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INTRODUCTION

One general inverse problem of the Calculus of Varia­

tions in the plane is that of finding an integrand function

F(x,y,x*,y*) for which a given two parameter family of

curves in the parametric form

x = <p (t,a,b) , y =y^(t,a,b) h 1 t < tg ,

are the extremals for the integral

f*2
I = / F(x,y,x»,y’)dt.

Jtl

The present problem has been discussed rather widely in
1

the non-parametric form, especially by Stromquist and
2

Bolza. So far as is known by the author this problem has
3been studied previously in the parametric form by Bliss,

but his use of a direction angle complicates the form of the

solution. He avoids the solution of a system of differential

1. Stromquist, Carl E., rtA Second Inverse Problem of
the Calculus of Variations”, Annals of Mathematics, Vol. IX
(1907-1908), pp. 57-68.

2. Bolza, Oscar A., Lectures on the Calculus of Varia­
tions , pp. 30-43.

3. Bliss, G.A., "On the Inverse Problem of the Calculus
of variations”, Annals of Mathematics, Vol. IX (1907-1908),
pp. 123-143.
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equations in favor of a single equation, by talcing his inte­

gral in the form

4<x> y- t > <x'2+ ,

where T is the direction angle.

The purpose of this paper is to develop a more direct

solution of the inverse problem stated above for certain

special families of curves as extremals. We shall employ

methods very analogous to those of Stromquist for the non­

parametric problem. It will be shown that a given one para­

meter family of straight lines or circles as extremals and

transversality equivalent to orthogonality give rise to an

integrand function which is unique except for an arbitrary

function of a known argument. It will further be shown

that a two parameter family of straight lines or circles as

extremals and transversality equivalent to orthogonality

leads to an integrand function which is unique except for

an arbitrary constant.

Chapter I gives the frequently used preliminary defi­

nitions and theorems.

Chapter II is devoted to the problem of finding the

most general integrand function F(x, y, x', yf) of a Cal­

culus of Variations problem, having given as extremals a

one parameter family of curves. Two types of curves are 

considered, namely, the straight line and the circle. In 
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the former case the results show that the integrand, func­

tion is of the form

f 2 2\ 2 2 aF = W ^(x - XjJ + (y _ y1} \ (x* + y’ ) ,

where W is an arbitrary function of its argument for the

family of lines through the point (x^, y^). In the latter

part two different systems of circles are considered. If

the family of circles is taken with the center at the ori­

gin and variable radii, the integrand function takes the

form

F = i/y W(y/x) (x’2-t- y*2)^ .

If the family of circles has variable centers along the x-

axis and has a constant radius, the function now has the

form

F = —■ W(x - (1 - y2)^+ iOg )(x» + y’2)^,

where W is an arbitrary function of its argument.

Chapter III has to do with the finding of the most

general integrand function F(x, y, x’, y') of a problem of

the Calculus of Variations for which a given two parameter

family of curves is extremals. The same general outline

is followed in this section as that given in Chapter II.

Transversality is taken as equivalent to orthogonality.

Again there are considered two types of curves: the 
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straight line and the circle. In the first case the result

shows that taking a two parameter family of straight lines

as extremals of our integral, the most general form of our

integrand function F(x, y, x’, y* ) is

F = c (x’2+ y’2)^ ,

where c is any constant not zero. Next is considered a two

parameter family of circles with centers along the x-axis

and variable radii as extremals for an integral I. The

most general form of the integrand function is

2 2 i
F(x, y, x’, y’) = c/y (x’ + y’ ) ,

where c is an arbitrary constant not zero.
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Chapter I

Some Preliminary Definitions and Theorems

The simplest type of parametric problem of the Cal­

culus of Variations is that of minimizing an integral

/’t2
I = / F(x, y, x’ , y»)dt

J *1

in a class of admissible curves

(1) x = x(t), y = y(t) tx= t = t2

1
joining two fixed points 1 and 2 in the (x, y)-plane. We

shall suppose that the integrand function F(x, y, x’, y*)

satisfies all the usual continuity and homogeneity prop­

erties for (x, y) in a region R of the plane and all
z 2

(x* , yT ) p (0, 0). A curve (1) will be called admissible

if it lies in a region R, is continuous, and has a con­

tinuously turning tangent, except possibly at a finite

number of corners; for all lx*, y’) (0, 0), that is, a

curve of class D’ •

A continuous curve is defined by a system of two equa­

tions

1. We shall denote all derivatives of x and y with re­
spect to the independent variable t by primes and all others
by subscripts.

2. Bolza, od. eit., p. 117.
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x = 4> (t), y = \|/ (t) t = t = t
1 2

4 and. Xp' being functions of t, defined and continuous in

1 2
The curve will be said to be of class 0" if the para­

meter t can be so selected that 4 (t) and (t) have con­

tinuous first and

and (t) do not

4 0 in

second derivatives in (t t ) and if 4'(t)

vanish simultaneously in (t t ); that is,1 2
(ti tg). By an "ordinary*1 curve is under­

stood a continuous curve which is either of class C* ----  a 

curve having continuous first’derivatives in (t t ) or else

is made up of a finite number of arcs of class G*. A point

where two different arcs meet is called a corner if the di­

rection of the positive tangent undergoes a discontinuity

at that point.

In order that the integral I be independent of the

choice of the parameter t, it is necessary and sufficient

that the integrand function F(x, y, x’, yT) be positively
homogeneous of degree one in the variables (xT, yr) ,^ that

is

F(x, y, kx’ , ky*) ~ kF(x, y, x’, y») k >0

1. Ibid., p. 119.
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The first necessary condition on the curve (1) if it

is to minimize the integral I is that it satisfy the well-

known Euler differential equations

F - dF ,/dt ~ 0 F — dF ./dt = 0 .x y y

Since (x’, y’) £ (0, 0), it is easily seen that these two

equations are equivalent to the Weierstrass form

(2) T = F . - F + F (x’y” - x”y’ ) = 0 ,

where the function F^ is defined by the following ratios;

2 2
F1 - Fx’x’/y’ - -"Fx’y’/X’y’ - Fy’y’/X’ *

If instead of the end points being fixed they are

allowed to move along fixed curves, we are led to a study

of the so-called transversality condition. A curve whose

equations are of the form 

(3) x = x(r), y = y(r)

is said to be a transversal to the curve (1) at their point

of intersection, if the equation

x'F ,+ y'F , =0

is satisfied at this point. The arguments of F are those

along the curve (1). Conversely, any two given functions

T-]_(x, y, x’, y’) and T2(x, y, x1 , y’) of class C” in a

region R1 of (x, y, x’ , y’ )-values having the property
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x‘T + y’T 0X c*

define a transversal relation (3), belonging to a problem

of the Calculus of Variations with a fundamental region R*

in which F is different from zero. The most general such
1

integrand function F is of class C’’’ and is of the form

, t K H(x, y, x' , y’)
F(x, y, x’, y’) = G(x, y)e , 

where

r y' i
HZ/ (T, dx’+ T.,dy’) (x* T-. 4-y'Tp) .

‘/x’yo’ 1 2 | 1 2

Here (x£, yJ) is any fixed admissible element of R’ and

G(x, y) is not zero and is of class C’’ ’ but is otherwise

an arbitrary function of its arguments.

In this paper we shall be primarily interested in the

special case for which transversality is equivalent to

orthogonality. This means T^ z x' , T<> - y’ , which have the

properties stated above. The integrand function F now

takes the form

2 2 i
F(x, y, x’ , y») = G(x, yjtx'iy' )

1. Mancill, Julian D. , "Problems of the Calculus of
Variations with Prescribed Transversality Conditions",
American Journal of Mathematics (April, 1939), LXI No. 2.
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Chapter II

One Parameter Family of Curves as Extremals

1. Statement of the problem. The purpose of this

chapter is to consider certain one parameter families of

curves, which when taken as extremals for the integral

P ^2I = / F(x, y, x’, y»)dt

necessitate the finding of the form of the most general

integrand function F(x, y, x', y').

2. Straight lines. Consider a system of one para­

meter straight lines

x = t +x,
(4)

y Z mt + y .

Now the problem is to determine the most general integrand

function F(x, y, x* , y’) for which the given system of

curves (4) shall be a one parameter family of extremals for

the integral

nt9 2 2 i
I = / G(x, y)(x‘ + y* ) dt.

tl

This problem has an infinitude of solutions which can be

obtained by quadratures.

From the equations (4) we have
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x» = 1 ,

x” = 0 ,
y' = m - (y _ yi)/(x _ Z1)

y" i o .

.¥ i th these values Euler’s equation (2) becomes

(5) F . - F , = 0xy’ x’y

which is a partial differential equation in the integrand

function F. Since F is of the form

2 2 £
F = G(x, y)(x* 4- y’ ) ,

it follows that equation (5) is now

(6) y' G _ x' Q - 0 ,
A. j

which is a simple partial differential equation of the first

order in G. To integrate (6) we make use of the auxiliary

set of equations

(x - x-jjdx/ty - y-J = dy/-l = dG/0

from which are obtained the following two independent sol­

utions

G —• c
2 2

(x - x-J + (y - y-J = c2

The most general solution of equation (d) is of the form
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c = W(c )
X <3

or

/ 2 2G = W ^(x — x^) + (y - y^) j ,

where Iff is an arbitrary function of its argument. Therefore

F(x, y, x* , y’) is of the form

/ 2 2. 2 2 £
F(x, y, x’ , y» ) = W (x - xj + (y - yj ] (x» + y» ) .

Since iff is an arbitrary function, there are an infinitude

of integrand functions F for which the one parameter family

of straight lines (4) is extremals. Therefore, to deter-
1

mine F uniquely some further condition should be imposed.

We may summarize our results in the following

statement:

The most general form of the Calculus of Variations

problem with the integrand ?(x, y, x1 , y* ) for which the

family of straight lines (4) is a one parameter family of

extremals and for which transversality is equivalent to

orthogonality is

/‘t2 / 2 2t 2 2 &
I = J W / (x  x1) + (y — y^) 1 (x» f y» ) dt ,

tl ' '

where <7 is different from zero and possesses sufficient

1. Stromquist, loc. cit. , p. 63.
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continui ty properties but is otherwise an arbitrary f unc-

tion of its arguments*

It is interesting to note that the argument
— x1) + (y — y^)*J of the function W set equal to a

constant is the one parameter family of orthogonal tra­

jectories of the family of straight lines (4).

3. Circles* Another type of one parameter family of

curves to be considered, is a system of circles with the

center at the origin and with variable radii, that is

x = a cos t
(7) y — a sin t

If the family of curves (7) is used as a one parameter

system of extremals of the integral

/’to
I = / F(x, y, x’, y»)dt ,

J tT

then it is necessary to find what form the most general

integrand function

F = G(x, y)(x’ + y* )

takes.

From the equations (7) we have the following deriva­

tives

x’ =  a sin t -  y , yf = a cos t e. x

x’* — — a cos t z - x , y’ ’ z - a sin t -  y .
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Putting these values in the Euler equation (2), we have the

differential equation

2 2
(8) F , - F + F (x + y ) = 0 ,

Jr JL

where

. 2 2
F = F . ./y’ = —F , ,/xTy* = F /x«i xTxT x’y*' J y’y*'

Since the foi’m of the most general integrand function is

2 2 o
F = G(x, y) (x* -by* ) ,

then

. 2 2 1
Fx - G(x, y)/(xl + y’ f

Substituting the

equation (8), we

values of F^, ,

see that it becomes a

, and F in the
1

partial differen­

tial equation of the first order in G,

(9) xG+yG = - G .x v y

, To obtain the most general solution of the equation we use

the auxiliary set of equations

dx/x — dy/y — dG/— G

from which are found two independent solutions

yG = c1 , y/x = °2 •
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The most general solution of equation (9) is of the form

or

0-1 = r/(c )

G = 1/y l¥(y/x) ,

where 'H is an arbitrary function of its argument. Therefore,

F(x, y, x* , y1 ) may be written

2 2 4
F = 1/y W(y/x) (x* + y’ ) .

Since l¥ is an arbitrary function, there are an infinitude of

integrand, functions F, for which the family of circles (7)

is extremals.

A summarization of our results follows:

’ The most general form of the Calculus of Variations

problem with integrand. F(x, y, x1 , y1 ) for which the family

of circles (7) is a one parameter family of extremals and

for which transversality is equivalent to orthogonality is

/’tp 2 2 iI = / 1/y W(y/x)(x’ + y* ) dt ,

where' W is different from zero and possesses sufficient

continuity properties but is otherwise an arbitrary func­

tion of its argument.
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Another interesting family of curves is the one para­

meter family of circles with centers along the x-axis and.

with constant radius, namely,

x = cos t +a
(10)

y Z sin t

Now the problem•resolves itself into determining the most

general integrand function F(x, y, x’, y* ) for which the

given family of curves-(10) is a one parameter family of

extremals for the integral I

ft2 2 2 i
I = / G(x, y)(x* + y’ ) dt .

Jt-L

From equations (10) we find

o x
x» = - sin t - - y , y’ = cos t = (1-y )a

2 i
x’» z - oos t z - (1-y ) , y' ’ Z - sin t - - y .

Using again the Euler differential equation (2) we have an

equation of the form

F - F + F = 0
xy* x'y 1

Since
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We may now write equation (11) as

(12) (1 - y J &x+ y Gy + G = 0 ,

which is a simple partial differential equation of the first

order in G. To obtain the most general solution of this

equation we use the auxiliary set of equations

2 4-
dx/ (1 - y ) = dy/y = dG/- G

from which result two independent solutions

y G = c x - (1 - y2)^+log -1-* -1-1- y-* = c
X J £

The most general solution is of the form

G = T - (1 - y2)*+los —-11-/ y2|i^) ,

where ,» ia an arbitrary function of its argument. There­

fore, the function F(x, y, x‘, yk) may be written as

* = 1 - (1 - y2A10g W+ /)*.

Since W is an arbitrary function, there are an infinite

number of integrand functions F for which the family of

circles (10) is a one parameter family of extremals. A

summary of the results obtained follows:

The most general form of the problem of the Calculus

of Variations with the integrand function F(x, y, x* , y1 )
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for which the family of circles (10) is a family of

extremals and, for which transversality is taken to he

orthogonality is

2 w(x - (1 - y2)^iog LjJ,1--xJ^\(x»24. y»2)^dt
y /

v/here W is different from zero and possesses sufficient

continuity properties but is otherwise and arbitrary func­

tion of i ts argument.
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Chapter III

Two Parameter Family of Curves As Extremals

1* Statement of the problem. Suppose a two parameter

family of curves

x = x(t, a, b)

y = y(t, a, b)

is taken as the family of extremals of a problem of the Cal­

culus of Variations (1). We attempt now to determine the

form of the most general integrand function F(x, y, x’, y’)»

The necessary conditions on the curves to be used here are

given in the statement of theorems and definitions in Chap­

ter I.

2. Straight lines. If there is considered a two para­

meter family of straight lines

x — t
(12)

y — bt + a

as extremals for the integral (1), then we are to ascertain

the form of the integrand function F(x, y, x’ , y*). From
1

the equations (12) it is easily seen that

1. From here forward the derivative of x with respect
to the independent variable t is denoted by p. Similarly
the derivative of y with respect to t is q.
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P = x’ = 1
(13)

r” - 0 y” - o

q = yr = b

The values of the derivatives found in (13) placed in the

Euler differential equation (2) reduce the equation to an

identity in x, y, p, q. The equation itself is now

(14) F — F = 0 .
xq yp

Differentiating the equation (14) with respect to p we have 

(15) F - F = 0 .xqp ypp

As shown before, the following relation exists between the

functions F and F^

(16) F SF /q2=-F /p4 = F /„2 .
1 PP Pl 44

The equation (15) is now 

(17) p q F + q2 F -
lx ly

which is a partial differential equation in the function F .

To integrate (17) we make use of the auxiliary set of

equations

dx/pq = dy/q2 — dp/O = dq/O = dF^/O

from which are obtained the following independent solutions
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q ZO2

P “ °3

qx - py = o4

The most general solution of the differential equation (17)

is

°1 = W(02- °3* °4>

or

(18 ) F = W(p, q» qx - py)>

where W is an arbitrary function of its arguments. Looking

again at statement (16) which gives the ratio formulae for

F^, we find, that

o
F = F /q = W(p, q, qx-py). ■

1 PP

In the introduction it was shown that for the certain con­

ditions imposed on the extremals (12) and the transversals

the integrand function takes the form

F = G(x, y) (p2+ q2)2

Then equation (18) may be written as

P 2 2 2F = <1 W(p, q, qx — py) = q G(x, y)/(p + q )z
PP “
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For this functional relationship to exist it is necessary

and sufficient for the Jacobian

to vanish identically in (p, q). The expansion of this

determinant gives a simple partial differential equation 

in G, namely, 

(19) P & +1G = 0.x y

Since the equation (19) is an identity in p and q, then it

is necessary and sufficient for the coefficients of p and

q to vanish, giving

g = o , a = o .

The solution of these differential equations give the result 

G - c

where o is an arbitrary constant not zero. We may now write

the most general integrand function as follows:

9 ? k
f(x, y, p> q.) = dp + q. )
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A summary of the results obtained in this section

follows:

The most general form of the Calculus of Variations

problem with the integrand F(x, y, p, g) for which the

family of straight lines (12) is a two parameter family of

extremals and for which transversality is equivalent to

orthogonality is

I = P2 o(p2+ 42)^ 4t .

where c_ is an arbitrary constant not zero*

If instead of differentiating equation (14) with respect

to the variable p, one had differentiated with respect to the

variable q, then it is easily seen that the same result for

the form of the integrand function F is obtained.

3. Circles. An inverse problem of the Calculus of

Variations arises when a two parameter family of circles

with centers on the x-axis and wish variable radii

x = c cos t + a
(20)

y = c sin t

is given, and one attempts to determine the most general

integrand function F(x, y, p, q) so that the given family

of curves (20) will be extremals for the integral
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I = P2 F(x,

From the equations (20) we

y, P, i)dt .

find the derivatives

x' ~ p ~ —c sin t
(21)

X* ’ — —c cos t

y* — q z c cos t

y’ ’ z —o sin t

It follows that

x’ ’ z -q , y” z p .

These values substituted in the Euler differential equation

(2) must reduce this equation to an identity in xtytp, and q;

that is,

2 2
(22) F - P + F (p + q ) = 0 .

xq yp 1

Differentiating this equation with respect to q gives the

differential equation

2 2
(23) F - F + F (p + q ) + 2qFn Z 0

xqq ypq lq 1

A known relationship exists between the function F and F,

that is

o 2
(24) F = F /q =-F /pi = F /p .

1 PP pq

Hence by using these ratios in equation (23) there results

a partial differential equation in the function F^, namely,
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(25) p F 4. p q F f F (p2> q2) +■ 2 q F - 0

lx ly Iq 1 “

To integrate the equation we make use .of an auxiliary set

of equations

dx/p = d-y/pq = dq/(p + q ) = dp/O = dF^/—2qF^

from which are found four independent solutions

Fl/y = cx > P = o2
2 2 2

px + qy = c3 , y (p + q ) zo4 ,

The most general solution of the equation (25) is now

°1 = ff(o2> °3* C4>

or

2 / 2 2 2
F - y w(p> px+qy, y (p + q )

where W is an arbitrary function of its arguments.

In the introduction it was shown that, since the con­

dition of transversality is orthogonality, the integrand

function F(x, y, p, q) takes the form

F s G(x, y)(p2+ q2)2 •

Referring again to equation (24) we can write a general re-
2 2 i

lationship for the functions F, F^, and G(x, y)(p + q ) >

namely,
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F1 = Fw/p2 - p2 0(I’ y>/<p2+ a2)*

or

Fi = G(x, y)/(p2+ q2)^ .

More explicitly we write

G(x, y)/y2 (p2+ q2)x= w(p, pxfqy, y2 (p24-q2)

For the functional relationship to hold, it is necessary and.

sufficient for the Jacobian

o o i 0

f x 4

° iff

to vanish identically in (p, q). The expansion of this

determinant gives a simple partial differential equation in

the function G(x, y) ,

(26) q (y Gy+G) + y p Gxz o

Since the equation is an identity in p and q, it is necessary

and sufficient for the coefficients of p and q to vanish,

giving
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y = 0 , y G + G = 0

From the second of these equations we see that G has the

form

G “ c/y »

where c is an arbitrary constant not zero. Therefore, the

most general integrand function is of the form

F = c/y(pI 2+ q2)^

A summary of the above results can be stated as follows

If the condi tion for transversality is equivalent to

orthogonality and if a two parameter family of circles with

centers along the x-axis and with variable radii is taken as

extremals, then it follows that the integral for which these

circles are extremals is of the form

I = f 2 c/y (p2+ q2)dt ,

J^i

where c is an arbitrary constant different from zero.

It is interesting to notice that if this same family

of circles (20) is given as extremals and if in equation

(22) we differentiate with respect to p instead of q, then

a trivial solution F = 0 results. A brief outline of this

solution follows.

The values found in (21) for the first and second

derivatives of x and y when substituted in the Euler
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differential equation (2), reduce this equation to an

identity in x, y, p, q, giving

F
xq

2 2
F + F (p + q ] = 0

yp 1

Differentiating this equation with respect to p gives the

differential equation

(27) F — F +■
xpq ypp

2 2
F Ip + q ) + 2 pF - 0
Ip 1

which becomes a partial differential equation in F^ when the

known relationship between F^ and F (24) is used. Equation

(27) is now

2 2 2
(28) pqF + q F - F (p +• q ) - 2pF Z 0lx ly ip 1

To integrate the equation we make use of an auxiliary

set of equations

dx/pq = dy/q2 = dp/-(p2-b q2) = dq/O = dF1/2pF1

from which are found as previously four independent solutions

2 2q = C1 , x/q+1/2 log(p 4- q ) = Cg

2/ 2
<jx-t-y2/2 = o3 , /4 = o4

The most general solution of equation (28) is now

c4 = C2» c3^
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or

Fx = e 4 w(j> x/q + l/2 log(p2+ q2), qx+y2/2^ ,

where W is an arbitrary function of its arguments.

As shown previously the function F is of the form

F B G(x, y)(p2+ q2)^ ,

With the aid of the relationships of equation (24) we can

write a general relationship existing among the functions
F, F^» and G(x, y) (p2+ q2)8, namely,

_ — t> / 2 _ _. » 2/. 2 2F = F /q = G(x, y) q /(p -f- q )£
1 pp

or
« 2,22 2 4 -y / q / 2 2 2G(x, y)/(p 4- q ) = e w(q, x/q + 1/2 loglp + q ),qx + y

A necessary and sufficient condition for the relationship 

to exist is for the Jacobian

v)'/ (f +V
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to vanish identically in (p, q). The expansion of this

determinant gives a simple partial differential equation

in the function G(x, y), namely,

2
(29) q G - yG - qyG - 0 ,v X

where p and q must be regarded as parameters since G is a

function of (x, y) alone. To integrate this equation we

again make use of the auxiliary set of equations

2dx/qy x dy/-q = dG/-yG

from which are obtained two independent solutions

qx + y2/2 - cx , eX/q G = c2

The most general solution may be written as

°2 = W(O1>

or

By the condition found that the function G will be a func­

tion of (x, y) alone, then G and G must vanish identically
P q

From equation (30) we find

G = 0p
G = e"*/4 (x/q2 W+x ») = 0 ,

q u
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2where u = qx + y /2, from which it is easily‘seen .that W = 0

and in turn obviously G = 0, giving a trivial solution.

From the two solutions given in this section we draw a

definite conclusion:

If a given two parameter family of circles having

their centers on the x-axis and having variable radii and

if further the condition of transversality is orthogonality,

then the integrand function F(x, yt x' , y1) of a problem

of the Calculus of Variations, which has the given family

of circles as extremals, has its integrand function in the

form

„ , / 2 2 JF = c/y(p 4- q. ) ,

where c is an arbitrary constant not zero.
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