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ABSTRACT

Let us consider the difference operator C, — C,, acting on A2 . In an effort
to characterize Hilbert-Schmidtness of C, — Cy in terms of integrability condition

involving o, the pseudohyperbolic distance between the inducing functions ¢ and 1,

Choe, Hosokawa and Koo [CHK] proved that:

||Cw—0¢||%lsX/D |0° ()| dAa (2) +/D(!a (2)|dAq (2)

(1=l (=) "e L—[o (=) )"

At the very beginning of this dissertation, we give a simpler proof of this result
using a change of variable method.
Let 0 < p < ¢ < oo. Saukko [S] , in an effort to characterize the boundedness and
compactness of the difference operator C, — Cy, from AP to A}, proved the following

estimates.
(@) 1€, = Cyll < sup | (Cp = Cy) kallgp = max {[loCol, o Cyl}
where the comparability constants will depend only on «, 8, p and q.

(ii) Let 1 < p < ¢ < oo. Assume C, — Cy is bounded from A? to A% . Then

I = Cylle =l [} (Cp = Co) allg,p < max {[loColle, [oClle}

where the comparability constants will depend only on «, 8, p and q.

We generalize Saukko’s results taking L7 (i) as our target function space where p can
be any non-negative Borel measure on D.

Finally, we will give a complete characterization of the Hilbert-Schmidtness, bound-

edness and compactness of another class of difference operators.
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CHAPTER 1

INTRODUCTION

Let ¢ be a holomorphic self-map on D. Then

Co(f)=fowp, feH(D)

clearly defines a linear operator on the vector space H (D). This operator is called
The composition operator with symbol ¢.

An important generalization of composition operator is weighted composition opera-
tor. If u is a measurable function on D, then The weighted composition operator

uC, is defined in H (D) by

(uCy) (f) (2) =u(z) fop(z), fe H(D),zeD.

The main purpose of studying composition operators is to describe the operator the-
oretic properties(for example, boundedness, compactness, schatten-class membership
etc.) of C, in terms of the function theoretic properties of ¢. The domain of a com-
position operator is usually taken to be some Banach space consisting of holomorphic
functions: for example, Bergman space, Hardy space, and the Dirichlet space. For
the purpose of this work, We will limit our analysis mostly to composition operators
whose domain are standard weighted Bergman spaces A?. Occasionally we will also
refer to the HP spaces. Definitions, along with all necessary background material,
will follow in chapter 2, but we will first review some earlier history and then some
relatively recent results that motivate our current work.

The question of boundedness of composition operators is a basic one. Even among



some very well-known Holomorphic spaces, it may happen that some natural com-
position operators are unbounded because the space is "too small" or because it is
'too big". On the spaces of "medium size', C, is usually bounded. For example, it
is a well-known application of Littlewood subordination principle (See [CM]) that

composition operators are always bounded on H? spaces with the following norm

Y 1+ | (0)])\ 7
(1—|90(0)|2> S”C“"”§<1—|go<o>|> '

Using similar techniques , as indicated in [CM] , it can also be shown that composition

estimates.

operators are always bounded on weighted Bergman spaces AP with the following

norm estimadtes.

24« 24«
1 v L+ e () ™
(2) < ||050” < (10
1— | (0)] — | (0)]
Along with boundedness results, much effort has also been expended on character-

izing those analytic maps ¢ which induce compact or Hilbert-Schmidt composition

operators. For a detailed history, we refer to [ST|, [MS], [SH1]| and [CM].

Another area of particular interest is the topological structure of the space of all
composition operators. When X is a Banach space of analytic functions,let C (X)
denote the space of all composition operators on X with topology induced by the
operator norm metric. Investigation on the topological structure of C (X) started in
1981, with Berkson’s isolation result for C (H?), 1 < p < oo:

Berkson’s Isolation Theorem: If ¢ has radial limits of modulus 1 on a set £ C 0D

of positive measure, then for every other holomorphic self map ¢ of D,

E
16, - Coll = /)



The above clearly implies that the composition operator C,, is isolated (i.e. singleton
component) in the topological space C (H?), 1 < p < oo. This is how the study of the
component structure of C (H?) got associated with studying the difference operator
C,—Cy . Berkson’s result has been further generalized by Barbara D.MacCluer [M2]
and, at about the same time, by J.H.Shapiro and Carl Sundberg [SS]. Components
in C (H?) have been also studied in [M2] and [SS]. Based on some support that
came from [M2] and [CM] , Shapiro and Sundberg , in [SS] , made the following
conjecture:

Two composition operators may belong to the same component of C (H?) iff they differ
by a compact operator.

The conjecture remained open for 11 years, until Moorhouse and Toews [MT] found
a counter-example in 2001. Two years later, Paul Bourdon [B] produced a whole class
of counter-examples.

This is how the effort to characterize compact difference of composition operators
began for Hardy and Bergman spaces. In 2005 , Moorhouse [M1] proved that the
difference operator C,, — Cy; is compact on A2 iff both

, 1— |2 _ 1— |2
lim |o(2)] ————5 =0and lim [0 (2)] ————= =
21> 1—e(2)] 211 1—1[¢(2)|

Moorhouse , in the same paper , also proved that if u is a bounded analytic function
on D, then the weighted composition operator uC,, is compact on A2 iff

i )] P
im |u(z)] —————— =0.

211 1= ¢ (2)]

Since o is bounded on D , the above two theorems motivated Erno Saukko[S] , in

2011 , to suspect that there might be some strong connection between the difference

operator Cy, — Cy and the weighted composition operators oC, and oCy, . In fact ,



in [S] , he proved there is such a connection. More precisely,

(Boundedness of C, — Cy): Suppose 0 < p < ¢ < oo and a > —1 . Then the
difference operator C, — Cy is bounded from A?, into A% iff each of the two weighted

composition operators oC, and o¢C}, is bounded from A? into L% . Furthermore,
ICp = Cyll = Sup 1(Cp = Cy) kallg, 8 =< max {{loCyl|, [oCy ||},
a

where the comparability constants will depend only on «, 3, p and q.

(Compactness of C, — Cy): Suppose 1 < p < ¢ < oo and a > —1. Assume
that C, — Cy is bounded from A% to A} . Then

1Ce = Culle = i [} (Cp = C) allg, 5 =< max {[loCylle, [loCylle}

where the opearators oC, and oCy both map AP into Lqﬂ and the comparability
constants will depend only on «, 8,p and ¢. In particular, C, — Cy is compact iff

both ¢C, and 0C, are compact.

In our work, we have generalized Saukko’s boundedness and compactness criteria
for C, — Cy in the case when target Banach space is L?(p) with g being any

non-negative Borel measure on .

In a different context , Moorhouse’s theorems also motivated Choe , Hosokawa
and Koo [CHK] to think that like the essential norm of C, —CY, , the Hilbert-Schmidt

norm of Uy, — Cy should also involve the cancellation factor o. In fact, they proved

ch_CwWHSX/D |07 (2) | dA, (2) +/]D(\G (2) | dA, (2)

(1=lp(2) )" Lo (=) )T



where C, — C,, is considered as a bounded operator on the Hilbert space A? .
¥ P e

In this dissertation, we give a simpler proof of the above result using a change of
variable method. In fact, as shown in chapter 4 , this method works well to estimate

the Hilbert-Schmidt norm of another class of difference operators , too.



CHAPTER 2

PRELIMINARIES

2.1. Lebesgue space and Weighted Bergman space

Definitions. Let u be a non-negative Borel measure on D and p > 0 . Then
LP (1), the Lebesque space over D with respect to the measure p , consists of all

functions f defined on D for which

B =

1l = [ [ 17 G du(2)]" < o0,

When p > 1, ||.||p, . defines a norm and L? (1) becomes a Banach space.
Let a > —1 and A denote the normalized Lebesgue area measure on D i.e., in terms

of real (rectangular and polar) coordinates , we have

1 1 ,
dA(z) = —dedy = —rdrdf , z = x + iy = re®.
7r m

Now we define the normed area measure A, on D by

Ao (E) = (a+1) /E (1-12P)" dA(2)

for every Lebesgue-measurable set £ C ID. For the sake of simplicity, we will denote
LP(A,) by LP and ||.||p, 4, by [|-]lp.a- In terms of these notations , the weighted

Bergman space AP is the subspace of LP that consists of analytic functions on D.

Taking p = 2 and o« = 0, we get the well-known Bergman space which is denoted

by AZ2.



For p > 0 and o > —1 | we define the Bergman kernel function for AE by

at2
gre— (L )"
¢ (1—az)’
Then the normalized Bergman kernel function for AP is given by
5 | 2
P — 1 - |CL| ! .
¢ (1 —az)?
For the sake of notational simplicity , when dealing with the space AP .| we will write

K, = KP* and k, = kP>,

Some standard properties of Bergman kernel function will be used in this work

from time to time. Some good references for this section are [DS] and [HKZ].

2.2. Bounded, Compact and Hilbert-Schmidt operator

Definitions. Let H and K be normed linear spaces. A linear transformation 7’

from H to K is Bounded if there exists some M > 0 such that
ITfllx < M||flluVf e H.

The smallest such M is defined to be the operator norm of T, denoted by ||T]|.

It is easy to check that B (H, K), the set of all bounded linear transformations

from H to K, is a normed linear space.

T from H to K is Compact if T (closed unit ball in H) has a compact closure in



It is a standard result that By (H, K), the set of all compact linear transforma-
tions from H to K is a closed subspace of B(H,K). For T € B(H,K), ||T|. , the
essential norm of T', is defined to be the distance of T' from B, (H, K). Hence, T is

compact iff [|T']|. =0 .

A bounded linear operator 1" on a separable Hilbert space X with an orthonormal

basis {e;} is called Hilbert-Schmidt if

1
1T zscx) = {Z \\T€j|\2} < 00.
§=0

For the sake of notation, when dealing with ||T||gg(x) for some T" and X , we will
simply write ||T||gsx) = [|T]|as - ||T]|#s is called the Hilbert-Schmidt norm of T.

As is well known, the above sum (possibly oo) is independent of the choice of the
orthonormal basis ; See [Z] for details. It is also well known that every Hilbert-

Schmidt operator is compact ; See [W, section 6.2] for details.

2.3. Comparability of quantities

Let A and B be two positive quantities. Then A and B are comparable, denoted
A
by A < B, if 5 is bounded above and below by positive constants in the associated

limiting process.

The following three lemmas are obvious.
LEMMA 23.1. If A< B andC <D , then A+C < B+ D
LEMMA 23.2. f A< B and C < B, then A+C =B

LEmMMA 2.33. If A< B and C >0, then A+C <B+C



2.4. Carleson measure

2.4.1. Definition and A basic Lemma. Let 0 < p,q < co and a > —1. A
non-negative Borel measure g on D is a (AP, q) - Carleson measure if the inclusion
map [ : AP — L9 (u) is bounded i.e., there exists a constant M > 0, independent of
the choice of f € AP such that ||f|l, . < M||fllpa Vf € AL .

The characterization of (A%, ¢q) - Carleson measure depends on whether p < ¢ or
p > q. In this dissertation, we focus only on the case where p < ¢. Among several

versions of Carleson measure theorem , the following is the most relevant to our work.

LEMMA 2.4.1. Let p < q and fix r such that 0 < r < 1. Then TFAE:

(i) The measure p is a (AZ,q)-Carleson measure.

() ., = sup =21

at2)4
D (1 — |a|2>( 2
. 1—af*
(iil) sup [[kallZ , sup
a€eD

11 —az|?

< Q0.

(a+2)1
) du (z) < oco.

Furthermore, ||7]|? and the quantities in (i) and (zii) are all comparable with

comparability constants depending only on «, p, ¢, 4 and 7.

PROOF. The equivalence of (i) and (ii) is proved in [L] . A method to prove the
equivalence between (ii) and (iii) can be found for example in the proof of Theorem

7.4 in [Z] . The comparability of the quantities follows from the proofs. O

REMARK 1. We will usually apply Lemma 2.4.1 with r = 1/2. In that case we
will simply write ||u|lg 1 = ||plla . For the sake of simplicity, the quantity ||pllq
p®2 P’ P’
will further be denoted by || /|-



2.4.2. Weighted composition operator and Carleson measure. Suppose
u : D — C is a measurable function , ¢ is an analytic map from D to D and p is a

non-negative Borel measure on . We now define a measure pf , on D by

o (B) = [, Ju()l"dn(2)

for all Borel sets £ C ID. Then a standard measure - theoretic change of variables

shows

| (uCy) fllg,n = IIf

aut, Vf€H (D). (2.4.1)

(see [H1] for details.)
The following Lemma is an easy consequence of (2.4.1) and Lemma 2.4.1. It con-
nects the boundedness of a weighted composition operator and a Carleson measure

condition.

LEMMA 2.4.2. Suppose p < q and 0 <r < 1. Then TFAE:

(i) uC, boundedly maps AL into L7 (y).
(i) fldplla . < oo
p
(iii) sug | (uCy) kallf . < 0.
ac

Furthermore, ||[uC,||? and the quantities in (ii) and (iii) are all comparable with

comparability constants depending only on «, u, p, ¢ and 7.

2.4.3. A different version of Carleson measure theorem. Except for
Lemma 2.4.1, we will need another equivalent version of Carleson measure theorem
which , too , is well-known in literature.

Definition. Let I be an arc in the unit circle 0. Then the Carleson square on I is

10



defined by
S(I):{zeDz|z|21—|I|,é|EI}.

The following version of Carleson measure theorem is well-known.

LEMMA 2.4.3. Let p < q. Then TFAE:

(i) There is a constant Cy > 0 such that, for any f € A? ,/ |f ()" dp (2) < CLfIIE o
D :

(24+a) g

(ii) There is a constant Cy > 0 such that, for any arc I € 0D, p(S(I1)) < Coy |I| »

(2+a) g

(iii) There is a constant C3 > 0 such that, for every a € ]D),/ ol (z)] P du(z) <Cs.
D

In fact, if we define

p (S (1))

[l = Isélp (1)

then ||u|| and the above constants are comparable.

PROOF. For a detailed proof, we refer to [ASX], [H2] and [L]. O

The following Lemma is important.

LEMMA 2.4.4. Let p < q. Also fir 0 <r < 1. Let

(24+a)q
Ny =sup [ |og ()| 7 du(z).

ja>r /D
If v is an (AP, q) — Carleson measure then so is ji, = {t [\p,) , where

D, ={zeD:|z| <r}.

Moreover, ||u.|| < M N}, where M is an absolute constant.

PROOF. The proof is the same as the proof of Lemma 1 and Lemma 2 in [CZ1].

g

11



2.5. The {R,} sequence and its properties

We first need to recall the well-known definition of the sequence {R,} of
operators on AP. Then we discuss some significant properties of { R, } which will be

particularly useful in proving our estimates in the next chapter.

Definition. Let n € N. The partial sum operator S,, on H (D) is defined by

Sn (i szj) = zn: ijj.
j=0 j=0

Clearly, S, is finite-rank and therefore compact on A? for each p > 0. Let R,, = -5,
. Then it is a standard result that {R,} is uniformly bounded on A? when p > 1.
For details , see [DS].

LEMMA 2.5.1. If T is a bounded linear transformation from AP to L7 (), then
ITe < lim [|TR,|.

Proor. For each n , R, + 5, = I, the identity operator.
Hence T'=TR, + TS, .
Then ||T||. = [|TRy+TSul|le = | TRy||e , since S, is compact and hence so is T'S,, .

So ||T|le < [ITR,|| Vn, which clearly proves the Lemma. O

12



Notation. By U.C.C , we mean uniformly convergent on each compact subset.

We would like to give a detailed proof of the following Lemma . A sketch of its
proof has its root in Proposition 3 , Page 9 in [CZ1].

LEMMA 2.5.2. (i) Ry 295 0 on A2 and R 2SS 0 on (A2)* for each p > 1.

(ii) Let 1 < p < q. If T is a bounded linear transformation from AP to L7 (u),

then there exists a positive constant A satisfying
Alim TR, || < |[Te < lim [|TR,|.
n—oo n—00

PRrOOF. (i) It is a standard fact that R, — 0 pointwise if p > 1 and is therefore
uniformly bounded by the Uniform Boundedness principle. Hence {R,} is equicon-
tinuous and therefore R, Y2 0 on AP,

To prove the second part of (i) , we first consider the integral pairing that identifies

(AP)" and Ag’ where 1 + 1 =1,
p p

= [ £ dAa(2).

Then,

/

Cramm 1. (R, f,9)a = (f, Rng)a Yn €N, f € AP and g € AP

PROOF. Let us consider the power series representations

ijzj and g (z ngz
7=0

Then,
(Ruf.g)a = [ Fuf ()9 (2) dAa (2)

13



—/(Z szﬂ) <ngz>dA 2)

j=n+1
[ X fmre]dan)
D\ j=n+1,k=0
= Z fjgk/ / T’ﬁkﬂ r2)a eV~ q4rdh where z = re'.
j=n+1,k=0
But,
2
/0 TR0 — 0 iff £ k.
Hence,
R f g Z f]g]/ 27+1 (1 — Tz)adr.
j=n+1
Similarly,
Z fggj/ 2+l (1 — TQ)adr.
j=n+1
Hence the claim is proved. O
Now by Riesz Representation Theorem, VF € (AP)*, there exists ¢ € Ag such
that
F(f)=(f.or)a Vf € AL
Hence,

RZF (f) = F(Rnf) = <Rn.f7 @F>o¢ = <fa Rn@F)oz \V/f € AZ .
Hence applying Cauchy-Schwarz inequality,

”R:;FH S ||RW¢F||p/,a'

Now let S be a compact subset of (A2)". Since the identification : (A2)" — Ag’
defined by F' — @p is continuous, therefore {¢p : F € S} is compact in Ap, Now
since p > 1, therefore p' > 1. Hence by first part of (i) , R, YEC 0 on Ap This

implies sup | Rnprlly o — 0 asn— oco.
S

14



Consequently, sup R, F| < sup |Rnorll,y o — 0 as n — oo. This proves the second
part of (i). - -

(ii) It is already known that {R,,} is uniformly bounded on A?. Hence there exists a
positive constant M such that || R,| < M Vn.

So for any compact operator K from AP to L?(u), we have
1T = K|l = 5 M|IT - K]

> a7 [T = K]

L
M

> 37 (T = K) Ry

i |
= 37 TRy = KRl = 57 (ITRal| — [ K Rn]l)

Now, [|[KRy|| = [[(KR)"[| = |[RLK"| = sup  [[RLK"F.
IF N La (=<1

Since K is compact from AP to L?(u), therefore K* is compact from (L7 (p))* to
(AP)*. Also by Lemma 2.5.2(i),

R 2% 0 on (A7)

Consequently,
sup ||RyK*F|| — 0asn— oo
1F'1 Lauyy=<1

i.e.,

lim ||KR,| =0.

n—oo
Hence,

1 7 o T

17— K| = & T TRl = X IR,

where \ = ﬁ .

Since the above is true for an arbitrary compact operator K from AP to L7 (u),

15



therefore ,

Tl > XTin [ TR, |
n—oo

On the other hand, we have already proved in Lemma 2.5.1 that
[Tl < [|TRn[| Vn.

Hence,

1Tl < lim || TR,
n—oo

This completes the proof of the Lemma. O

2.6. Pseudohyperbolic metric and its properties

Definition. We define the pseudohyperbolic metric p: D x D — [0,1) by

a—>b
1—ab

p(a,b) = |oa (b)| =

The pseudohyperbolic metric obeys the following so-called strong form of triangle

inequality:

p(z.w) < p(za) + p(a, w)

D. 2.6.1
“Tipeapauw) oY E (26.1)

Furthermore, if we fix 7 such that 0 < r < 1, then there exist constants A, B and C'

depending only on 7 such that whenever z,w € D with p (z,w) <,

2

< 5 <A, (2.6.2)
1 — |wl
%
Bl< |17 g veen, (2.6.3)
1—¢&w
and
1 —|wl’
Cl'< ——-<C. (2.6.4)
|1 — wz|

The above estimates are all elementary and for detailed proofs, see [DS].

16



Notation The pseudohyperbolic open disk centered at a with radius r will be
denoted by A (a,r).

17



CHAPTER 3

THREE OPERATOR PROPERTIES OF C, - Cy

In this chapter, we will discuss conditions under which C, — C is Hilbert-

Schmidt, bounded and compact respectively.

First, let us recall the following result from [CHK], mentioned in the Introduc-

tion.

THEOREM A. Let us consider the difference operator C, — Cy, acting boundedly

on A% . Then,

Gy~ Culls = [ 1T D202 /D(!a ()] dAa (2)

(1—lp ()" L—[o (=) )"
In this chapter, we will first give an alternative proof of Theorem A using a

change of variable technique.

We also recall, from Introduction, that Saukko [S] proved the following estimates:

THEOREM B. Suppose 0 < p < q < oo and o > —1. Then the difference operator
Cyp,—Cy is bounded from A, into A} if and only if each of the two weighted composition

operators oCy, and oCly is bounded from AP into Lqﬁ . Furthermore,
IC. = Cull = supl| (Ci = o) Rallg 5 = miax {0 Col, o Cul}
a

where the comparability constants will depend only on «, B,p and q.

18



THEOREM C. Suppose 1 < p < g < 00 and a > —1. Assume that C, — Cy, is

bounded from AP, to A%. Then,
1€ = Culle = T (€ = Co bl s = max (ol loCil)

where the opearators cC, and ocCy, both map AP into Lqﬂ and the comparability con-
stants will depend only on o, B,p and q. In particular, C, — Cy, is compact if and only

if both oC,, and oCy, are compact.

We will generalize Saukko’s boundedness and compactness criteraia for C, — Cy,
taking L7 (u) as the target Banach space where p can be any non-negative Borel

measure on D.

3.1. An Integral Expression for Hilbert-Schmidt Norm

In Preliminary, we have defined a Hilbert-Schmidt operator on a Hilbert space
H. Let us assume u,v be both analytic maps from D to C such that uC, — vCy

is bounded on the Hilbert space A2. Then by definition,

[uCy —vCyllis = > || (uC,p — vCy) 1%,

J=0

I'g+2 ,
where €; (2) = Ll+2+a) 27 for each z € D, the standard orthonormal basis for

JIT (24 «)
A2,
Now for each 7,
| (uC, = vCy) ]2 = ((uC,y = vCy) 5. (WCy — 0Cy) ey)

= [ () Plej o ¢ (2) FdAa () + [ 0 () Ples 0 (=) PdAa (2)

2% [u(:) v e 0 (2)e; 00 () dAa ()
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I'j+2+a)

= TErar /D I (u,0,0,9,7) (2) dAq (2) ,

where,

I (u,0,0,9,5) () = [u(2) Ple (2) |7 + [0 (2) P (2) |7 = 2R (u(2)v (2) (0 (2)) ¥ (2)7).

Hence,

T (1+2+«
JuC, — oGyl = 5 U 2T )

> T ra) fyl o) ()44 ()

/ IJI*+22_|_+O?;)[ (u, v, 0,7, 7) (2) dAq (2) .

S(z)

The interchange of integration and summation is justified, because for each fixed

z € D, each of the three series

X T (j+2+a) 25 =1 (+2+a) z?jmw W D)
L Tera PO X GTara PO L GTare O 06

converges uniformly in z € D.

Therefore,

5() = Ju () (i S e W) ()P (i oz e W)

j=0 J-
o O S UA2+9) 00y )7
= JIT (24 «)
: TG+06) 1
It is an elementary fact that —z) = for />0 and |x| < 1.
LT E S T Uy o
Fj+24+a) ; 1

Takin = 2+ «, we obtain ) = whenever |z| < 1.

gﬁ ]z;) (Q—I—Oé)]' (1_x>2+a | |

If we take z = | (2) |* in above formula, we get that
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o I2+a))! (1=l () )"+
Similarly,
T (j+2+a) 9 1
ZTeran VOV e
ST (+2+ ) j i 1
]Z_%F(M—a)j!(@ (2))) ¥ (2)? = (1—90(2)7?(2))2%.

Hence,

|u(2)[? v (2) | u(z)v(2)
S(z) = — 2R )
S T [ S TS 2(@w@meJ

In particular, taking u = v = 1, we have,

ICs = Cullis = | () dAa (2)

1 1
= 2R dA,
[ |ewamr= e QLWQWQWM) =
3.2. The Alternative Proof of Theorem A
From the previous section,
HOcp - Csz%IS
1 1 1
= + — 2R dA,
b=t T wane (@m@meJ =

We notice that the integrand is of the form

1 1 !
ab) = - e 2R ——aa |
PO = e ((1“b> )
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where, a = ¢ (z) and b= (2).

To prove Theorem A, we clearly need to factor out o (z) = M from the
1= (2)¥(2)
above integrand. So, we make a change of variable: b = o, (w) = 1@ 7w . Then
—aw

1—laf) (1 = w]?)
|1 —aw|?

w = 0, (b). And, 1—|b|2:(

. Substituting in L (a,b), we get,

1 |1 —aw|**2 (1—aw

)2+Oz>
—2R|— .
0= a7 (= aP) ™ (1= W) ’ ((1 — a2 "

L(a,b) =

1 |1_aw|4+20¢
2+« 1+ 24+«
(1—1af?) (1= [wl]?)

—2R(1 —aw)““]

1 |1 — awl|i+2 :

(1 —[af2)*** l(l = |wp)* ™

+ ’1 — (1 —aw)***

_ ’1 _aw|4+2a‘|

1 |1 —aw|*t? 2\2te o \24a
- T [(1 e (1 — (1 — |wl ) ) + ‘1 — (1 —aw)

T

1—(1—aw)’ ™

aw

w? [1—(1—|w|2) ”]Jr( lal?|w]®

(1—[p]2)*"° [wl? L—la]?)*"®

Now since ||Cy, — Cyllis = [|Cy — Cull3ig » therefore

1
I = Cullis = 5 [ (Ela.b) + L (b)) dAa ().
where, a = ¢ (z) and b = 1 (2) . Also, |n| = |w| where n = 0}, (a) . Hence,

1
1Cs = Cullts = 5 [ T(a,bw)dAa (),
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where,

24+« — 24« |2
S [ Y € ey 1 W G e e
. (1—[p])**" |wl? (1—|a?)*"* aw
Term 1 Term 2
2+« 7\
wP (1= (1 [wP) w1 (1= )
(1—[a?)*"* |w]? (1= [p[2)*** bn
Term 3 Term 4
1—(1—x)*™
Now it is an elementary fact that the real-valued function f(z) =
x

has a removable discontinuity of positive limiting value at « = 0 and hence has both

a positive supremum and a positive infimum on [0,1). (Fact 1)

Similarly, the complex-valued function ¢ from D to C defined by
1—(1—2)*™

g(z) = has a removable singularity of positive limiting value
z

at z = 0 and hence |g (2)| has a positive supremum on D. (Fact 2)

We now find an upper bound and a lower bound for J (a, b, w).

Upper Bound. Appying Fact 1 on Term 1 and Term 3 and Fact 2 on Term 2
and Term 4, we get that,

u? aPluf? P b
J(a,b,w) < + + +
@00 S e = T A e T ey
PP P(aP D) 2 S

< .
(L—=[p)*" (L= lal)*™™ (1P (1~ [a?)*""

Lower Bound. Since Term 2 and Term 4 are both non-negative, therefore,

) 1-(1— N2+ ) 1-(1— N2+«
J(a.bw) > |w] M( ( \Zvl) >+ |w]| Ha( ( |fc20|> )
(1 —1[0*) |w] (1—]af?) |w]
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jw]? jw]?

2 - ,applying Fact 1
~ (1 — |b’2)2+a (1 _ |a‘2)2+a pplymg
Therefore,
J (a,b,w) < o’ + jwl”
» Yy —~ T sTa
(1—laf*) (1— o)
where,
0= p(2).b= v () and w0 (s) - LELZLEL
1= (2)1(2)
Hence,

s (1P [ 10 ()] A
10~ Clls = f, e ot e

This was the statement in Theorem A.

COROLLARY 3.2.1. Let us consider the difference operator C, —Cy acting bound-

edly on A2. Then C, — Cy, is Hilbert-Schmidt iff

() dAa(z) _
1—W(Hf”<

/|0()|dA()

Du—wun“a<w””/

3.3. Boundedness and Compactness of C, — C,,

We generalize Theorem B and Theorem C' by considering the difference op-

erator C, — Cy, acting from AP into L9 (u), where p can be any non-negative Borel

measure on D and 0 < p < ¢ < .

THEOREM 1. Suppose 0 < p < q < oo and o« > —1. Then the difference
operator C, — Cy, is bounded from AP to L9 (u) if and only if each of the two weighted

composition operators cC, and cCy, is bounded from AP to L?(p). Furthermore,
I = Cyll < sup [[(Cy = Cy) Kallg,u = max {[loCel, o Cyll}
a

where the comparability constants will depend only on «, p,p and q.
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THEOREM 2. Suppose 1 < p < ¢ < 00 and a > —1. Assume that C, — Cy is

bounded from AP to L9 (u). Then

ICo = Culle = Tl (€ = Cu)

g = max {[loChlle, [oCyll}

where the opearators oCy, and oCy both map AP into LY (u) and the comparability
constants will depend only on o, u,p and q. In particular, C, — Cy, is compact if and

only if both cC, and oCy, are compact.

We will break the discussion of our proofs into three sections. The first sec-
tion discusses some asymptotically equivalent expressions for the essential norm of a
weighted composition operator uC, acting from AP to L?(u). The second and the
third section discuss the upper and lower estimates, respectively, for the operator

norm and the essential norm of the difference operator.

3.4. Essential Norm of a Weighted Composition operator

THEOREM 3. Suppose 1 < p < q < oo and let u : D — C be a measuarable

function such that uC,, from AP to L () is bounded. Then
[uC 12 = tim | (pf,) | = lim || (uCp) Rull%y, 1o,

= T || (uC,) Rully 1o = 10 || (uCy) kol

a
—L9(p) la]—1 ¥ a1

where the comparability constants depend only on o, p,p and q.

PROOF. Saukko, in [S] , has proposed a special case of this theorem when
1 = Ap. He suggested a proof, refering to Lemma 1,2 and proof of Theorem 2 in
[CZZ} . We applied essentially the same technique to prove this theorem, with some

necessary modifications.
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If we apply 2nd part of Lemma 2.5.2 , taking 7" = uC,, , then the comparability of
the first, 3rd and fourth quantities follow immediately. Then, to prove the theorem,
it is sufficient to prove that the first, 2nd and 5th quantities are all comparable.

To prove it, Let us first fix s € (0,1). Since uC, from AP to L?(p) is bounded,

therefore by applying Lemma 2.5.1 we arrive at

[uC|I2 < T || (uCy) Ry (3.4.1)

—La(p)*

Now, for each fixed n,

I (uCy)

sup |[uC, Ry (f) I3,

)
p, >

And, for f € AP,

[uCo B (f) ||3,M:/D|U(Z)|q|Rnf (e ()" dp (2)

= [ 1B )l dit (w) = [ Raf ()"l () 4 [ 1B 0)[*dpi, ().

I (fvn) Iz (f:n)
Hence,
sup HUCSDR” (f) “g,u < sSup Il (f7 n) + sup IZ (f7 n) )
I£1lp, o<1 [£1lp, a<1 I£1lp, a<1
i.e.,

| C) Ballly puy € 50 L (fim)+ sup L (fin).

|fllp, <1 I£1lp, a<1
Taking limit superior,
nh_)rgoH (uC,) R, HAp%Lq o S Hm o sup I (f,n)+ lim sup L(f,n). (3.42)

n—oo n—oo
I£llp, a<1 [fllp, o <1
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Combining (3.4.1) and (3.4.2), we obtain

|uC,l|? < lim  sup [ (f,n)+ lim sup I (f,n). (3.4.3)

n—00 n—00
I£1lp, a<1 [£llp, o <1

CLAIM 2.

lim sup Ly(f,n)=0.

n—oo
[fllp, o <1

ProoOF orF THE CLAIM. To prove the above claim, let us first fix n € N.

Let us fix w € D. Then it is a well-known fact that for any f € A2,

R.f(2)dA, (2) (3.4.4)
)2+a ) SE.

Raf (w) = [

D (1—Zw
We note that the left hand side of (3.4.4) represents the composition of the point-
evaluation functional K, in A? and the R,, operator, each of which is a continuous
function on AP. Hence left hand side of (3.4.4) defines a continuous linear functional
on A?.

Since w is fixed, therefore is a bounded function of z. Hence the right

—Zw
hand side of (3.4.4), too, defines a continuous linear functional on A? .

(1—zw)™*

Since (3.4.4) holds for any f € A2 it holds when f is any polynomial, but polynomials
are dense in A?. So (3.4.4) shows that two continuous linear functionals on AP agree

on a dense subset of A?. Hence they agree on A? | i.e.,

Ry f () = / R.f (2)dA, (2)

Vfe AP,
D (1—§w)2+a / ¢

ie.,

Rnf (w> = <Rnf7 Kw>a 5
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where,

1 T2+ a+y) ;
K, (2) = - i
(=) (1 —Wz)2+a jzo ['2+ a)j! (w2)
Then,
|Bn f (w)] = (B f, Ku)al
= |(f, RuKw)al,
~ | [ 1O RE,G) dAa(2)
< | fllp.a [RnKully o, using Hélder’s inequality.
Therefore,

L (fon) = [ |Ruf ()" dpi, ()

SNl [ IRKNY it ()

which implies

sup Lo (fim) < [ NRaullY , it (w)

[f1lp, a<1

So, to prove Claim 2, it is enough to show that lim / ||Ran||Z, dt , (w) = 0.
n—oo DS , & )

To show that, we will estimate R, K, pointwise.

For z € D,

[ Fen o (2)] = T(2+a);!

Jj=n+1

i r2+a+y)

T'(2+a)! wl |2l

j=n+1
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So, if w € Dy , then,

= I'2+a+) ;
| Ry K ——————*s = ¢, (s), say.
j;—l 2+Oé)]
Integrating, we obtain,
IRakulll = ([ 1RuKw (P d40(2)" < (e ()7 ([ d4a ()" = (a1 (ca ()"

Hence,

_a 4, (A S
(0t 1) (e (5))7 | L2209
(1-10P)
a 4 (Afa,s
< (CY + 1) v (Cn (3))q sup MuLP( ( (72+c)x))q

The associated comparability constant in the above line depends only on «, i, p, g

> I'(2 , 1
and s. Now ¢, (s) is the tail of the convergent series 2 F( (2—:0:)—;!) s = TEsEE
Therefore for fixed s, lim ¢, (s) = 0. This completes the proof of Claim 2. O
Hence (3.4.3) implies
|uC, |2 < Tim  sup [ (f,n). (3.4.5)

n— o0
[fllp, a<1

We will now estimate sup [ (f,n).
[ fllp,a<1

B(fm) = [ VBaf ()" di, () =

[ o, IR (@)1 (4,.) () < [ |Ruf ()" (4,), ().
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Since puf , is a (AP, q) — Carleson measure, therefore by Lemma 2.4.4, so is ([LZ#,)

s

Hence applying Lemma 2.4.3 and the fact that {R,} is uniformly bounded on A? |

LIRur @) (us,) ) S0 () IR o S 1 () IS o

Consequently,
L(fn) S (k) NI o

which implies

sup 11 () S 1 () I for any n.

[[£llp,a<1 B

So,

lim sup [y (f,n) S I (pie) Il

n—oo Hf”p,agl ( ’@)S
Hence from (3.4.5),

luCll? S0 (s,) -

The above holds for any s € (0,1) . Hence ,
< i q
luCll? < lim || (ut) - (3.4.6)
The following Lemma is well-known.

LEMMA 3.4.1. Let X and Y be Banach spaces and T from X to'Y is a bounded
linear transformation. Let {k,} be a sequence in X such that ||k,||x =1 for every n

and k, — 0 weakly when n — oo. Then
7] > T T Fully-

It is a standard result that, in A2, where p > 1, k, — 0 weakly when |a| — 1.

Hence applying Lemma 3.4.1, we obtain that
[uCyll2 = T C (k) 5, (3.4.7)
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Now, combining (3.4.6) and (3.4.7),

Tlim q

dim [[uCe (ka) lg,, < uCelle < Jim | (uts) II- (3.4.8)
In view of (3.4.8), it only remains to show that

lim | (uf,) 1| S T flaCy (ka) |5, (3.49)

s—1— la]—1

By Lemma 2.4.4,
lim || (ﬂu¢> | < hm N7,

s—1—

where,
2+a)g
Ny =sup [ |og(w)] 7 duf, (w).

la|>s /D ’

Now,
_ (2+0¢)q - , 2+a\ 4
tim N7 = T [ (o ()]t (0) = T [ (1on (e DT ) di (2
s—1— la]—1 ’ la|—=1 JD
= T, () I,

Therefore, (3.4.9) is established and that completes the proof of Theorem 3. O

3.5. Upper bounds for the Difference operator

In this section we will give upper estimates for the norm and the essential norm of
the difference operator C,, — C, acting from AP to L7 (41) . We will need the following

important and well - known lemma.

LEMMA 3.5.1. Let 0 < p < q. Then there ezists a constant C = C («, p,q) such

that for alla € D, z € A (a, 2_2\/5) and f € A% with || fllp,a <1, we have

(o) V0P 4 )
f (2) = f(@)]" < Clo. ()| —— —

(L= lal®)
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PROOF. A detailed proof can be done using the same technique as in Lemma 4.3.1

in [Z]. O

THEOREM 3.5.1. Let 0 < p < g < oo and suppose both operators oC, and oCy,
boundedly map AP into L9 (). Then the following holds:

(i) The difference operator C, — Cy, boundedly maps AP, into L7 (p) and
1Co = Coll” S maxx {lug I 1ol
(ii) If p > 1, then
_ q i q 1 q
IC, = Cull s max{ i | (ss,), 1 i 11 (1) 11}

In each of the above statements, The comparability constant depends only on o, p, p

and q.

PROOF. The technique to prove (i) is quite similar to the proof of (ii) and it will
be outlined after the proof of (ii). So, for a moment we suppose that (i) holds. Thus

the difference operator is assumed to be bounded.

Before beginning to prove (ii), we refer to the paper [S]| again. Our proof
technique has its root in [S]. However, it seems to us that Saukko’s proof is not
correct in that case when |o| is sufficiently small. In that particular case, our

approach is very different.

We are now ready to prove (ii) .
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By hypothesis, C, — Cy, is bounded from A? to L9 (u1) . Hence, by Lemma 2.5.1,

IC, = Cyllt < Tim || (Cy — Cy) Ro||” = lim  sup | [(Cs — Cy) o Ruf (2)|"dpu(2).

_>
" fllp, a<1 /D

(3.5.1)

We now break the disk D into £ and E’ where E = {z eD:o(z) > 2’2\/5} and
E' =D\ E. For a fixed n € Nand f € A2 | let us define

1) = [L1(Co = Cy) o Buf ()" dp(2)

and,
(f) = [ NCo=Cu)o Ruf ()" du (2).
Then,
L 1(Cs = Cu) o Buf (N dia (2) = L () + Ju ()
Consequently,

n—oo n—oo n—oo
1£llp, a<1 /D [£llp, o<1 1£llp, o<1

lim  sup (Cyp — Cyp)oRuf (2)|*dp(z) < lim  sup I, (f)+ lim sup J,(f).
Applying (3.5.1),
IC, — Cylld < Tim  sup I,(f) + lim  sup J,(f). (3.5.2)
"7 fllp,a <1 " llp, 01

Let us now estimate I,, (f) .

1(5)= [, (5o l0Ce = aC) o Buf ()" du ()

< (525) [l —oCo R a2

< (525) 2t (L eC o Ruf G an(2) + [ [6C) o Buf ()1 ().

2 —
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It follows that

L) S [N0C) 0 Raf () dpe(2) + [ 1(0Cy) 0 R (2)/*du (2).
Taking supremum of both sides,

sup 1 (f) S [ (0C) Rull* + [ (0Cy) B[

[£llp, a <1
Taking limit superior, we obtain,
lim sup I,(f) S lim || (0C,) R,||* + lim || (6Cy) R,
n—oo Hf”p,agl n—oo n—oo

Theorem 3 implies

T (| (0Cy) Ral|” = lim || (ug,) Il and T || (0Cy) Rall? = lim || (5,), 1I-
Hence,

T < . q . q
i sup I, (f) S lim | (ug,) |+ Tim | (udy) |

n—oo
[ fllp, a<1

< 2 max { tim | (ut,) 11 Jim | (u,), 0} (353)

In view of (3.5.2) and (3.5.3), it is now enough to show that

T < . q . q
lim sup J,(f) S max{ lim || (,LLUW>T I, Tlg{l_ I (“mw)r H} : (3.5.4)

"7 fllp, o<1 r—1

We will now estimate J, (f) by breaking the disk D in the following way:
Let us fix 7 € (0,1) . Then,

(£ = [ (€= Co)o Ruf ()" da (2)

= oo, (€ CO O R QIR 2) + [ 1€ = Codo B ()1 (),
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where F = E'N~' (D\D,). Then,

T sw Ju(f)< T osw [ (O, = Cy)o Ruf (2)]"du(2)

n—oo n—oo
£1lp, <1 [1£llp, <1

+ lim  sup (Co = Cy) o R f (2)"dp(2) (3.5.5)

~
TN S lp, a1/ E

Let us now consider the term / |(Cp — Cy) o Ruf (2)|du(2).
F

We note that F C E' = {z: lo (2)] 2’\/5}. Also since {R,} is uniformly

2

<
bounded on AP, therefore when |f|l,.o < 1, we can assume, without loss of

o)

generality, that || R, f||,,o < 1 for each n € N. Therefore we can apply Lemma 3.5.1

on R, f to estimate the above integral.

So, for each n € N and each f € AP satisfying || f||,.o < 1, let us apply Lemma

3.5.1, taking
f:Rn(f>7 Z:Rnf(¢(z))7 a:RNf(SD(Z))»

which gives us
JNCo=Co)o Raf ()" dpa(2) = [ 1Ruf (& () = Buf (o ()| dp (2)

| B f (w)[" dAq (w)

/A(<p<z) 3)
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We note that when w € A (go (z),%), then 1 — Jw|® < 1 — |¢(2)], by (2.6.2) in

Preliminaries. Therefore,

fleor|f T (s dAa ()| dn(2)

02 (1)

S /F|a(z)!q/A oy 1 7.f (w()ﬁa)q dAy (w) dp(z)
2 <1—| 5

_ [Raf (w
= [l [ 25217 X 00, 2) () 40 (1) 01 ()

1
1—|w|) 3 i

R, i
Z/F|U(Z)|q . ol ()2‘+0<)q Xso—l(A(w
(1= Jwl) 7

= [ [l gy () du(2)
b |Jr o (a(n2))

using the elementary fact that w) =
g y XA(QD(Z%%)() Yo (a(u

))( z) dAq (w) dp (2)

2

[Rnf (w)[”
(2+a) q

(N

dA, (w),

1\\ (2) and applying
)
Tonelli’s theorem to switch integrals.

-/ [/WI(A(W;)) o ()" dps (=)

R f (w()lp )
2+a)q
(1= fwl) 7

dA, (w)
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Since 0C,, is bounded from A% to L7 (u), therefore by Lemma 2.4.2 , [|ud || < oo.

Consequently, by Lemma 2.4.4 | || (ug’@) | < oo. So for any w € D,
G (w,r) < (ue,) |l < oo.

Therefore the above double integral

< [ IRaf @)1 (12,.), 1 A0 (@) S 17150 1 (u2) 11

since { R, } is uniformly bounded on AP2. Therefore,

J UG = Co)o Ruf (it (2) S 171 1 (18,), 1) ¥, ¥ -

Taking supremum and limit superior,

Tim  sup |(Cp — Cy) o Ruf (2)|7dp(2) S || (Ng,w)r -

_)
" S llp, a1 I E

This implies, applying (3.5.5),

T TN q
i, swp (S T s [ (e C)o Buf (" dn () + 1 (14,),

n—oo n—oo
[£1lp, a<1 £llp, a<1

(3.5.6)

We will now estimate /
E'Nnp=1(Dy)

(Cp = Cp) o Ry f (2)|" dpa (2) .-

Since E'N ¢~ (D,) C E’, therefore we can apply Lemma 3.5.1 as previously, to

obtain

Loy |(Co = Cu) o Buf ()" dn (2)

B f (w)]P dAg (w)
Json 3

< g ?(2), 5 g
</, iy 7 ) e nes
(1-lpx)P) »
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1 1
whenever z € ¢! (D,). Therefore, for fixed r,

We note that <
L—|o(z)” = 1—r2

the above double integral

S ooy 7O /A@(Z),;) [Raf () A ) s 2

:/Eml(m |q/ Ry f (w Xa oo, 2)(w) dAq (w) dpi(2)

— /D /E,ﬂcp_l(Dr)ﬁS@_l(A(w,é)) o (2)|" dp (2) | Ry f (w)]" dAq (w) .

We now observe that whenever z € =1 (D,) N ! (A (w, %)) ,

lo (2)] <7 and p(w,p(2)) < ;

: : T+
An elementary computation shows that the function f (z,y) = T Y
zy

[0, m] at the point (I,m).

attains a maximum value in the rectangle [0, 1] x

Then,

lw| = p(w,0) < 1'0_(:1;) (i)(go)z —i)_ﬁ)((i(é) >”00)), by strong form of triangle inequality

1
s+r 142
< 2 = — R :
T 1+5 247 ) S

V)

Then clearly R < 1 and w € Dg. Hence,

Jo Loy |7 N ) 1f () )

B /DR /E/mo—l(Dr)mp—l(A(w,;)) o ()" dp (2) [Rf (w)[7 dAqg (w)

<[ |, o auna)| 1Ras @ s, (o
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= [ B G s )l da )

(2+a) q

(1=1of%) »

St ollgar [ IRaf ()P dAa (w).
R

Therefore,

_ q < N 4 p )
Lo €= Coy o Bl ()P () < ikl [ 1 (@) dAa ()

Taking supremum and limit superior, we obtain

lim sup C,—Cy)oR,f (2 qdu z

"0 fllp, o<1/ E' N~ (Dr) I( v ¥) )l (2)
< (e e o r lim su R, f (w)P dA, (w)] . 3.5.7
= (H a,go”w ) ) [n 360 11, 5<1 " | ( )l ( ) ( )

CLAIM 3.

sup / |R,f (w)[" dA, (w) — 0 as n — oo
Dgr

1f1lp, a<1

PROOF SKETCH. The proof of the above claim is very similar to the proof of

claim 2 in section 3.4. We provide a sketch of the proof below:

We have shown in section 3.4 that

Rnf(w):/R”f(z) ()Vf A

D (1 —Zw)2+a ’

ie.,

Rnf (w> = <Rnf7 Kw>a 5

39



where,

1 T2+ a+7),
Ky(2)= ———=) ————=(wz2).
(=) (1 —wz)*™ jzo I'(2+ «a)j! ()
Then,
| B f (w)] = [(Rnf, Ku)al
= |(f, RnKy)al|, using Claim 1 in section 2.5.
~ | [ 1 OREG) dAa(2)
< | fllp.a [RnKully o, using Hélder’s inequality.
Therefore,

| 1Bt @) dAa () < 110 [ IBaEWIE  dA ().
Dr Dgr ’

which implies

sup |Rnf(wﬂpdAa(w)§§jg | Rl | dA, (w)
R

Ifllp, a<1 /PR

So to prove our claim, it is enough to show that lim / ||Ran||§, dA, (w) = 0.
n—00 JDg ) &

In section 3.4, we have shown for any z € D,

< T@4+atj), o o & D2+tat)) .
| R Ky (2)] < — o [l 2 < — 5 [l
j:zn;rl ['(2+a)j! j:zn;rl ['(2+a)j!

Hence for any w € Dy

R ()] < 3 A

j=n+1

R7 =c¢,(R), say.
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Integrating , we get that

P
7

BB = (] 1R () 44w ()" < (e (R (

P
7
P

A ()"

D
which implies

IRl < (a+ 1)

<

(cn (R))"

Hence,

= e
'E\‘-B

/DR IR Kl dAa (w) < (a+1) 7 (e (R)" Aa(Dr) < (a+1) 7 (e (R) (@ +1)"".

(3.5.8)

=1 (2 )
Since ¢, (R) is the tail of the convergent series Zw J

=0 ['(2+a)j!
1
———— , therefore lim ¢,(R) = 0. Consequently, applying (3.5.8),
1_ R Jim ¢, (R) quently, applying (3.5.8)
lim |R.EKw|”  dA, (w) = 0. This proves the claim. O
n—o0 JDp p,x

Since Claim 3 is established, therefore by (3.5.7),

- o q —
iy swp [ (O = )0 Baf () du () = 0.

n—oo
fllp, <1

Hence, applying (3.5.6),

T sup S (F) S 0+ () =1 (k50) I

n—oo
fllp, a<1

Since the above is true for any r € (0, 1), therefore,

i sup Ju(f) S lim || (ud,) |

n—oo
f1lp, a<1

which clearly proves our desired inequality (3.5.4). Hence proof of (ii) is complete.
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We will now prove (i) . By definition ,

ICo = Cyll* = sup | [Cof (2) = Cuf (2)|" dpu(2).
[1fllp, <1 /D
Breaking the disk D exactly as in the proof of (ii) ,

ICo=Cull* < sup_ [ 1F (=) = £ (@ ()I"du (2)

[[fllp, <1

I

£ osup [ 1)~ f @) du (). (3:5.9)

[[fllp, <1

1P

Exactly as in the proof of (ii), we can show that I} < [[oCy||? + [[cCy||?. Hence
by Lemma 2.4.2,

LS 8 ol + N ol < 2 maxc {1 1l 1} (3.5.10)

Also, similar to the proof of (ii) , we can apply Lemma 3.5.1 on f, use Tonelli’s theorem

and (2.6.2) , to obtain
LSl (35.11)

Combining (3.5.9), (3.5.10) and (3.5.11), the proof of (i) is now complete. g

3.6. Lower bounds for the Difference operator

THEOREM 3.6.1. Let 0 < p < g < oo. Suppose the difference operator C, — Cy,

maps AP boundedly into L7 (u). Then

(i) The operators cCy, and oCy, both map AP into L7 (u) and

sp | (C = Co) hally o 2 max {llug Il 1egoll}-
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.. TN o q . q . q
(i) T || (C = Co) kallt, 2 max { tim | (ut,), 1 tim | (u), 0}

la|]—1

The above comparability constants depend only on a, i, p and q.

PROOF. In our proof, we had to use the measures pf , and uiw instead of ,ug’g
and ug’ﬁ, used in [S]. So, our proof is essentially an elementary modification of the

technique used to prove Theorem 4.5 in [S]. Details omitted. O

Applying Lemma 3.4.1,
IC = Coll = T I1C = Cu bl (3.6.)
Hence, combining Theorem 3.5.1(ii), (3.6.1) and Theorem 3.6.1(ii),

. . q T
maoc { lim | (42,.), 1+ T | (u5), 1} 2 1€, = Collt 2 T || (Co = Co)

r—1-

> . q . q
2 ma{ tim | (t,), I i | () 1
which clearly proves Theorem 2. Similarly, combining Theorem 3.5.1(i) and Theorem

3.6.1(i), Theorem 1 is proved.
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CHAPTER 4

A GENERALIZED DIFFERENCE OPERATOR

We recall from chapter 3 that if we assume uC,, —vCy, is bounded on the Hilbert

space A2 | then
[uCy = oCyllhs = [ S()dAa (=),

where,

S(z) =

u(2)]? EEI N e e
(1= lp(2) )" + (1— | (2)2)*** 2 ((1 o) (Z))2+a) . (4.0.2)

Then taking u = v = 1 in (4.0.2) , in particular, and applying a change of variable

method alongwith some elementary estimations , we proved

e o 0% (2)|dAa (2) |02 (2) | dAq (2)
IC, — Cyllfis A/D(l_ NEIDaE +/D @R e (4.0.3)

We would like to remember that our change of variable method is very helpful in

factoring out the cancelation factor ¢ involved in the above integral expression for

IC, — Cylliss -

Based on this, we asked a natural question.

Question. Let us assume uC, — vCy is bounded on A2 where u and v are two
bounded analytic weights. Then using a similar change of variable method, can we

find an asymptotically equivalent expression for |[uC, — vCy||3g , similar to (4.0.3) ,

with some suitable cancelation factor involving all of u, v and o7 If yes, then what
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is that cancelation factor?

The answer is generally no. In fact, the technique was unable to determine the

appropriate cancelation factor for ||uC, — vCy|fg, if exists at all.

Then we considered a special case where u = ¢ and v = ¢ and a = 0. That gives
us the operator ¢C, —Cy acting boundedly on A?. Notice that it becomes the Zero
operator if ¢ = 1. Clearly ¢ = 1 iff ¢ = 0. Based on this observation, we guessed
that the appropriate cancelation factor for ¢C, — 1Cy is also 0. In fact our guess
is true. Interestingly, we proved that ||¢C, — ¥Cyl/fs has the same asymptotically

equivalent expression as ||C, — Cy|/%g -

4.1. Hilbert-Schmidt norm of ¢C, —¢C

THEOREM 4. Let us consider the operator ¢C, — ¢Cy acting boundedly on A%

Then,
|dA (2) | 0% (2) |dA (2)

=P b A-wE) )

2
C. —uC 2 — |0- (Z)
ICo = vCullhs = [ =1

PRrROOF. Taking u = ¢ , v =1 in (4.0.2), and o = 0, we have,

: o (o) P v () P ()00
CothCy 3 = . 2R Al dac).
IeCovColls = [, | o P T T e TEETTe | R

So , the integrand is of the form F' (a,b) where,

of R
(- (bR

with a = ¢ (z) and b = ¥ (2).

F (a,b) =
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We will now apply the same change of variable method that we have used

previously on C, — Cy, .

, (=l (—twP)
let b = o, (w). Then w = o, (b) and 1—|b|” = 5 . This implies

b Ja—wf 11— awl|*  a—wP 1 —aw)?

(L=pp)" L=awl (1) (1= wlP)” (1ol (1 )"

and,
ab L a(l—_aw> QZa(a—w)x (1—a@)22:a(6—@)(1—2a@)
(1 — ag) [1 B ]a1|2_— aw] 1 —aw (1 _ \a]Z) (1 _ ]a|2)

Substituting in (4.1.1) , ' (a,b) =

By symmetry ,
leCy — UCylliis = ¥Cy — ¢Cllliis

Therefore,

leCy — ¥Cyllhs = /D [F (a,0) + F (b,a)], where a =@ (2), b=1(z) .

N —

Hence,
jw]?

w
l¢C, —vCullts = 5~ [ T(abw) dA(2) (4.1.2)

46



where,
|a]2+1—6w‘2 “b|2+1—577)2

(1 1al?)’ (1-pP)’

I(a,b,w)= ‘

ja—wl [t —auf (2= |wl’) b=l [L=bn] (2= ul’)
(1=1aP)" (1= JwP)” (1= 101%)" (1 = )’

Here n = 03, (a) and we have used the elementary fact that |w| = |n| . We will now

(4.1.3)

estimate each term in the right hand side of (4.1.3) . A routine computation shows

that |

o —wl®[L—aw (2 - wl’) _ PpFE-w?) P
(=taP) (- wl) (- P) ()

Similarly ,

since 1 < 2—|w|* < 2.

p—nP =By (2 wf) e

(L= pP)" (1—l?)”  (1—1af)"

Let us now consider the first and second terms in the right hand side of (4.1.3).

Estimating the first term : Applying triangle inequality in bothways,
3> |laf* +1—aw| > |af* + 1 - [aw| > [a* + 1 - |a| . (4.1.4)

So, our goal is now to find a lower bound for |a|2 + 1 — |a| . Therefore, we consider

the function f(z) = 22 + 1 — z in the interval [0,1]. Then f’(z) = 2z — 1. Setting

f'(x) = 0 will give us « = 5. Now , f (%) = % and f(0) = f (1) = 1. So clearly % will

be a required lower bound for the function f (z) = 2% + 1 — 2 in the interval [0, 1] .
>

Therefore, applying (4.1.4), 3 > “a|2 +1-— Ew‘ % . Hence it follows that,

a2+1—aw2 1
lal |
(1-1aP)"  (1=1a?)"
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Estimating the 2nd term : Exactly as for the first term, we can determine the

following estimate for the second term.

[ 7
(1-pp)" " (1-pP)"

Substituting all these in (4.1.3),

R S b2 N Ja?
(1=1aP)" (1=pP)" (1=pP)" (1-laP)’
1+ |af? L+ o) 1 1

Tl Qb ) (=)

a=¢(z),b=1(z) and w =0 (). Hence from (4.1.2) and (4.1.3) , we arrive at

I(a,b,w) =<

[0°(2)[dA(2) | [ |o®(x)|dA(z)
(L=le ()" o 1=y (2) )

This completes the proof. Il

ICo = $Cullhs < |

COROLLARY 4.1.1. Let us consider the operator ¢C, —Cy acting boundedly on

A%, Then ¢C, — Cy is Hilbert-Schmidt iff C, — Cy is Hilbert-Schmidt.

4.2. A generalization of corollary 4.1.1

Looking at Corollary 4.1.1 | we can raise a natural question. Does the result hold
for A2 for a general o ? The answer, in fact, is yes. It can even be strengthened.
For example , we have been able to generalize Corollary 4.1.1 in the case when the
difference operator is of the form ¢"C, —¢"C) , acting on a weighted Bergman space
A% . For the sake of clarity, f* , where f is a complex-valued function , will stand

for pointwise multiplication of f n times.

THEOREM 4.2.1. Let us fir n € N . We consider the operator ¢"C, — ¢"Cy,
acting on A%. Then p"C, — " Cy is Hilbert-Schmidt iff C, — Cy is Hilbert-Schmidt .
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PRroOOF. Before proving this theorem, we will first introduce a notation.

Let f € H (D). For m € NU {0}, let us define the function f™ € H (D) as follows:
fr(2)=2"f(2),2€D.
For m € NU {0}, it can be easily checked that
(" Cy =™ Cy) (f) = (Cp = Cy) (F) - (4.2.1)

We now start proving the theorem. By definition,

l"Co = 4" Cyllis =D_ 11 (#"Cp —9"Cy) &5]1*,

Jj=0

where,

I(j+2+a)
(o) = |2t D.
¢ (2) \lj!F(2+a) hEE

Then by (4.2.1),

le"Cy = 4" Cullizs =3 1(Cp = Cy) e |1

7=0
For each z € D,
— 'ig+2 , I'g+2 »
el (z) =2"e;j (2) = 2" —,(‘7 +2+a) 2 = —.<‘7 +2+a) 2"
J JIT(2+ ) JIT (24 «)

B (n+4)! T'(j+2+a) Fn+j+2+a) ..\ . (o
_(J 5! F(n+j+2+a)> (J(n+j)!r(2+a)z+>_A(n’]’a)enﬂ()'

A(n,j,a)
Hence,
16"y — 0" Cullis = S (A(m 4, ) (Co— O ensyl®. (42.2)
j=0

49



Cram 4. A(n,j,«) is bounded above and below by constants that depend only

onn and «.

PROOF OF THE CLAIM. For each j,
(R4 =n+j)(n—1+7)....(i+1)4".
Applying an elementary property of Gamma function ,

F'n+j+2+a)=n—-1+j+2+a)(n—2+j+24+a)...(j+2+a) [ (j+2+a).

Hence,
) —14+7)....(+1
Aln,joa) = Ay —14g). G+
n—1+j+24+a)(n—2+j+24+0a)...(j +2+ )
_ ntJ no 1+ () (4.2.3)
n—1+j+2+a)\n—-2+j+2+a j+2+a
We notice that each factor inside the above square-root is of the form
n—k+1+j

: , where k£ = 1,2,3,...,n . Since a > —1, therefore for each k ,
n—k+j+24+a
n—k+1+4+7
n—k+j+2+a«

< 1. Consequently |,

A(n,j,a) <1V j. (4.2.4)

To find a lower bound for A (n, j,«), we divide into cases.

Case I. Let j <n . Then for each k ,

n—k+1+4+y S n—k+1 S 1 B 1
n—k+j+2+a " 2m—k+24+a " 2m—14+24+a 2n+1l4+a’
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Case II. Let j > n. We observe that for each k ,

n—k+1+j5 n—k+1+j7
n—k+j+2+a (m—k+1+j)+1+a’

Since o > —1, therefore 1 + o > 0. We now use an elementary fact that the function

f(x) = i ,¢ > 0 is increasing. Therefore when j > n |
T+c

n—k+1+j S n—k+1+n  2n—-k+1 S 2n—n+1  n+1

n—k+j+24+a " n—k+n+2+a 2n—k+2+a 2n—1+2+a 2n+l+a

Combining Case I and Case II, we have, for each j and for each £k =1,2,3,......n,
n—k+1+y S 1

n—k+j+24+a " 2n+l+a’
Hence from (4.2.3) ,

1
An,j,a) > = V . 4.2.5
(n.J,e) 2n+1+a)? J ( )

(4.2.4) and (4.2.5) together prove Claim 4. O

Applying Claim 4 and (4.2.2) ,
l¢"Co — U™ Cylliis < D I1H(Cy — Cp) ensyll* < 00,
j=0
where the comparability constants depend only on n and « . Clearly
> (G = Cy) ensill* = X1 (Cp — Cy) g4
7=0 j=n
So,
le"Co =" Cullits = D11 (Coo = Cy) e

j=n

Therefore ¢"C,, — 1"C,, is Hilbert-Schmidt iff > || (C, — Cy) €;]|* < oo . However,
j=n
S H(Cy = Cy)esl]* < oo iff D || (Cp — Cy)ej||> < 0o, which is equivalent to the

j=n J=0
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Hilbert-Schmidtness of C,, —Cy, . Hence , ¢"C, —9"Cy is Hilbert-Schmidt iff C, — C,
is Hilbert-Schmidt. This completes the proof of the Theorem 4.2.1 . O

4.3. Hilbert-Schmidt norm of another difference operator

Reversing the order of the weights , we now consider the operator ¢"C, — ¢"Cy,
acting boundedly on A% . Notice that it becomes zero operator if ¢ = 1 or equiv-
alently ¢ = 0. So, again we expect ¢ to be involved in the Hilbert-Schmidt norm of
Y"Cy, — ¢"Cy as the cancellation factor. In fact, this hope of ours is actually true.
For the sake of simplicity , we will prove it taking o = 0. The case when « # 0 can

be handled by a slight modification of the same proof technique.

THEOREM 5. Let us fir n € N and consider the operator ¥"C, — ¢"Cy acting
boundedly on A%. Then

IC, = " Collis = 32 6+ 1) [ 1) (0 () = (02" () FdA (2

/Icp 2) " (2) " 02 ( IdA /Iso 2) " (2 ||02()|dA(Z)'
(1=l (=) ) (1= (=) )

PROOF. We will first introduce a notation . For f € H (D) and n € NU {0} , let

us define the function f, € H (D) as follows:

Fo(m =B ep

Zn

Equivalently,
2) = forj? , z€D
§=0

Then the following Lemma is obvious .

LEMMA 4.3.1. For eachn e NU{0} , fe€ H(D),

("Cy = ¢"Cy) (f) = (¥"Cp = ¢"Cy) (Suor f) + "™ (Cp = Cy) (fa)
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PRrROOF OF THE LEMMA. Let z € D. Then
(" Cp = @"Cy) (f) (2) = (W"Cp — " Cy) (Sn1 [ + Ru1 [) (2)

= (@"Cp = " Cy) (Sn-1 f) (2) + (W"Cp = ¢"Cy) (Bna f) (2) -

But,

(¥V"Cp = " Cy) (Bn-1 f) (2) = (¢ (2))" Bna f (0 (2)) = (0 (2))" Bua f (¥ (2))

— W E) (o ()" [W] o) () [W]

)
=@ E)" (@) fa (9 (2)) = (2 ()" @ ()" fa (¥ (2))
= "4 (Cp = Cy) (F) (2).

This completes the proof of this Lemma. O

Applying Lemma 4.3.1 for f = e , where ¢ is the k—th element of the standard

orthonormal basis of A%, we get

(67Co = "Co) (ex) = (5"C = ¢"Cu) (Su-ren) + 0" (C, = C) ((en, )
(4.3.1)

Casel. Letk<n—1.¢;(2)=vk+1 2% . Therefore R,_ie;, = 0 and consequently

(ex), =0 . Also,
Sn_1ex(2) =VEk+ 125,

Therefore , from (4.3.1) ,
("Cp = ¢"Cy) (o) (2) = VE+ 1 | (2)" (9 (2))" = (0 (2)" (@ (2))"] -

Case II. Let k£ >n — 1. Then S, e, (2) =0 . Also,

—

(er), (2) = VE+ 125",
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Consequently , from (4.3.1) ,

(" Cy = 9"Cy) (ex) (2) = VE+ 1 (2(2))" (¥ (2))" (0 ()" = (@ ()" "] -

Combining the above cases, we obtain the following Lemma.

LEMMA 4.3.2. Let us fir n. Then

VEFT [0 ()" (0 (@) = (e ()" W ()] if k< n—1.
VEFT (0 ()" (0 ()" [(0 ()" = @ ()] if k> - 1.

(V"Cp — 0" Cy) (er) (2) =

We will now start proving Theorem 5. By definition,
[4"Cp = " Cyllfis = Y | (@"Cyp = 0"Cy) exl®.
k=0
Now , applying Lemma 4.3.2 |

[e') n—1 ')
YN @W"C, = @"Cy) enlP =D || @"Cyp — ©"Cy) el + D || @"Cyp — ©"Cy) ex)?
k=0 =0

k=n

=3 4 1) [ 106 ()~ (0 () () FaA )
+3 1) [ eGP0 () P G () — (6 ()" PAA ).

The above shows that to prove Theorem 5 , we have already obtained the correct first

term on the right hand side. We will now estimate the 2nd term. The 2nd term

= [ eGP 16 (2) [ F (n ) dA(2) |

where,
o0

F(np) =30 (k+1) [ (o))" = (0 ()%

k=n
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An elementary complex algebra shows that

zwmwmozgfw+¢ﬂwwW“%+§§wwwn¢@W“%

_2%<i (k+1) (@(z)@/z(z))k_n) .

k=n

We notice that each of the above three series is of the form Y~ (k+ 1) 2" where
k=n
|z] < 1. Now , for |z] <1,
Sok+1) =Y (k+n+1) 2" => (k+1) 2" +n ) 2"
k=n k=0 k=0 k=0
1 1 1—
. oy lin(-2) (4.3.2)
-2 1-2 (1-a)
We will apply (4.3.2) , taking = = |¢ (2)|, [¢ (2)|* and ¢ (2) 1 (2) to obtain
L+n (1=l (2)P) 1+n(1—|¢ L+n(1-¢(2)¥ (2))
F(n,p1) = o\ 2 + 2
(L-le=)) (1-1(2) )9 (2))

_L+n(1-1aP) +1+"(1_|b|2> — 2R (Hn(lab)), (4.3.3)

(1 1al?)’ (1 - P’ (1 ab)’

where a = ¢ (z) and b =1 (2) .

Now let us make the same change of variable as used previously:

Then w = g, (b) . Also,

| b2 = (1 —lal?) (1 = Jw]?)
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and,
2
1—ab= (1—|a| )

1l—aw

Substituting in (4.3.3) ,

n (1= o) (1 - Jul’) 7 (1~ laf’)

1+

F (o) — 1+n(1—]a|>

_ 9% 1 —aw
(- () (-l

(1)

11— awl|* (1 — aw)’

_Lm (1 - |a|2) + {ll S (1 _ |a|2> (1 S |w|2) } N
(1- laP)’ (1) (1 - wl?)”

. ((1aw)+n(212a )) )
(1= lal*)

- ! G(n,e,9),

(1 =1al*)

where |,

1—aw*  n(1-laf) 1 —aw

(1w’ 1= fw]”

G(no ) =1+n(1-laf*) +

—2R (1 - aw)’ - 2n (1 - |a]*) R (1 - aw).
Regrouping terms , we have

1— —14
G (n,0,0) = [1— 2R (1 - aw)’ + [1 — aw'] + 1 — am|

1_* 2
+n (1 laf?) [1+ |1 ’aw’L —2R(1 —aw)]
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IR Rk S ——

(1= fwP)’
(1= Ja?) |1 2R (1 = aw) + 1 = awl + 1 - aw*{ —— — 1
1— |w?

11— aw|* (2= |wl’) Jw|”
(1= 1ul)’

1 —awl* (2= [w]*) wf’
(1= 1wl

11 — aw]? 11— |a®
1—|w)®  1—1b

222 s 1 —aw]’ |w|®
— 12— awf Jaf '+ 11— amf” uf?

2 _
n(1=1af*) |11 = (1 - aw)* + —

= [2 — aw]’ |a|* w[*+

+ (1 | |2) -’ |2| |2+ |]' —aw|2|W|2
n — |a a w —_— .
i 1—wf’

It is an elementary observation that . Hence ,

G (n,p,¢) = 2 — aw|” |a|” |w]*

2\ 2 2 2 2 2
MYy O
1—1b
[ 22 2 o 2
| aajat + L7120 <2_‘w‘>+n(1—|a|2) ot (1)

_ (1— )’

= Jw]? _|a|2 {12=aw* +n(1-af*)} + 8‘;2; (2 uf) + n (1 a?)”

Applying triangular inequality in bothways,

1< |2 —aw]* <09.

Also,

0§n(1—|a\2)Snandl§2—|w|2§2.

Hence ,

G (n,0,0) < [w]* ||af* + (1 - |a|2> . n (1 - |a|2)2
- (_pp)? 1P
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This implies that

F(n,p,¢) <

L+ 22+n|w|22.
(1=1laf)” (1=pf)" L-10l

Clearly from definition, F' (n,¢,v) = F (n, 1, ¢) . Hence interchanging a and b, it also

(4.3.4)

follows that

wl ol ol
2

() (1-jaf)’ 1-la

Adding (4.3.4) and (4.3.5) , we obtain

F(n,p,¢) =< 5 - (4.3.5)

Jwl” Jwl® Bl Jw|” njwl”

(P (P L () (L faP)’ LIl

w|” |a|® w|? n w|? w|” |b]? jw|? n|wl’
- o\ 2 + o 2 + 2
( _(1—|b|) (1—|b|) 1 — bl

B \wFOﬂ2+1)+_nhm2_ Wwf(w2+;)+ nfuf*
(1P 1—b]

N N 7 O 1
(1=jaP)* 1=l | " | (L= pp)* 1= PoP]

since 1 < |a]® +1,[b|* + 1 < 2. Then,

||2 2

(1 1af)’

[w]

(1= 1)

F(n, ) = [1+n(1-1]af)]+ [1+n(1=p)].
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Clearly, 1 < 1+4+n (1 - |a|2) 1+n (1 - |b|2) < 1+ n . Hence,

|2

lw jw|” 0% (2)] 0% (2)]
5 + 2 = 5 T 2
(1 - !al2) (1 - |b|2) (1 - Iw(Z)\Z) (1 — | (Z)IQ)

This completes the proof of Theorem 5 . U

F(n,p,9) =

COROLLARY 4.3.1. Let us fir n € N and consider the operator y"C, — ¢"Cy
acting boundedly on A%. Then ¢"C, — ©"Cy is Hilbert-Schmidt iff

< 00

/\90 2) ["[Y (2) "0 (2) | dA (2) <Ooand/ o () "¢ (2) "] 0% (2) | dA (2)
(1=l (=) )’ D (1=l (=) )

4.4. A more general difference operator

As the progress suggests , we have been able to obtain a complete characterization
of the Hilbert-Schmidtness of uC, — vC, in terms of integrability conditions on ¢
and 1 where v and v are of the form ™ and ¥" respectively or vice-versa. In
an even more general setting , we may consider a difference operator of the form
oMYk C, — "Rk Cy, . Then it is easy to check that
Syt gt PR (U, — " ROy )itk <n — k.

gDn—lwn—k (SD%_”Cgo _ w2k—ncw> itn—k<k
Clearly, the external weights can be absorbed within the weighted area measure on
D while integrating a function in A% . Therefore , in view of Theorem 5 and The-
orem 4.2.1 | the problem of obtaining a complete characterization of the Hilbert-

Schmidtness of the operator *y"=*C, — "~ *y*C,, is also solved.
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4.5. Boundedness and compactness of the new difference operators

In section 4.4 , we have introduced a new type of difference operator and have
discussed its Hilbert-Schmidtness. In this section , we discuss its boundedness and

compactness.

THEOREM 4.5.1. Let 0 < p < ¢ < 0o. Then ¢"C, —"Cy is bounded (compact)
from AP to L9 (u) iff C, — Cy is bounded (compact) from AP to L9 () .

PrOOF. We recall from (4.2.1) that for each n € NU {0} and each f € H (D) ,
(¢"Clp = ¥"Cy) (f) = (C, = Cy) (7).
Therefore to prove this Theorem, it is sufficient to prove the following claim.
CLAIM 5. Let f € H(D). Then f € AP iff f* € AP

ProOOF OF THE CLAIM. It is obvious that if f € A? then fr e AP . To prove

the converse, let fA” € AP . Then,

L1 P dAaz) = [ 17 G dAa / 2P dda (2)

2

I Iz

Since f € H (D), therefore I; is clearly finite. Let us now estimate I5 .

1
1:/ PdA, (2) = —— / " PdA, (2) < 2|2 f|| <
1= [, N A0 = o [ 617 1 P dAa () £ 27177 < o
2 2
Consequently | / |f (2)[" dA, (2) < o0 or equivalenly f € AP . O
D
This completes the proof of the Theorem. ]
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THEOREM 4.5.2. " C,—¢"Cy, is bounded (compact) from AP to L? (p) iff C,—Cy
is bounded (compact) from AP to LI (o™ "u) .

PROOF. Lemma 4.3.1 gives us that for each n € NU {0} and each f € H (D) ,
(W"Clp = 9" Cy) (f) = ("Clp = 9" Cp) (Sua [) + "4 (Cp = Cy) (Fu)

Since 5,1 is a finite-rank operator on AP, therefore (¢"C, — ¢"Cy) Sn—1 is a finite-
rank operator from AP to L9 (u1) . Every finite-rank operator is bounded and compact.

Also by Claim 5 , f € AP iff ﬁ € AP . Hence the result follows. O

REMARK 2. The boundedness and compactness criteria for C, — Cy have been
established for a target space L7 (u) where u can be any non-negative Borel measure
on . Therefore, in view of the operator-theoretic equation in section 4.4 , Theorem
4.5.1 and Theorem 4.5.2 , the problem of complete characterization of boundedness

and compactness of the operator o*y""*C, — " *pkC,, is now solved .
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CHAPTER 5

FUTURE RESEARCH PLANS

Our ultimate goal is to characterize boundedness, compactness and Hilbert-
Schmidtness of an operator of the form uC, — vC, where u and v are any pair
of bounded analytic functions on ID. In chapter 3 and 4, we solved those problems for
a very special class of weights viz when u = ¢*9" % and v = ¥*©"~* for some integers

n and k. Our immediate next plans are highlighted in the following two sections.

5.1. Other analytic weights v and v

In [CHK], the authors established integrability conditions on ¢ and 1 , involving
the cancelation factor o, to characterize Hilbert-Schmidtness of C, — Cy, on AZ. Using
a change of variable method, we have been able to obtain similar characterizations for
a more general operator ¢*y"*C,—*"*C,, | involving the same cancelation factor
0. 5o the next thing we want to try is to investigate the Hilbert-Schmidtness of uC, —
vCy when u and v are other types of combinations of ¢ and 1. We suspect that even
when u and v are combinations of ¢ and ¢ , the cancellation factor is not necessarily
o. In those cases, it may be a great challenge to determine the right cancellation
factor. We hope some modification of our change of variable method will help us to
determine that cancellation factor. Once we know what is our cancellation factor, a
natural expectation is to be able to involve the same factor in the boundedness and

compactness problem associated with our operator.
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5.2. Compactness of C, — Cy from A} to L7 (u)

We recall from chapter 3 that assuming p > 1 is essential to prove the compactness
criterion of C, — Cy. Because unless p > 1, the sequence {R,} is not necessarily
uniformly bounded, a tool that has been used in several places to estimate the essential
norms. So, it is also one of our future plans to develop a method that will help us

investigate the compactness of C, — Cy, acting from A} to L7 (u).

5.3. Schatten-p membership of C, — Cy,

At the very beginning of our research, we investigated schatten-p membership of
C, — Cy acting on A2. For p = 4, we found a nice integrability condition involving a
double integral. However , we were unable to detect a cancellation factor that would

separate ¢ and v in terms of integrals . In future, we want to continue this effort.
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