solution and requires a
user-specified k at the outset, thus the methods and their solution times are not
directly comparable. However, the ability of the Louvain Method to rapidly
cluster networks is largely due to the efficient change-in-modularity expression
and is the motivation for the work in this paper.

In this paper, we first briefly describe the likelihood maximization clustering
process developed by Perry et al. Then we derive theorems that provide
iterative, efficient methods for calculating the parameter estimates required for
the loglikelihood, a metric equivalent to likelihood in optimization. Finally, we
derive a change-in-loglikelihood formula that gains further efficiency given some
reasonable parameter assumptions and then compare the time-to-solution
required to cluster benchmark networks under the previous naive method and

the proposed iterative method of calculating loglikelihood.
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3.3 Likelihood-Based Clustering Review

Consider a simple undirected network G = (V, E) with vertex set V' and
edge set E. Let e;» € E be the edge weight between vertices ¢ and ¢’ € V, and
let A define the NV x N adjacency matrix for network G such that a; = e;; if
e; i exists, 0 otherwise. Since G is simple and undirected, A is symmetric with
no self-edges, i.e. a;# = ay; and a;; = 0. This will be the assumption for all
networks G going forward in Chapter 3.

Then, cluster the network G by assigning each of the N vertices to one, and
only one, of k clusters. Let z;) be a N x 1 cluster membership vector and
element z; (1) denote the cluster assignment for vertex i, and z; 4y € {1,2, ...k},
i€(1,2,..N). Let 0 = [0y, ..., 0k, 0] denote a k + 1 unknown parameter vector,
with elements 0y, h € {1,2,...k}, denoting the expected edge value between any
two vertices belonging to cluster h and 6, denoting the expected edge value
between any two vertices not belonging to the same cluster. Finally, let
Y|zu) = [Y1,..., Yk, V3] be a vector of sufficient statistics for the parameter vector
g, conditioned on cluster assignment vector z;), and let y|z() denote a
realization of Y|z(). Given cluster membership assignment z(;) and assuming
that the number of vertices N is fixed, there is no information available on the
vertices other than an arbitrary label and the edges between vertices are
conditionally independent, the likelihood function for 6, given zy and yp |z,

can then be written as

k
L(Oly, zy) = {] ] fn(nl0n 2a) } fo(wol b, 21 ) (3.1)
h=1

where fi,(yn|0h, z(x)) and fy(ys|0s, Z(x)) indicate the respective probability density
(or mass) functions for the sufficient statistics Y}, and Y;,. The optimal clustering

is then found by solving:

k

Z(y) = arg (D)fleazl’f )[H fh(éh7z(k)|yh)fb(éba Z() [Ub)] (3.2)
Z( k he1
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where éh and éb are the respective maximum likelihood estimators of 6, and 6y,
and Z ) denotes the set of all possible partitions of IV vertices into k clusters.
This is a combinatorial optimization problem for which the number of possible
clusterings is generally too great to evaluate every potential solution, even for
small networks. There are, for example, 6.57 x 1057 ways to cluster a network of
N = 100 vertices into k = 5 clusters. Thus a heuristic optimization algorithm
such as simulated annealing must be used to search for a near-optimal clustering.
Additionally, the loglikelihood is maximized in practice rather than the
likelihood. This has no effect on the solution but is convenient to work with.
Readers are referred to the aforementioned Perry et al. (2013) paper for
detailed information on clustering undirected networks by likelihood
maximization, including comparison to alternate methods, application to
real-world networks and the introduction of a novel statistical significance test

for the solution clustering.

3.4 Theorems

Proofs for Theorems 3.4.1 ~ 3.4.5 are found in the Appendix.
Theorem 3.4.1 demonstrates how the change-in-loglikelihood due to a

reclustering can be greatly simplified given some simple parameter constraints.

Theorem 3.4.1. Assign each vertex v € V from G = (V, E) into one of k
clusters. Assume the edges within cluster h € {1,2...,k} are distributed according
to density fr(yn|On, z(x)) and the edges between clusters are distributed according

to density fo(ys|0b, 2)). The loglikelihood of the clustering z, is then written as

k
In L(61, 02, ..., Ok, O]y, 259 = n[{ ] | f2 (wn 10> 200) } fow100, 7)), (3.3)
h=1

where each 0, and 0, are estimated by maximum likelthood estimators éh and éb,
respectively.

Then, consider a reclustering by reassigning vertex I* from cluster ¢ to
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cluster j. If the parameter estimates for the within-cluster edge densities other
than f, and f; are unaffected by the reclustering, i.e. é}l = ég, h¢{tj}, then

the change-in-loglikelihood due to the reclustering can be written:

Felyel0}, 2{y) £ (310},

AlnL =In o ™
fé(WW@az(k))fj(ij]"

2y) fo(95/03, 2y (3.4)
Z( |

Ok))fb(ybmgvzgk))
where superscripts 0 and 1 indicate pre- and post-reclustering states, respectively.

Theorems 3.4.2 and 3.4.3 demonstrate how post-reclustering edge weight
sums can be calculated from pre-reclustering information.

Let w; be a N x 1 cluster membership vector for cluster j such that element
w; ; = 1 if vertex ¢ belongs to cluster j, 0 otherwise. Let w be the N x k cluster
membership matrix with 5" element = w; ;. Let 15 be a N x 1 vector of 0’s and
a single 1 in the s** position. If vertex [* is removed from cluster ¢ and placed in
cluster j, then:

w; = w) — 1 and wj = W) + 1.

Given clustering z;) on an undirected network, OBS = w’Aw is a
symmetric k x k matrix with element obs,; = wZAwt, the sum of the observed
edge weights between clusters s and t. However, since A is a symmetric matrix,
extracting the rows and columns of A belonging to vertices of cluster s also
forms a symmetric sub-matrix. Therefore w! Aw, double counts the edge weights

between vertices within the same cluster s (See Newman (2010), pg. 112). Thus,

the correct OBS matrix is obtained by:

wl'Aw;, ifs#t.
obssy =

(3)wlAw,, ifs=t.

Theorem 3.4.2. Assign each vertez v € V from G = (V, E) into one of k
clusters. Then, consider a reclustering by reassigning vertex l* from cluster ¢ to
cluster 7. The elements of OBS post-reclustering can be written completely in

terms of pre-reclustering information. Specifically, the elements are:
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1 _ b0 1 _ 1.0 0 1 _ 10 0
1. obsg, = obsg, 4. obs;, = obs; ; + Z 0. obsy, = 0bsy, — Z;

2. obs} . = obs®
s s 5. obsy; =

s

3. obsy, = obsy, — Z obsy; — 73 + Z 7. obsj; = obs); + Z3,

where s, t & {{,j}, superscripts 0 and 1 indicate pre- and post-reclustering
states, respectively, and Z)) is the sum of edge weights between vertex I* and

cluster h pre-reclustering, h € {1,2,...,k}.

Theorem 3.4.3. Assign each vertex v € V from G = (V, E) into one of k
clusters. Then, consider a reclustering by reassigning vertex I* from cluster { to
cluster 5. The sum of the distinct off-diagonal elements of OBS post-reclustering

can be written completely in terms of pre-reclustering information. Specifically:
obs; = Zobs;t = obs) + 2 — ZJ, (3.5)

where s,t € {1,2,...k} and s # t, superscripts 0 and 1 indicate pre- and
post-reclustering states, respectively, and Z? is the sum of edge weights between

vertex I* and cluster h pre-reclustering, h € {1,2,...,k}.

Theorems 3.4.4 and 3.4.5 demonstrate how the maximum possible number
of edges within and between clusters post-reclustering can be calculated from
pre-reclustering information.

Given clustering z) on an undirected network, POS is a symmetric £ x k
matrix with element pos,; containing the maximum number of distinct edges
possible between the vertices of clusters s and t. This value is
posae = ("57) = () -

where ny, is the number of distinct vertices in cluster h € {1,2, ..., k}.

(3) = nsny when s # ¢ and pos,, = w when s = t,

Theorem 3.4.4. Assign each vertez v € V from G = (V, E) into one of k
clusters. Then, consider a reclustering by reassigning vertex l* from cluster ¢ to
cluster 7. The elements of POS post-reclustering can be written completely in

terms of pre-reclustering information. Specifically, the elements are:
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1. pos!, = pos?, 4. posj, =n3(ny +1) 6. posj, =

2. pos! = pos’
. 8,8 S,8 1 _
9. posy; =

; 0(nY 0 0 1 (94 1)nf
3. posy, = ng(ng —1) (ng — 1)(nj +1) 7. pos;; = —5—,

s

where s, t & {€,j}, superscripts 0 and 1 indicate pre- and post-reclustering

states, respectively, and n? is the number of vertices in cluster t pre-reclustering.

Theorem 3.4.5. Assign each vertex v € V' from G = (V, E) into one of k
clusters. Then, consider a reclustering by reassigning vertex I* from cluster { to
cluster 7. The sum of the distinct off-diagonal elements of POS post-reclustering

can be written completely in terms of pre-reclustering information. Specifically:

pos;, = Zposst = posy +ny —nj — 1, (3.6)

where s,t € {1,2, ...k} and s # t, superscripts 0 and 1 indicate pre- and
post-reclustering states, respectively, and n is the number of vertices in cluster h

pre-reclustering, h € {1,2, ..., k}.

3.5 Improvements to Loglikelihood-Based Clustering

3.5.1 Efficient calculation of change-in-loglikelihood

Theorem 3.4.1 states that the expression for the change in observed
loglikelihood due to the reclustering of G by moving vertex {* from cluster ¢ to
cluster j can be greatly simplified if parameter estimates 0), for within-cluster
edge densities other than f, and f; remain unchanged, i.e. 6l = ég, he{ti}

Rather than calculate the full expression for the change in loglikelihood,

e, fs(ySIQS,z%k ) felyeld, 2 Z(1)) J'(yj|éyl"z%k)) fb(ybléé,Z%m)
e fs(ysles,z? )1 (ydgf’z(() 3310 2459) Folunl 5 26y

Aln L(é|y, Z(k)) =In
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we can use the simplified expression (3.4) from Theorem 3.4.1 which only
requires the two within-cluster densities f; and f; and the single between-cluster
density f,. The computational savings achieved by eliminating the need to
calculate the remaining (k - 2) within-cluster parameters, and the corresponding
densities, increases as k grows large.

If the parameter estimates for densities other than f, and f; can be
calculated from suitable OBS and POS matrix entries, then Theorems 3.4.2 and
3.4.4 show that the parameter estimates will not change as a result of the
reclustering. Thus, given this important assumption about the parameters, we
can use Theorem 3.4.1.

This is clearly a useful result since the maximum likelihood parameter
estimates for binomial and Poisson densities, crucial to the analysis of
discretely-distributed networks, can be calculated directly from OBS and POS,

namely 0, = 2= s e {1,2,....k} and 6§, = Zoobsst o4 {1,2,....k}, s #t.

pPOSs,s’ > poss,t

3.5.2 Easily calculated parameter components

Theorems 3.4.2 ~ 3.4.5 provide iterative formulas for the efficient
calculation of the parameter estimates required for Theorem 3.4.1, provided that
those estimates can be calculated from OBS and POS matrices. To calculate
the parameter estimates without the use of these formulas while storing the
network as an adjacency matrix, all (]; ) distinct elements must be read in for
every proposed reclustering. Considering the sparsity of modern networks, most
of these elements will be zero and only slow the calculation down. If a more
efficient storage format containing only non-zero edge information were used,
such as an edge list or an adjacency list, then the full set of F edges still must be
read to calculate the parameter estimates for every proposed reclustering.

Theorems 3.4.2 ~ 3.4.5, however, show how to calculate parameter
estimates for a proposed reclustering almost immediately from the parameter

estimates from the current clustering. The only "new” information necessary to
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update the OBS matrix elements required for Theorem 3.4.1 is Z) and Z]Q, the
total edge weights between vertex [* and the clusters ¢ and j, respectively, before
reclustering. This information can be obtained by referencing the
pre-reclustering clustering assignment vector zy) against 1) [*’s row in the
adjacency matrix, 2) entries containing [* in the edge list, or 3) [*’s row in the
adjacency list. For non-binary edge weights, 2) and 3) assume that the edge and

adjacency lists also contain weight information. While 1) is an improvement over

N

reading in the entire (2

) distinct adjacency matrix elements, requiring only N
elements to be read, many of those elements will still likely be zero, and thus
unhelpful. Options 2) and 3) are more efficient as the edge and adjacency lists
contain only non-zero edge values. To calculate Z)) and Z]Q we need only to sum
the edge weights of the vertices actually connected to vertex [* by cluster, the
number of which are equal to the degree of [*, d;-. For any proposed reclustering,
the expected number of elements necessary for calculating the required elements
of the OBS matrix is E[d;<] = average degree of G < N < (];)

Calculating the required elements of the POS matrix doesn’t require any
new information, simply a running count of vertices per cluster at the current
clustering, z(). Cluster sizes are calculated when the inital assignment is made
and maintained throughout the clustering process, requiring only a subtraction

and addition of 1 to the counts for clusters ¢ and j, respectively, when a a

proposed reclustering is accepted in the optimization process.

3.5.3 Reduced updating requirements

In the authors’ prior implementation of likelihood-based clustering, the 2(k
+ (g)) distinct elements of the post-reclustering OBS* and POS® matrices were
calculated for each proposed reclustering. If the reclustering was accepted, then
the OBS! and POS' matrices were reassigned to pre-reclustering OBS® and
POS" before considering the next proposed reclustering. The 2(’2“) distinct

off-diagonal obs}, and pos}, elements needed to be maintained in order to
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calculate obs; and pos}, elements required to calculate the between-cluster
density parameter estimate 9}

Theorems 3.4.3 and 3.4.5, however, provide a means of calculating obs; and
pos; directly from obs? and pos?. It’s now only necessary to maintain the 2(k +
1) elements consisting of 0bs)), pos), obs) and pos), h € {1,2, ..., k} from iteration
to iteration and if a reclustering is accepted, only obs! and pos},i € {¢, j, b} need
be updated. This efficiency increases as k grows large since it is no longer
necessary to store or update the remaining 2((];) — 1) elements.

To demonstrate the improved algorithm, LFR benchmark networks
(Lancichinetti et al. (2008)), of size N = 250, 500, 750, 1000, 1250, 1500, 1750
and 2000 were generated with parameters selected to emulate those used in
Figure 2.9. Each network was then clustered into 10, 20, 30, 40 and 50 clusters
using both the old naive and newly-proposed methods of calculating the
loglikelihood parameters and the change-in-loglikelihood during the optimization
process. Both methods used simulated annealing with a common cooling
schedule! to find the solution clusters. Additionally, the Mersenne Twister
proposed by Matsumoto and Nishimura (1998) was used to generate identical
random number streams for both methods, thus controlling for clustering quality.
Although we have chosen simulated annealing as an optimization algorithm in
this demonstration, the results apply to other heuristics as well, provided that
they can use change-in-loglikelihood as the accept/reject criteria.

Figure 3.1 demonstrates the improvement in time-to-solution between the
two methods of calculating parameter estimates and the change-in-loglikelihood.
At N = 2000, the old method requires 19 ~ 20 minutes while the new method

reaches a solution in under 4.5 seconds, regardless of k.

Tnitial Temp: 1, Cooling Rate: 0.99, Temp Length: 300
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Figure 3.1: Time comparison of clustering using naive and proposed methods of
MLE parameter calculation, by Vertex Count

A further test was done with a LFR network of size N = 100,000 generated
under identical conditions. The network was clustered into £ = 500 clusters. The
old method ran for more than 24 hours, and was finally terminated for time
consideration, while the newly-proposed method arrived at a solution in 39

seconds.

3.6 Summary

The original paper on likelihood-based network clustering
demonstrated the utility of maximized likelihood as a clustering metric.
However, the need to read in the entire edge list E to calculate the loglikelihood
for each of the large number of proposed solutions considered during
optimization was a bottleneck to further use and development. In this paper we
have presented iterative, efficient expressions that drastically reduce the effort
required to calculate the change-in-loglikelihood when considering a proposed
reclustering, and thus the overall time-to-solution, for a class of statistical
distributions important to network analysis, and we have demonstrated the

improved time-to-solution on several benchmark networks.
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4 ON THE STATISTICAL DETECTION OF CLUSTERS IN DIRECTED
NETWORKS

4.1 Abstract

The goal of network clustering algorithms is to assign each node in a
network to one of several mutually exclusive groups based upon the observed
edge set. Perry et al. (2013) proposed a likelihood metric for the undirected
network case and demonstrated its competitiveness against modularity, in
addition to introducing a novel statistical significance test. In this paper, we
address clustering of directed networks, i.e. when the edges connecting vertices
do so in a specific direction by proposing a directed version of the likelihood
clustering metric. Like the undirected metric, the directed likelihood metric is
maximized over the space of possible group membership assignments and is thus
a candidate for the use of information criterion methods such as Akaike or
Bayesian to determine the "best” number of clusters. Further, the
aforementioned statistical significance test is applicable in the directed case as
well, without modification. Using Monte Carlo simulation, we compare the
performance of the proposed likelihood objective function for network clustering
against that of directed modularity using LFR benchmark networks, and

demonstrate the use of the proposed objective function on real world networks.

4.2 Introduction

Networks are ubiquitous in the modern world. The Internet, and every

device connected to it, is part of a network and has been a target of study for
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many years (Broder et al. (2000), Barabasi (2001), Zhang et al. (2005)).

In addition to communications networks, the associations between people is
a popular area of study. In previous years, information might be gathered on
friendships among people in a certain group and analyzed as a social network
[Hansell (1984)). With the advent of the Internet and the explosion in popularity
of social networking sites such as Facebook and Linkedin, social networks are
available on a scale nearly as large as the internet itself. Motivations for the
study of networks are as broad as the types of networks, from improved
marketing efforts based on an understand of connected peer groups to increasing
the understanding of structure within terrorist organizations (Basu (2005)).

Networks can be broadly classified into two categories: undirected and
directed. Undirected networks can be further characterized by the edges that
connect the vertices. In the unweighted case, the edges are binary and either exist
or they do not. In the weighted case, edges that exist also have an associated
weight attribute. Frequently these weights are non-negative integers representing
counts but they can in theory take any value. Directed networks share these
same qualities with the exception that edges have an additional attribute:
direction. In the undirected case, vertices a and b may be connected by and edge
eq With weight w but the connection exists equally to and from a and b. In the
directed case, an edge ey, may exist from a to b with weight wy, but may not
exist from b to a at all. Or, e, may exist but with a different weight wy, # wes.

The clustering of undirected networks has been a field of study for many
years and many algorithms have been developed in that time. Readers are
directed to Fortunato (2010) for a comprehensive review of these algorithms.
Clustering algorithms for directed networks have also been developed, and these
are generally modifications of directed network clustering algorithms. Examples
include directed modularity (Leicht and Newman (2008)), directed spectral
clustering [Gleich (2006)], directed random walk methods (Huang and Zhu
(2006)) and directed stochastic block models (Rohe et al. (2006)).
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To define undirected modularity, consider a network of size N, and let
w;; = 1 if node i belongs to group j, and 0 otherwise (¢ = 1,..., N and
j=1,....k). Further, let A;; denote the i7'th element of the adjacency matrix A,
m denote the total number of edges in the network, and d; the degree of node 1.
For a given N x k group membership matrix and N x N adjacency matrix A, the

modularity is defined as
Q(w|A) = L tr(w? Bw) (4.1)
2m " '

where tr(G) denotes the trace of the matrix G and

d;dy

By = Aiir —
2m

(4.2)

denotes the elements of the so called modularity matrix.

Modularity measures the fraction of edges that fall within the given groups
minus the expected such fraction if edges were distributed at random. Large
modularity values indicate the presence of densely intra-connected and sparsely
inter-connected vertices.

In the directed case introduced by Leicht and Newman (2008), modularity
is defined by first creating symmetry in the modularity matrix (B + BT) and
recognizing that the number of possible edges in the network has now doubled to
4m

Q(w|A) = ﬁtr(wT(B + BM)w) (4.3)

where the definitions of w and B remain as above.

In both the directed and undirected case, the clustering problem involves
finding w*, i.e., the group membership matrix in the set of all group membership
matrices €2, that yields the maximum modularity value, or

w* = arg max[Q(w|A)]. (4.4)

wey
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Whether directed or undirected, the optimization problem above is
extremely difficult due to the combinatorial explosion in the number of possible
solutions requiring evaluation. Rather than an exhaustive search, researchers
often employ heuristic algorithms to search a subset of €2, for a ”"good”, albeit
potentially sub-optimal, solution. Heuristic algorithms include stochastic search
methods such as simulated annealing or genetic algorithms (Guimera et al.
(2004); Ku cukpetek et al. (2005)). These methods are generally found to be
slower but more accurate than other deterministic methods. Danon et al. (2005),
for example, found simulated annealing to produce the most accurate results of
all algorithsm tested. However, heuristic algorithms are no limited to the use of
the modularity metric and there are several other non-heuristic algorithms
available as well. Readers are referred to Malliaros and Vazirgiannis (2013) for a
comprehensive review of clustering algorithms available for detecting
communities in directed networks.

Regardless of method, all clustering algorithms seek to classify the vertices
of a network into some number of clusters. Some algorithms require the number
of clusters to be specified a priori as an input parameter to the algorithm (Leicht
and Newman (2008), Newman and Leicht (2007)) while some algorithms have an
internal stopping criterion built-in (Dugue and Perez (2015)). While any
clustering algorithm may cluster a network, an important question is whether
that clustering is significant or simply the result of randomness. Bianconi et al.
(2009) define a measure, ©, based on entropy measures that seeks to quantify the
relevance of some detected community structure; however, no distribution for
this measure is given. Lancichinetti et al. (2010) describe a procedure based on
extreme and order statistics than can be used to determine the significance of
clusters in unweighted, undirected networks. Lancichinetti and Fortunato (2009)
extended this method to account for more general network structures, including
weighted and/or directed networks. Zhao et al. (2011) propose a formal

statistical test that uses simulation and permutations to approximate the
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distribution of the test statistic under the null hypothesis, and thus, facilitate
testing. Perry et al. (2013) proposed a formal statistical test for the significance
of a clustering based on maximum likelihood methods and order statistics.

In this paper, we propose a new objective function for maximization on
directed networks (weighted or unweighted) based on the undirected objective
function of Perry et al. (2013). Since the proposed objective function is a
likelihood function, it lends nicely to the use of information criterion proposed by
Akaike (1974) or Schwarz (1978) for determining the "best” number of groups or
clusters. Further, the statistical significance test developed and demonstrated on
undirected networks by Perry et al. (2013) can be used as-is on directed
networks. We will evaluate the clustering performance obtained by maximizing
the proposed objective function, relative to that achieve by maximizing directed
modularity. We consider the benchmark directed networks developed by
Lancichinetti and Fortunato (2009) (i.e. directed LFR benchmark networks) in
our evaluation of the objective functions since these graphs possess some

properties of real-world networks.

4.3 A new objective function for directed network clustering

In the following sections, we review the likelihood objective function for the

undirected network case and present its directed network counterpart.

4.3.1 Undirected case

In Section 2.3, a model was developed to describe the likelihood of an
undirected network clustering z(;) given that the edges falling within cluster h
are distributed according to density f4(yn|0n,2x)) and the edges falling between

clusters are distributed according to density fy(ys|0s, Z(x)) can be written as

k
L(Bly, Z(’ﬂ)) = {H Jn(yn O, Z(k))}fb<yb|9b7 Z(k))> (4.5)
h=1
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where k is the number of clusters and 8 = [, ..., 0, 0,] denotes a k + 1 unknown
parameter vector.

The solution clustering is

k
Z;,, = arg max max Z(k), 0 Zk, 0 : 4.6
(k) gz<k>eZ<k)[e(z(m)e@k(z(k))(,}_[l Tn(Zwy, Onlyn) fo(Zawy, Oblys))] (4.6)

where y;, and vy, are sufficient statistics calculated by summing the observed edge
weights within cluster h(h =1, ..., k) and summing edge weights between
clusters, respectively.

In the specific case of binomial densities, the solution clustering is

k
z(y = arg max [| | 0p"(1— O0) NGy (1 — 6,) Ve o). (4.7)

20 €2k 5o
where 6, = Yn/Np, (h=1,..., k) and 0, = yp/Np are the maximum likelihood
estimators of the unknown parameters for a given z) and N;, and N, are the
number of potential edges within cluster h(h = 1, ..., k) and between clusters,

respectively.

4.3.2 Directed case

The directed form of likelihood takes on the same form of Equation 4.5,
with edges falling within cluster h distributed according to density fi(yn|0n,zk))
and edges falling between clusters distributed according to density f,(ys|0p, Z(x)).
Furthermore, the solution is the clustering z) that maximizes Equation 4.7.

Although their forms are identical, the directed and undirected versions of
Equation 4.5 differ in the way the sufficient statistics, y, and 1, and possible
edge counts, N;, and Ny, are derived in order to calculate maximum likelihood
estimators for each density. In the undirected case, it was sufficient to know if an
edge exists between two vertices and its weight, if any. In the directed case, we
must take into account that edges can now exist in one or both directions

between two vertices and be aware that each of these edges may have a different
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Figure 4.1: Edges within cluster 1 {vertices 1,2,3,4,5}, and between cluster 1 and
cluster 2 {vertices 6,7,8,9} in a simple, undirected binary network.

weight. It is also possible for two vertices to have multiple edges extending in one
or both directions, but such a situation is beyond the scope of this manuscript.
Therefore, in the directed case, y;, is the total weight of the edges extending from
vertex vy, to vertex vy, and the edges from vy, to vp;, where both vy, and vy,
belong to cluster h and i # /. Further, y, is the total weight of edges extending
from vertex vy, to vertex v;, and the edges extending from v;, to vp,, where vy,
belongs to cluster h, v;, belongs to cluster j, h,j € {1,2,...,k}, and h # j.

The possible number of edges between vertices of cluster h in the undirected
nh) _ np(np—

1
5) = (=) a1 d between clusters was

case was NN, = ( 5

Ny=>" ("h;r"j) — N, — N =nynj, h,j € {1,2,....k} ,h # j. In the directed
case, it is possible that edges can extend in either direction between any two
vertices, thus these counts are double those of the undirected case, i.e in the
directed case Nj, = nj(ny, — 1) and N, = 2npn;.

The difference is illustrated in Figures 4.1 and 4.2. Figure 4.1 shows partial
edge information for an undirected network, assuming k& = 2 and clustering z).
Since the edges are binary, a binomial distribution is appropriate. Cluster 1
contains vertices {1,2,3,4,5} and cluster 2 contains vertices {6,7,8,9}, thus

ny =5 and ny = 4. The edges that extend from the vertices of cluster 1 to other
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vertices of cluster 1 are shown in matrix format in 4.1a. The symmetry of the
matrix is reflective of the undirected nature of the network. The single edge
connecting vertices 1 and 5, shown in [row 1, column 5] is the same edge as the
edge connecting vertices 5 and 1, shown in [row 5, column 1]. Since we are only
dealing with simple networks in this manuscript, a vertex may not have an edge
that connects to itself and thus the diagonals are shaded to illustrate this point.
Further, since the edge set represented in the lower triangle is the same as that of
the upper triangle, we shade the lower triangle of the adjacency matrix and leave
the upper triangle unshaded. This upper triangle then represents the unique
edges within cluster 1 and summing the binary edge weights yields y; = 8.
Further, N; = (g) = 10, the number of unshaded elements. The maximum
likelihood parameter estimate for the cluster 1 density in Equation 4.7 given z)
is then 6; = 8/10 = 0.8.

The edges between clusters 1 and 2 can be displayed in two ways, as shown
in Figures 4.1b and 4.1c. Since both matrices represent the same edge set, we
shade Figure 4.1c entirely and sum only the edge weights in Figure 4.1b to get
yp = 10. Further, the possible edge count is N, = 5 % 4 = 20. The maximum
likelihood parameter estimate for the between-cluster edge density in Equation
4.7 given z(y) is then 0, = 10/20 = 0.5

The directed case requires more information when calculating parameter
estimates. Consider the partial edge information of a directed network, again
assuming k = 2 and clustering zy), shown in Figure 4.2. As the network is still
simple, the diagonal element is also shaded in Figure 4.2a. However, the matrix
is no longer symmetric since the edge set in the upper triangle is no longer the
same edge set in the lower triangle. The edge connecting vertex 5 to vertex 1 in
the lower triangle, for example, is now distinct from the edge connecting vertex 1
to vertex 5 in the upper triangle. Thus, when calculating y; in the directed case
we sum the off-diagonal elements of both the lower and upper matrices to get

y1 = 14. The possible number of edges is now the count of unshaded elements in
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Figure 4.2: Edges within cluster 1 {vertices 1,2,3,4,5}, and extending to and from
clusters 1 and 2 {vertices 6,7,8,9} in a simple, directed binary network.

both the lower and upper matrices, N; = 20. The maximum likelihood
parameter estimate for cluster 1 in Equation 4.7 given z(y) is 6, = 14/20 = 0.7.

Unlike the undirected case, the edge set pointing from the vertices of cluster
1 to the vertices of cluster 2, Figure 4.2b, is not the same set of edges pointing
from the vertices of cluster 2 to the vertices of cluster 1, Figure 4.2c. Thus we
cannot ignore Figure 4.2c as before in Figure 4.1c. We sum over each edge set to
get Y10 = 10 and o1 = 9. Ny = 5% 4 =20 and No_,; =4 %5 =20. The

maximum likelihood parameter estimate for the between-cluster edge density in

Equation 4.7 given z(y) is then 0, = 21(?;90 =0.95
Once all k£ + 1 density parameter estimates have been calculated, they can
be used to calculate the clustering likelihood given z;) presented in Equation 4.5.

In the next section, we present and discuss expressions for the efficient

calculation of these parameters for directed networks.

4.4 Efficient likelihood-based directed network clustering

In Chapter 3, several expressions were introduced to streamline the

calculation of parameter estimates and the change-in-loglikelihood from an

61



accepted clustering z(()k) to a newly-proposed clustering z%k) given an undirected
network. These were useful results since likelihood Equation 4.5 is often
converted to loglikelihood with no change in the solution clustering, and
calculating the parameters required to evaluate the change-in-loglikelihood when
reclustering is extremely computationally expensive.

In this section, we present the corresponding expressions required to
efficiently calculate the change-in-loglikelihood and density parameters when

reclustering a directed network.

4.5 Theorems

Proofs for Theorems 4.5.1 ~ 4.5.5 are found in the Appendix. All networks
G, with vertex set V' and edge set E, referred to in this section are simple,
directed networks.

Theorem 4.5.1 demonstrates how the change-in-loglikelihood due to a

reclustering can be greatly simplified given some simple parameter constraints.

Theorem 4.5.1. Assign each vertez v € V from G = (V, E) into one of k
clusters. Assume the edges within cluster h € {1,2...,k} are distributed according
to density fn(yn|0n,z24)) and the edges between clusters are distributed according

to density fu(ys|0s, 2(k)). The loglikelihood of the clustering zy is then written as

k
In L(61, 05, ..., 0k, Oby, Z(k)) = l”[{H Jn(Yn|On, Z(k))}fb(ybleb, z(k))], (4.8)

h=1

where each 05, and 0, are estimated by maximum likelihood estimators éh and éb,
respectively.

Then, consider a reclustering by reassigning vertex I* from cluster ¢ to
cluster j. If the parameter estimates for the within-cluster edge densities other

than f, and f; are unaffected by the reclustering, i.e. é}l = 92, h¢{tj}, then
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the change-in-loglikelihood due to the reclustering can be written:

Foyel6}, 24 150103, 2400) o (0103, 2,)

AlnL = In : 0 0oy
Fewel0?, 20 1541109, 20y) fo (61603 25

(4.9)

where superscripts 0 and 1 indicate pre- and post-reclustering states, respectively.

Theorems 4.5.2 and 4.5.3 demonstrate how post-reclustering edge weight
sums can be calculated from pre-reclustering information.

Let w; be a N x 1 cluster membership vector for cluster j such that element
w;; = 1 if vertex i belongs to cluster j, 0 otherwise. Let w be the N x k cluster
membership matrix with 75" element = w; ;. Let 13 be a N x 1 vector of 0’s and
a single 1 in the s position. If vertex I* is removed from cluster ¢ and placed in
cluster j, then:

w; =wp — 1 and wj = w) + 1-.

Given clustering z) on a directed network, OBS = wl'Aw is a (possibly)
non-symmetric k x k matrix with element obs;; = wSTAwt, the sum of the
observed edge weights between clusters s and t in both directions. Unlike the
undirected network case where w! Aw, double counts the edge weights among
vertices in cluster s and requires an adjustment, w! Aw; for directed networks

need no adjustment

Theorem 4.5.2. Assign each vertex v € V' from G = (V, E) into one of k
clusters. Then, consider a reclustering by reassigning vertex I* from cluster { to
cluster 5. The elements of OBS post-reclustering can be written completely in

terms of pre-reclustering information. Specifically, the elements are:

1 _ 10 1 _ 50 0
1. obsg, = obsg, 5. obsg, = obsg, — Z

from s
1 _ 0 1
2. obs; , = obs; 6. obsj, = obs) + Zy, ,
1 _ ,pe0 1 — b 0
3. obsg , = obsg 7. 0bsg ; = 0bS} s+ Lo s

1 _ 1.0 0
4. obsy = obsy, — Z

to s

8. obsy ;= 0bsy; — Zp i+ Zpom s
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9. obs}’g = obsg-)’z + 272, — Z})mmj 11. obs;’j = obsg’j + Z?Oj + Z})mm i

1 _ 1.0 0 0
10. 0bsyy = 0bsgy = Zig ¢ = Zfrom ¢

where s, t & {€,j}, superscripts 0 and 1 indicate pre- and post-reclustering
states, respectively, Z2 , is the sum of edge weights extending from vertez I* to
vertices in cluster h pre-reclustering, and Z3,,. , is the sum of edge weights

extending from vertices in cluster h to vertex I* pre-reclustering, h € {1,2,...,k}.

Theorem 4.5.3. Assign each vertexr v € V' from G = (V, E) into one of k
clusters. Then, consider a reclustering by reassigning vertex I* from cluster { to
cluster 5. The sum of the distinct off-diagonal elements of OBS post-reclustering
can be written completely in terms of pre-reclustering information. Specifically:

1_ 1 _ 1.0 0
obs, = E obss, = obs, — Z

to j

- Z](‘)Tomj + Z?o i + Z](‘)mm Iz (410)

where s,t € {1,2,...k} and s # t, superscripts 0 and 1 indicate pre- and
post-reclustering states, respectively, Z2 , is the sum of edge weights extending

from vertex I* to vertices in cluster h pre-reclustering, and Z})m , 15 the sum of

edge weights extending from wvertices in cluster h to vertex I* pre-reclustering, h

e {1,2,...,k}.

Theorems 4.5.4 and 4.5.5 demonstrate how the maximum possible number
of edges within and between clusters post-reclustering can be calculated from
pre-reclustering information.

Given clustering z) on a directed network, POS is a symmetric k x k
matrix with element pos,; containing the maximum number of distinct edges

that can extend from the vertices of clusters s to the vertices of cluster t. This

ns(ns—1)

value is pos,; = ("3™) — () — 2

2 2 (y) = neny when s # t and pos,; =

2

when s = t, where ny, is the number of distinct vertices in cluster h € {1, 2, ..., k}.

Note that for fixed n, and n, poss; = posy .

Theorem 4.5.4. Assign each vertex v € V from G = (V, E) into one of k
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clusters. Then, consider a reclustering by reassigning vertex I* from cluster { to
cluster 5. The elements of POS post-reclustering can be written completely in

terms of pre-reclustering information. Specifically, the elements are:

~

1 _ 00 1 _ 00
. POS,; = POSg, 7. posg; =nJ(nj +1)

2. pos}, = pos;
pOSt,S p08t7s 8 pOS}J = (’)’Lg — 1)(719 + 1)

1 00
3. pos POS;

8,8

9. posjlj = (n) — 1)(n? +1)

4. posg = ng(ng —1)

5. posi’g — ng(n(g . 1) 10. pOS},Z = (’)’1,2 — 1)(712 — 2)

6. pos;,=mnJ(n) +1) 11. posj; = (n§ + 1)nj,

where s, t & {€,j}, superscripts 0 and 1 indicate pre- and post-reclustering

states, respectively, and n? is the number of vertices in cluster t pre-reclustering.

Theorem 4.5.5. Assign each vertex v € V' from G = (V, E) into one of k
clusters. Then, consider a reclustering by reassigning vertex l* from cluster ¢ to
cluster 7. The sum of the distinct off-diagonal elements of POS post-reclustering

can be written completely in terms of pre-reclustering information. Specifically:
pos; = Zposijt = posy +2(ng —n? — 1), (4.11)

where s,t € {1,2, ...k} and s # t, superscripts 0 and 1 indicate pre- and
post-reclustering states, respectively, and nj is the number of vertices in cluster h

pre-reclustering, h € {1,2, ..., k}.

4.5.1 Easily calculated parameter components

The k£ OBS elements obsy, ,, h € {1,2,....,k}, h # {{, j}, obs;, and obs; ;
correspond to the k sufficient statistics y;, in Section 4.3, and the single
calculated value obs, corresponds to the sufficient statistic y;, of the same section.

Thus, the expressions in the preceding Theorems provide an efficient means of
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calculating sufficient statistics for a proposed solution, given the sufficient
statistics from the current solution. This necessarily requires that the entire edge
set F be initially read so as to populate OBS for the initial cluster assignment
during optimization. After which the elements of OBS can be updated using the
above expressions if a proposed solution is accepted as the new current solution
or, if rejected, remain unchanged until a new proposed solution is considered.

The k POS elements posyp, h € {1,2,....k}, h # {{, j}, poses, pos;; and
the single calculated value pos; are also easily updated when considering a
proposed solution, given that the number of vertices in each cluster, ny, ny, and
n;, are available for the current solution. This, of course, means that the number
of vertices per cluster must be stored during the initial cluster assignment of an
optimization algorithm. After which, only the elements n, and n; need by
updated by subtracting 1 from n, and adding 1 to n; if a proposed solution is
accepted as the new current solution. Otherwise, the counts for the current
solution remained unchanged until a new proposed solution is considered.

For certain distributions, particularly the binomial and Poisson densities,
crucial to the analysis of discretely-distributed networks, maximum likelihood

parameter estimates can easily be calculated from the elements of OBS and

POS. namely 0, = 2= s € {1,2, ..., k} and 6, = %pb s,te{1,2,..., k},

s # t. Thus, Theorems 4.5.2 ~ 4.5.5 provide efficient methods for calculating the

parameter estimates needed to calculate the loglikelihood for a proposed solution.
Further, Theorem 4.5.1 shows that the expression for the change in observed

loglikelihood due to the reclustering of G by moving vertex [* from cluster ¢ to

cluster j can be greatly simplified if parameter estimates 0, for within-cluster

edge densities other than f, and f; remain unchanged, i.e. 6; = 9, h ¢ {¢,j}.

Rather than calculate the full expression for the change in loglikelihood,

Hs;ééjfs(ys‘ew (k) (yg\ﬁ %k)j(yj’éjl'>z%k)>fb<yb|ég7zék))

AlnL(é|y,z(k)):ln 5 o S
Hs;ﬁé,j fs(ysws»Z(k) (yf‘gbz(k) j(yjyejvz(k)> fb(yb|9b?z(k))
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we can use the simplified expression (4.9) from Theorem 4.5.1 which only
requires the two within-cluster densities f; and f; and the single between-cluster
density fp. If the parameter estimates for densities other than f, and f; can be
calculated from suitable OBS and POS matrix entries, then Theorems 4.5.2 and
4.5.4 show that the parameter estimates will not change as a result of the
reclustering. Thus, given this important assumption about the parameters, we
can use Theorem 4.5.1.

Together, these theorems significantly reduce the computational
requirements for calculating the change-in-loglikelihood for each proposed
solution considered in an optimization algorithm. Without them, we would be
required to traverse the entire edge set F in order to populate an OBS matrix
for each proposed solution. If the directed network data is stored in adjacency
matrix format, this would require reading N(N — 1) elements. An adjacency
matrix for a real-world network would contain many zeros, none of which
contribute to the sufficient statistics and all of which are wasteful. If a more
efficient storage format containing only non-zero edge information were used,
such as an edge list or an adjacency list, then the full edge set E must still be
read to calculate the sufficient statistics, and thus the parameter estimates, for
each proposed reclustering.

Theorems 4.5.2 ~ 4.5.5, however, show how to calculate information needed
for the parameter estimates for a proposed reclustering almost immediately from
the parameter estimates from the current clustering. The only "new”
information necessary to update the OBS matrix elements required for the

ZO

parameters of Theorem 4.5.1 is Z0 ,, Z} t i»

0 . . .
from 03 and Zj,,, ;- This information

can be obtained by referencing the pre-reclustering clustering assignment vector
Z(r) against 1) {*’s row and column in the adjacency matrix, 2) entries containing
edges to, or edges from, [* in the edge list, or 3) [*’s row in the adjacency list.
For non-binary edge weights, 2) and 3) assume that the edge and adjacency lists

also contain weight information. While 1) is an improvement over reading in the
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N(N — 1) distinct adjacency matrix elements, requiring only 2N — 1 elements to
be read, many of those elements will still likely be zero, and thus unhelpful.
Options 2) and 3) are more efficient as the edge and adjacency lists contain only

non-zero edge values. To calculate Zp, ), Zo or Ziy

and Zg,,, ; we need only to
sum the weights of edges extending to vertex [* by cluster and sum the weight of
the edges extending from vertex [* by cluster, the total number of which are equal
to the degree of [*, d;«. In the case of an adjacency list, this involves reading only
the elements on the list row belong to vertex [*. For any proposed reclustering,

the expected number of elements necessary for calculating the required elements

of the OBS matrix is E[d;«] = average degree of G < 2N — 1 < N(N —1).

4.5.2 Reduced updating requirements

In a naive implementation of likelihood-based clustering, the 4(k + (’;))
distinct elements of the post-reclustering OBS* and POS' matrices must be
calculated for each proposed reclustering. If the reclustering is accepted, then the
OBS' and POS' matrices are reassigned to pre-reclustering OBS° and POS°
before considering the next proposed reclustering. The 2(’;) distinct off-diagonal
obs!, and the 2(%) distinct off-diagonal pos!, elements must be maintained in
order to calculate obs; and pos;, elements required to calculate the
between-cluster density parameter estimate é,}

Theorems 4.5.3 and 4.5.5, however, provide a means of calculating obs; and
pos; directly from obs) and pos)). It’s now only necessary to maintain the 2(k +
1) elements consisting of 0bs?, pos?, obs) and pos?, h € {1,2, ..., k} from iteration
to iteration and if a reclustering is accepted, only obs} and pos!,i € {¢, j, b} need
be updated. This efficiency increases as k grows large since it is no longer
necessary to store or update the remaining 2(k* — k — 1) elements in the full

OBS and POS matrices.
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4.6 A likelihood ratio test for detected clusters

The likelihood ratio test for detected clusters in undirected networks was
derived in Section 2.4. Here we summarize the derivation and the formal test,
and note that the test needs no modification for use with directed networks.

The likelihood ratio test is convenient for comparing nested models. In
particular, we are interested in testing the null hypothesis of a single cluster, i.e.
there is no underlying structure to the network and edges are distributed at
random, versus the alternative hypothesis that the network is properly

segmented into k clusters. The test statistic for the likelihood ratio test is

Lo(Ooly)

D=-2(In—m—"2—
( Ll(e‘yaz(k))

(4.12)

for a clustering z() where Lo(6|y) denotes the likelihood function under the null
hypothesis and L;(8y,z@x)) denotes the likelihood function under the alternative
hypothesis. D approximately follows a y? distribution with k degrees of freedom.

One assumption of the likelihood ratio test is that the data are
independently distributed. Since, by the assumptions in Section 2.3, we have no
external information by which to specify the group membership z) explicitly, it
must be estimated from (and is therefore not independent of) the vector of
sufficient statistics y. Consequently, when z;) is unknown and must be
estimated using y, the likelihood ratio statistic D is not asymptotically x? under
the null hypothesis.

For a fixed N and £, the number of possible clusterings z) is finite, and
thus the values of D are also finite. We are, in any case, primarily interested in
the test statistic D,,q, among all possible test statistics D for a given N and k.
Since it is not feasible to test all possible z) to find D,,,, even for relatively
small networks, another approach must be taken. Let D be a vector of cluster
assignments z) sampled with replacement from the set of all possible k-cluster

assignments. Since the sample is taken with replacement, the number of draws,
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M, until D,,,, is selected follows a negative binomial distribution with

probability of selection p = ﬁ and the number of successes r = 1, S(N, k)
denotes the number of ways to partition N elements into k& subsets.

Since the z)’s (and hence the D’s) are randomly selected, group
assignments are made independent of the sample. Consequently, under the null
hypothesis, the asymptotic distribution of each D; € D is x%. The pdf of the

maximum of a random sample of size G from a y? distribution is the
fo = GF (W) f(u) (4.13)

where F'(u) and f(u) are the cdf and pdf of the x? distribution, respectively.
Because the support of the x? distribution is unbounded on the right, increasing
values of G' produce increasing values of the sample maximum, D). By choosing
an appropriate value for G an estimate for the distribution of D,,,, under the null
hypothesis can be obtained. Recalling that F(M) = S(N, k) — 1 is the expected
number of draws required to select the maximum at random, set G = E(M).
Hence, the 100(1 — «)th percentiles of the distribution of D) provide
approximate critical values for a one-tailed test for the significance of detected
clusters. Based on Equation 4.13, approximate critical values then are calculated

from

Ci_o(NE) = F Y V1 —a). (4.14)

In practice, the test is conducted by computing test statistic D for a given
N and "best” k, and subsequently comparing to the critical value Cy_,(N, k). If
D > Cy_o(N, k), then the test concludes in favor of the alternative hypothesis of
k clusters. That is, it is unlikely that the groups detected by the clustering effort
could have occurred by chance.

Note that edges in general, and the direction of edges in particular, are not
part of the test’s derivation. In fact, the only qualities of a network required to

derive the test are N and k. As such, the test may be used without modification

70



for directed networks. The critical values of Table 5.1 in the Appendix may also

be applied to directed networks.

4.7 Application to real-world networks

In this section, we cluster two real-world networks in an effort to
demonstrate exactly how the proposed clustering approach is applied in practice.
In particular, we consider the a friendship network of Hansell (1984) and network
of Adamic and Glance (2005) consisting of liberal and conservative blogs during

the 2004 presidential election.

4.7.1 Hansell’s friendship network

A study was conducted by Hansell (1984) of 27 elementary school students.
Each student was asked to rate their friendship by selecting a face with one of
three expressions for each of their classmates: a big smile, a moderate smile, and
no smile. A big smile was considered indicative of a strong friendship and
recorded as a 1, and a moderate or no smile was considered indicative of a weak
friendship and recorded as a 0. The gender of the students was also recorded.
Students 1 ~ 13 are male, and students 14 ~ 27 are female The data collected

from this experiment is reproduced in Figure 4.3 from Wang and Wong (1987).
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Figure 4.3: Data from Hansell’s 1984 survey of elementary school children. A 1
indicates strong friendship and a 0 indicates weak friendship. Students 1 ~ 13 are
male and 14 ~ 27 are female.

The directed Hansell network was clustered using both modularity and the
proposed objective function (assuming a binomial density) in a simulated
annealing algorithm! for values of k € {1,...,10}. The clusterings that produced
the maximum modularity and minimum BIC over the range of k£ were taken as
the solutions for the modularity and proposed likelihood objective functions,
respectively. Figure 4.4 shows the results for clustering using the modularity
objective function and proposed objective functions.

Maximizing modularity results in a solution of k = 2 clusters, but the
clusters do not correspond to gender. Rather, students {26,27} are in 1 cluster
and the remainder in another. Referring to Figure 4.3 reveals that students
{26,27} expressed no strong friendship with anyone in the class. While student

10 also expressed no strong friendship with anyone in the class, 6 male students

LCooling schedule for maximizing both objective functions: Initial temp=1, Cooling Rate:
0.999, Temp Length: 100.
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Figure 4.4: Clustering results for the Hansell network. Blue indicates males and
red indicates females. The solution clusters are differentiated by their shapes.

and 1 female student expressed strong friendship with him. Only 3 students
expressed strong friendship with students {26,27}, though. Thus it appears that
modularity is only able to distinguish between students who who have virtually
no friends in the class and all other students, but cannot distinguish between
gender or along any other possible attributes.

Minimizing BIC results in a solution of k = 4 clusters. The solution is not
split perfectly along gender, but does reveal some interesting associations.
Clusters with students {1, 2,3} (circles) and {4,7,8,9,13} (triangles) reveal
potential male student cliques. The (square) clustering of students
{5,6,14,15,16,17,18,19,21, 22,23, 24, 25} is primarily female with 2 male
students. Not only did {5,6} express strong friendship with more female
students than male, the number of female students with which {5,6} expressed
strong friendship was much higher than any of the other male students. Thus
these 2 students were clearly more aligned with females than males. The
{10, 11, 12, 20, 26, 27} (triangle) clustering of students might be labeled the

"non-social” cluster. {26, 27}, as before, express no friendship with their fellow
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students. Now student 10 has joined them, along with students {11,12,20}.
Students {11, 12} expressed strong friendship with only a few classmates and
received expressions of strong friendship from only a few classmates. Student 20
expressed strong friendship for 11 of the 27 total students but received no
expressions of strong friendship in return. Thus the non-social cluster consists of
those students who either don’t feel strong friendship for most of their
classmates, or for whom their classmates don’t feel strong friendship.

The solutions under modularity and likelihood identifies k = 2 and k = 4 as
the optimal number of clusters, respectively. We calculate the critical values at
the 95% level for each solution as C'(27,2) = 41.984 and C(27,4) = 81.91.
Comparing the test statistics Dy = 40.058 < C'(27,2) and
Dpg = 121.222 > C(27,4), we can conclude that the likelihood solution is
statistically significant while the modularity solution is not. The p-values for the
solution test statistics are pyroq = 0.126 and pp; = 0.0.

Students {26, 27} appear to be outliers in that they express no strong
friendship for anyone in the class and the majority of the class express no strong
friendship for them either. These students were removed from the network and
the clustering repeated under the same conditions as before. The results of this
second clustering are in Figure 4.5.

Maximizing modularity has again split the class into 2 clusters, putting
students {10, 12} into a single (square) cluster and the remaining students into
the other (circle). With {26, 27} removed, {10, 12} appear to be the least social
of the remaining students, expressing little strong friendship with their
classmates and receiving few strong expressions in return.

Minimizing BIC produced the same clustering results even when students
{26, 27} were removed. The only difference is that the non-social cluster now
consists only of {10,11,12,20}. The male cliques {1,2,3} and {4,7,8,9,13} are
still apparent and male students {5,6} are still clustered with the primarily
female cluster {5,6,14,15,16,17,18,19,21,22,23,24, 25} (circle).
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Figure 4.5: Clustering results for the Hansell network without students {26,27}.
Blue indicates males and red indicates females. The solution clusters are differen-
tiated by their shapes.

Comparing the new solution test statistics
Dijoq = 18.074 < C(25,2) = 39.211 and Dy = 98.782 > ('(25,4) = 76.226, we
again conclude that the likelihood solution is statistically significant while the
modularity solution is not. The p-values for the solution test statistics are
Prod = 1 and pry = 0.0, the computable limits for statistical insignificance and
significance, respectively.

Although modularity has been shown to produce results inferior to those of
likelihood in the current example, it may simply be that modularity requires a
more stringent simulated annealing cooling schedule (i.e., higher initial
temperature, cooling rate and/or temperature length) to produce results
competitive with likelihood. An exhaustive search for cooling schedules that
produce equivalent results between the two methods in general or for a given

network, however, is beyond the scope of this manuscript.

4.7.2 2004 Presidential election blogs

Adamic and Glance (2005) used online web directories to manually create a
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citation network of 1,490 blogs in total, 758 liberal and 732 conservative. A
directed edge was said to exist if one of these blogs contained a URL to another
of the blogs. As expected, the authors reported dense connections between blogs
of the same political orientation and sparse connections between them. The
bifurcate nature of this real-world network and the expectation of a
politically-oriented ”ground truth” solution presents a good opportunity to apply
both the modularity and proposed objective functions for clustering.

Before clustering, blogs that neither linked to, or were linked from, other
blogs in the data set were removed, leaving 1,224 blogs in total. Although it is
possible to cluster networks with singleton vertices, it wasn’t felt that these are
particularly informative. The resulting network appears in Figure 4.6 with
"liberal” blogs colored blue and ”conservative” blogs colored red. The blogs were
clustered again using both the modularity objective function and the proposed
objective function (assuming a binomial density) in a simulated annealing

algorithm 2.

2Cooling schedule for maximizing both objective functions: Initial temp=1, Cooling Rate:
0.99, Temp Length: 100.
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Figure 4.6: 2004 Presidential Election Blogs

The solution identified by the modularity and likelihood objective functions
resulted in optimal number of clusters k = 2 and k = 4, respectively. The
solution test statistics were Dys,g = 1695.12 and Dy, = 40902.0. The required
critical value for modularity is C'(1224,2) = 1701.378 but the critical value for
the likelihood solution was too large for our current computing resources to
calculate. The p-values for the solution test statistics were ppsoq = 0.690 and
prit = 0.0. The clustering derived under modularity is shown to be statistically
insignificant while that of likelihood is significant.

The cooling rate was increased from 0.99 to 0.999 and the clustering results
repeated. In this case, the optimal number of clusters identified by modularity
and likelihood were k = 8 and k = 6 respectively. The solution test statistics
were Dyjo.q = 17842.9 and Dy;, = 48011.1. In this case, the critical values for

both solutions were too large for our current computing resources to calculate.
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The p-values for the solution test statistics were pyroq = 0.0 and pr; = 0.0. With
the increased cooling rate, both objective functions were able to find statistically
significant solutions.

Although modularity identifies & = 2 clusters at cooling rate=0.99, Figure
4.7a shows that almost all vertices have been assigned to a single cluster, making
the clustering largely uninformative. Likelihood, on the other hand, has
identified a core group of blogs in Figure 4.7b. When the cooling rate was
increased to 0.999, modularity was largely able to recover Adamic and Glance
(2005)’s designation of "liberal” and ”conservative” as shown in Figure 4.7c. In
Figure 4.7d, likelihood has further identified the core blogs within each label and

assigned the remaining blogs to peripheral clusters.

4.8 Performance evaluations

In this section, we evaluate the clustering performance of the proposed
objective function when applied to the so called LFR benchmark graphs
proposed by Lancichinetti et al. (2008). These graphs possess some properties of
real-world networks, specifically, non-homogeneous degree distributions and
community sizes. In the next subsection, we provide a brief description of the
LFR benchmark graphs, to include the parameters involved in generating these
graphs. We also discuss the results of a simulation study uses to assess the

performance of the proposed clustering framework.

4.8.1 LFR benchmark graphs

Lancichinetti et al. (2008) first proposed the undirected LFR benchmark
networks as a means to test community detection algorithms. These networks
possess some properties in common with many networks of interest, such as
non-homogeneous degree distributions and non-homogeneous cluster sizes. For
the LFR benchmark networks, the degree distribution follows a power law with

parameter 2 < v < 3 and the cluster size distribution follows a power law with
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parameter 1 < 3 < 2, which encompasses a vast array of networks with
non-homogeneous degree and community size distributions. Further, there are
three additional parameters: (1) the mixing parameter u, which represents the
fraction of a node’s edges connected to other nodes not contained in the same
group (and thus, 1 — u represents the fraction of a node’s edges connection to
other nodes contained in the same group), (2) the average degree of the network,
or Ave Degree, and (3) the maximum degree of the network, or Maz Degree.
Undirected LFR benchmarks are detailed further in Section 2.6.1.

Lancichinetti and Fortunato (2009) later proposed a directed version of the
LFR benchmark network generator. For directed LFR benchmark networks, the
degree distribution, cluster size distribution and mixing parameter have
parameters as before, 2 <~v <3, 1< <2and 0 < u < 1. However, v and [ are
referred to as 7 and 7y, respectively, in Lancichinetti and Fortunato (2009).
Rather than specify Ave Degree and Maz Degree as required in the undirected
case, the directed LFR network generator requires Ave In-Degree and
Mazx In-Degree parameters, the average and maximum number of edges,
respectively, directed toward a particular vertex. In addition to mimicking
real-world properties, both the directed and undirected LFR network generators
produce "ground truth” cluster assignments that can be compared to the output
of clustering algorithms.

In the next subsection we discuss the results of a Monte Carlo simulation
study used to evaluate the clustering performance of the proposed clustering

framework, relative to that achieved by maximizing modularity.
4.8.2 Clustering performance of the proposed clustering framework when applied
to the directed LFR benchmark graphs

In this subsection we report the results of a Monte Carlo simulation study
where we applied our proposed clustering framework to the LFR benchmark

graphs to assess its expected performance. We investigated clustering
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performance as a result of maximizing the proposed likelihood objective function,
and for comparison purposes, we also investigated that achieved by maximizing
the modularity metric. In what follows, details of the simulation model are
discussed.

We consider networks of size N = 100 nodes with Max In-Degree = 10, and
Ave In-Degree = 5, 7.5 and 10. For each value of Ave In-Degree, we considered
four different combinations for the parameters v and [; namely
(v, 8) =(2,1),(2,2),(3,1),(3,2), which encompasses the extremes of the ranges
of these parameters. Finally, we considered the values of the mixing parameter p
between 0.1 and 0.6, in increments of 0.05. For any given combination of the
LFR benchmark parameter settings studied®, we generated 100 independent
benchmark network for a total of 13,200 networks. For each simulated network
we used simulated annealing to find the group membership vectors that
maximize the modularity metric and the proposed objective function,
respectively, for each k € {10,11,...20}. Once these vectors were found, we
selected the "best” k for each network by retaining the solutions for each
objective function that minimized BIC.

To judge the quality of the solutions, we used adjusted mutual information
(AMI), outlined in Section 2.5. AMI is bound in [0,1], with 0 indicating two
cluster membership vectors have nothing in common and 1 indicating that two
cluster membership vectors are perfect matches. We computed the AMI between
the known ”ground-truth” cluster membership vector (which was given) and the
estimated cluster membership vectors obtained by maximizing the two objective
functions. The average of the AMI values obtained via maximizing modularity,
as well as that obtained by maximizing the proposed likelihood objective
function, was then computed over the independently simulated graphs. Figures
4.8 and 4.9 show the estimated AMI curves over the parameter space

corresponding to modularity and the proposed method, respectively.

3ie., 7, B, u, Ave In-Degree, Maz In-Degree
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Figure 4.8: Clustering performance evaluation using the modularity objective func-
tion. Each point is the average adjusted mutual information over 100 simulated
LFR benchmark networks. The lines represents average in-degree 5 (circle), 7.5
(triangle), or 10 (square).

Similar to the results seen in the undirected case of Section 2.6.2, we can
observe several effects common to both the proposed likelihood objective
function and modularity: (1) AMI decreases as the mixing parameter p increases.
This is intuitive since, for small u, the clusters are more densely intra-connected
and sparsely inter-connected. (2) An increase in AMI is observed as
Ave In-Degree approaches Max In-Degree = 10, suggesting that clustering
performance improves as the degree distribution becomes more homogeneous. (3)
A slight increase in AMI can be observed as the parameter v increases. (4) No
significant effect on AMI due to changes in the parameter S is observed.

In Figures 4.10 and 4.11, we have averaged AMI for the 1,200 simulated
LFR benchmark networks generated at each value of the mixing parameter u, for
both modularity and the proposed likelihood objective function. Unlike the
previous study of directed networks in Section 2.6.2, the algorithms were not

given the true number of clusters in advance. Rather, as described above, each
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Figure 4.9: Clustering performance evaluation using the proposed objective func-
tion. Each point is the average adjusted mutual information over 100 simulated
LFR benchmark networks. The lines represents average in-degree 5 (circle), 7.5
(triangle), or 10 (square).

objective function was allowed to find a solution for each value of

k € {10,11,...,20}, and then the solutions corresponding to the "best” k was
selected from among those solutions for each of the objective functions. The
AMIs averaged in these figures were then derived by comparing the derived
"best” solutions with the ground-truth clusterings output by the LFR network
generator.

As differences increase between the solution clustering and the ground-truth
clustering, AMI will decrease. Clusterings that are inaccurate despite a correct k
value, or clusterings into an incorrect k£ will have a lower AMI. Therefore, these
figures represent measurements of not only the quality of each objective
function’s solution clusterings, but also of the ability of an objective function to
select the correct number of clusters via BIC.

Figure 4.10 clusters were produced using a relatively lax simulated
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annealing cooling schedule*. 100 LFR benchmark networks were created and
analyzed for each LFR parameter combination®. On average, the proposed
likelihood objective function produced solution clusters of higher-quality than
modularity over the entire range of mixing parameter y values considered. Both
objective functions’ quality suffered as p grew large. This is a natural and
intuitive result as when p exceeds 0.5, the inter-cluster edges become more dense
than the intra-cluster edges. As both the likelihood and modularity objective
functions seek to cluster vertices such that their intra-cluster edges are dense and
inter-cluster edges are sparse, it is not surprising that cluster quality rapidly
decreases as p approaches and exceeds 0.5.

Data for Figure 4.11 were produced in the same manner as Figure 4.10,
except that the cooling rate was increased to give the simulated annealing
algorithm more time to find better solutions®. Further, only 50 LFR benchmark
networks were generated for each parameter setting combination as the stronger
cooling schedule significantly increased computation time required for this
analysis.

In this figure, we can see that the quality of clusters produced by both
objective functions increase with the strengthened cooling schedule. However,
average AMI values for modularity immediately begin to decrease as j increases
and rapidly drop once u exceeds 0.4. The proposed likelihood objective function,
on the other hand, on average identifies clusters with AMI approximately equal
to 0.9, a very good match, until u reaches 0.5. Only at that point does the
average AMI for likelihood begin to fall but is still above 0.8 when p = 0.6 while
the average AMI for modularity has already fallen below 0.1. The stark
difference in clustering performance between the two objective functions could be
due to the proposed likelihood objective function’s superior ability to identify

clusters in the benchmark networks, even at high p levels, relative to that of

4Initial temp=1, Cooling Rate: 0.9, Temp Length: 100
5 Maz In-Degree = 10, Ave In-Degree € {5,7.5,10}, (v, 8) € {(2,1),(2,2),(3,1),(3,2)}
6Initial temp=1, Cooling Rate: 0.99, Temp Length: 100
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modularity, or it may be an indicator that modularity requires a significantly
stronger cooling schedule than likelihood to find clusters of equivalent quality. It
may be instructive to identify at which simulated annealing cooling schedules the
two objective functions produce clusters of approximately equal quality, but we

have not made such a comparison in this manuscript.
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Figure 4.10: Clustering performance for proposed objective function and modu-
larity. Each point is the average adjusted mutual information over 1200 simulated
LFR benchmark networks. Likelihood is indicated by circles and modularity by
triangles.
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Figure 4.11: Clustering performance for proposed objective function and modu-
larity. Each point is the average adjusted mutual information over 1200 simulated
LFR benchmark networks. Likelihood is indicated by circles and modularity by
triangles.



4.9 Summary and discussion

When clustering a network, whether undirected or directed, we seek to
identify clusters of nodes that are densely intra-connected to each other and
sparsely inter-connected to nodes of other clusters. The undirected case has a
rich selection of methods available for this problem, and many of these
techniques have been extended to the directed case, including the popular
modularity metric.

Perry et al. (2013) proposed a likelihood objective function for use in
clustering undirected networks and demonstrated that it outperformed
modularity over a range of simulated networks designed to be similar to
real-work networks. Further, an approximation to the distribution of the
proposed likelihood ratio test statistic under the null hypothesis of a single
cluster (i.e., k = 1) was proposed and used in an approximate test of the
statistical significance of identified clusterings.

In this chapter, we have extended the likelihood objective function to
directed networks and compared its performance against that of directed
modularity. As in the undirected case, our simulations on simulated directed
networks indicate that maximizing the likelihood objective function will generally
yield superior clustering performance than that achieved by maximizing
modularity. We have also extended the theorems derived in Chapter 3 to the
directed network case, making likelihood maximization via heuristic algorithms
such as simulated annealing more efficient. Finally, we demonstrated the use of
likelihood in clustering real-world networks of Hansell (1984) and Adamic and
Glance (2005), and the application of the statistical significance test, which

required no modification for use with directed networks.
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5 CONCLUSION

The research presented in the previous Chapters 2~4 proposed likelihood
objective functions for clustering undirected and directed networks and derived a
statistical significance test for evaluating the resultant clusterings.

Theorems were derived for both undirected and directed networks to reduce
computation complexity when evaluating proposed clusterings against the
current clustering in an optimization context. It was further demonstrated that
by iteratively updating the sufficient statistics and cluster counts required to
estimate the parameters in the likelihood function, rather than naively
calculating parameter estimates for each proposed clustering, the time required
to find a final solution for a network with 2,000 vertices could be reduced from 20
minutes to less than 5 seconds. A network of 100,000 was clustered using the
parameter update techniques in 39 seconds but did not reach a solution after
running for more than 24 hours when the parameters were naively calculated.

Additionally, the efficacy of the likelihood objective function was
demonstrated against modularity, a competitor objective function, on both
simulated and real-world networks. The performance of likelihood was found to
be frequently superior to that of modularity. Likelihood is an effective objective
function for use in network clustering, has statistical properties that are both
useful and familiar to most researchers, and is flexible in that a researcher can
tailor the objective function to a network of interest by selecting an appropriate

density for the likelihood expression.
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APPENDIX

k o

0.1 0.05 0.01 0.001
n = 100
2 141.74  143.18 146.44  151.06
5 331.59 333.04 336.34  340.99
8 427.82  429.28  432.58  437.26
10 472,20  473.66  476.98  481.67
15 548.24  549.71  553.05  557.77
n = 200
2 280.37 281.81  285.07  289.69
5 655.52  656.96 660.24  664.87
8 847.79  849.25 852.53  857.18
10 938.19  939.65 942.93  947.59
15 1098.89 1100.35 1103.65 1108.32
n = 300
2 419.00 420.44  423.70  428.32
5 655.52  980.05 983.32  987.95
8 847.79  1267.53 1270.81 1275.44
10 938.19  1403.37 1406.64 1411.28
15 1098.89 1647.20 1650.48 1655.13
n = 400
2 557.63  559.07 562.33  566.95
5 1301.35 1302.79 1306.06 1310.68
8 1683.68 1685.13 1688.40 1693.03
10 1864.71 1866.16 1869.43 1874.07
15 2191.07 2192.52 2195.80 2200.44
n = 500
2 696.26  697.70  700.96  705.58
5 1623.90 1625.34 1628.60 1633.23
8 2100.90 2102.34 2105.61 2110.24
10 2327.00 2328.45 2331.72 2336.35
15 2735.57 2737.01 2740.29 2744.92

Table 5.1: Table of critical values for test of significance of k clusters
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Proof of Theorem 3.4.1.
Let 0} = 09,5 ¢ {¢,j}. Then, fi(y.|0!,2f,)) = fs(ys\ﬁs, z),,). Finally, for space
purposes, let AY = yt|é?, ) and Al = y|6k 2!t € {1,2,...k,b}. Then,

fS(Ai) = fS(AS),S ¢ {guj} and,

AL =n[{ T] FfAD}AD (M) f(A)]

s#{€,5}
—In[{ TT fAD}f(AD)f5(AD) fo(AD)]
s#{€.7}
o T osogy Jo MDY F(AD) 5 (AD) fo(A}) ]
{Tosqey Fs(AD Y Fe(AD) £5(AD) /(A7) |
o (T asqegy £s(AD Y Fo(AD) £5(AD) fo(AD) ]
{Tosqey Fs(AD Y Fe(AD) £5(AD) /(A7) |
o [FADFADfi(A)
Je(A9) £5(A9) fo(AD)

Proof of Theorem 3.4.2.

Assuming s,t ¢ {(,j},
1. obs,, = W Aw! = W ALY = obsy,

1
2. obs A1

1
= 5%s QwSTAwO = obs?

s S,8

1 o _ 1T 1 0T A 0
3. 0bsy s —obs, s =w; Aws —w, Auw

T T
=w; Aw,® —w) Aw,’

= —[w? — w}]TAwSO

= —[1;-]7ALY = - 27

S

1 0 _ 1T p 1 0T A, 0
4. 0obs;, —obs; , =w; Awg —w; Aw;

_aT 0 0T A O
=w; Aw; —w; Aw
1 01T 0
= [w; — wj]" Aw,

= [L]"Aw] = Z]
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5. obsy; = w}Tijl- = [w) — ll*]TA[w? + 1]
= w) Aw] [11*]TAw;-) + w?TAll*

= obsgj - Z;-) + Z?

1 7 1
6. obsy, = 5&){} Aw} = 5[&)2 — 1P Aw) — 1]
1. or
" A (1] A — [1]7 Au]
1

= 5[206524 - 2[15*]TAw?] = obsg,e — Z?
1T

J 2wj

1
55

1 0 T 0 0 0
= 5[201)3” + 2[1+] ij] = obs; ; + Z;

1

w; Aw + [1:]" Aw) + [1,:]" Aw))

Proof of Theorem 3.4.3.

obs; = Z obsy, + Z obsy, + Z obs}, + obsy ;,
= Z obsy, + Z (obsy, — Z))
+ Z (obs), + Z)) + (obsy ; + Z — Z7), by Theorem 3.4.2
—Zobsst+20b3gt+20bsﬂ (obsy ; + Z) — Z3)
(Z obsy, + Zobs“ + Z obs, + obsy ;) + Z; — Z]

=obsy + 2] — Z],s,t ¢ {{,j}, s #t O

Proof of Theorem 3.4.4.
Assuming s, t ¢ {/(, 7},

_ 0,0 0
1. poss = NgNy = POSg,

-1

0
2. posiszn o1 = pos?,

) 2 ’
3. posy, = ny(ng — 1)

4. pos;, = nJ(nj +1)
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5. posy; = (ng —1)(n) +1)
(g = D((ng =) = 1) _ (ng = 1)(ny = 2)

6. pos;, = =
POSy 5 9
- (n? + 1)((712 +1)—1) B (ng + 1)71?
7. pos; ; = 5 = 5

Proof of Theorem 3.4.5.

pos;, = Zposi’t + ZPOSit 4+ Zpogj{t 4 ZPOS%,J'
= Zposg’t + Zn?(ng —1)+ an(ng +1)

+ (ny —1)(nj + 1), by Theorem 3.4.4
= post, + > nl(ng) + > nf(nd) + ((nf)(n
+ng —nj — 1)

— (Z poss, + Z posy, + Z pos), + posy ;)

0_ 0
+ny, —n; —1

:posg—l—ng—ng—l, s,t¢{l,j}, s+t

Proof of Theorem 4.5.1.

The proof for this theorem is identical to Theorem 3.4.1.

Proof of Theorem 4.5.2.
Assuming s,t & {(,j},

1. obsi,t = w;TAwtl = wSTAw,? = obsg,t

2. obsis = obsgs, by 1 above

3. obsivs = wSlTAw; = wSTAwS = obsgs

4. obsiS — obsg’s = w}TAwsl — w?TAwS
= w}TAwso = w?TAwso
= —[wp — wy]FAw,®

= 1.7 A = 20

to s
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Proof of Theorem 4.5.5.

obs; = Z obs,, + Z obs, , + Z obsy, + Z obsy

+ Z obs;, + Z obs, ; + obs; ; + obs; ,
= Z Obs(s),t + Z Obsgs + Z (Obsgt - Ztoo t) + Z <0b52£ - Zf?rom t)
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Proof of Theorem 4.5.4.
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