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Abstract

Ž ) .We construct a deformation of the quantum algebra Fun T G associated with Lie group G to the case where G is
replaced by a quantum group G which has a bicovariant calculus. The deformation easily allows for the inclusion of theq

current algebra of left and right invariant one forms. We use it to examine a possible generalization of the Gauss law
commutation relations for gauge theories based on G . q 2000 Elsevier Science B.V. All rights reserved.q
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1. Introduction

For many descriptions of dynamical systems
where continuous symmetries are present, one re-
quires more than the existence of a Lie group G and
its corresponding Lie algebra g. One often relies on
the existence of a bicovariant calculus on G. This is
especially true when constructing currents and cur-
rent algebras. A bicovariant calculus is also useful
for gauge theories. Loosely speaking, the bicovariant
calculus allows for compatible left and right actions
on a bimodule constructed on the group. The bimod-
ule is spanned by the left or right invariant one
forms. While there is a natural construction of a
bicovariant calculus for any Lie group G, the same
cannot be said for quantum groups. The notion of a
bicovariant calculus for quantum groups was intro-

w x Ž w x. .duced by Woronowicz 1 . Also see Refs. 2–7 .
� 4Only for a class of quantum groups G does aq

structure analogous to the one for Lie groups exist.
There have subsequently been several attempts to

w xapply this structure to dynamical systems 8,9 . These
works generalize the usual classical Lagrangians for
gauge theories, including Chern–Simons theory and
gravity, to the case where the ‘gauge group’ is G .q

However, such systems have the novel feature that
the ‘classical’ field degrees of freedom end up being
noncommuting operators. Their physical interpreta-
tion is, to say the least, obscure. The situation is
somewhat reminiscent of the ‘classical’ Lagrangian
description for fermions expressed in terms of Grass-
mann fields. That description derives a meaning due
to the existence of a canonical quantization scheme
which turns it into the usual quantum mechanical
description of fermions. An analogous canonical
quantization scheme for ‘classical’ Lagrangian de-
scriptions of quantum group gauge symmetries is not
obvious. This being the case, there is currently not
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much use in having such Lagrangians, aside from
being a curiosity.

Under these circumstances it is reasonable to skip
the step of canonical quantization entirely, and start
instead with the quantum theory. That is, we can try
to incorporate the structure of a bicovariant calculus
for a quantum group G in quantum theory. Forq

ordinary Lie groups G, a natural setting for a bico-
variant calculus is provided by the cotangent bundle
T ) G. Left and right actions on T ) G are obtained
via the pullback from G of right invariant or left
invariant one-forms, and they are generated using the
corresponding canonical momenta coordinatizing the

) ) Ž )fibre, via the trivialization T GsGmg . g is
.the co-Lie algebra associated with G. In the quan-

tum theory, one defines the algebra of functions
Ž ) . )Fun T G on T G. This is the algebra of operators

for the rigid rotor, and it is generated by elements of
G and their conjugate momenta. The algebra is
easily enlarged to include the current algebra of the
left and right invariant one forms.

Ž . Ž ) .Our task is to find i a deformation of Fun T G
to an algebra BB where G is replaced by G , andq

Ž .then ii enlarge that algebra to include the left and
right invariant one forms. For the latter, the existence
of an exterior derivative is assumed with the usual

ŽLeibniz rule. For an alternative to the usual Leibniz
w x . Ž . Ž .rule, see Ref. 10 . We shall carry out i and ii for

quantum groups G having a bicovariant calculus.q
Ž . Ž ) .With regard to i , deformations of Fun T G known

as Heisenberg doubles exist for a large class of
quantum groups, which do not necessarily possess a

w xbicovariant calculus 11 . We instead find it conve-
nient to write down a deformation algebra BB exclu-
sively for quantum groups which posses a bicovari-
ant calculus, as it is easily extended to the bimodule.
A bicovariant calculus is characterized by braiding
matrices, structure constants, as well as the R matrix
for G , and we express BB directly in terms of theseq

constants. The algebra is shown to be consistent with
associativity, and although it is not in general a Hopf
algebra, it contains three Hopf subalgebras: the quan-
tum group G , as well as two algebras AA and AAq L R

which are deformations of the Lie algebra associated
with G. AA and AA contain the analogues of gener-L R

ators of the left and right actions of Lie groups,
� 4 � 4which we denote by ll and r , respectively. Theseii

algebras commute with each other, and they may or

Žmay not be isomorphic. We find them to be isomor-
Ž . .phic for simple examples, like G sU 2 . Theirq q

center elements are shown to coincide. All of the
above properties of BB are shared by the Heisenberg

w x 1double 11 , and most likely any BB is equivalent
to some quantum double. As stated earlier, using BB

Ž .we can easily carry out step ii , i.e. extend the
algebra to include the left and right invariant one

� 4forms. In this regard we get that ll commutes withi
� 4the left invariant one form, and r commutes withi

the right invariant one form, as in the undeformed
case. The remaining commutation relations can be
expressed in terms of deformed commutators.

The work presented here sets the stage for a
variety of generalizations of quantum systems, such
as Wess–Zumino–Witten models and gauge theo-
ries, to ones based on quantum groups. With regard
to the latter, we propose a simple generalization of
the Gauss law commutation relations. We find that
the resulting algebra is associative only for a certain
restricted class of deformations, known as ‘minimal’
w x8 . For such deformations we express the Gauss law
in terms of the analogue of potentials and electric
fields and specify their algebra. We plan to explore
its consequences in future works.

Ž ) .We first review the algebra Fun T G of func-
tions on the cotangent bundle T ) G associated with
Lie group G. It is generated by group elements,
along with elements of the Lie algebra. For the

w a xformer one can write matrices T in the fundamen-b

tal representation. 2 The latter, which we denote by
Ž . Ž .r or ll are the generators of right or left transfor-i i

mations of G on T ) G and project onto correspond-
Žing actions on the group G. The indices a,b,.. label

the fundamental representation, while i, j,.. are Lie
.algebra indices. In terms of the right generators, the

algebra is given by
a cT ,T s0 1Ž .b d

w x kr ,r sc r 2Ž .i j ji k

ca a w xT ,r sT l 3Ž .b i c i b

k �w xa 4where c are structure constants and l spansi j i c

the fundamental representation of the Lie algebra,

1 We thank S. Frolov for bringing this to our attention.
2 We restrict here our attention to subgroups of the general

linear group.
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w x k Ž .i.e. l ,l sc l . Eqs. 1-3 define the quantumi j i j k
Ž .algebra for a rigid rotor where here we set "s1 .

The left generators ll can be expressed in terms ofi

the right generators upon introducing adjoint matri-
ces M i satisfyingj

l TsTl M i 4Ž .j i j

Their commutation relations are

i kM , M s0 5Ž .j ll

i i llM ,r sc M 6Ž .j k ll k j

Defining ll sr M j, givesj ii

ll ,r s0 7Ž .ji

kll , ll sc ll 8Ž .i ji j k

aa cw xT , ll s l T 9Ž .b i bci

where we used

ck M llsM kM nc ll 10Ž .i j k i j k n

Upon introducing the left and right invariant one
forms:

v sTy1dT , v sdTTy1 11Ž .L R

it is easy to check that v commutes with ll , andL i

v commutes with r . The nonvanishing commuta-R i

tion relations of the generators ll and r withii

v sv i l and v sv i l areL L i R R i

i i kv ,r sc vL j k j L

i i kll ,v sc v 12Ž .R k j Rj

The components v i and v i are related byL R

v i sv j M i 13Ž .L R j

We now show that there is a completely analo-
gous structure for quantum groups G which admit aq

w xbicovariant calculus in the sense of Woronowicz 1 .
Quantum groups can be thought of as deformations

Ž . Ž .of the commutative Hopf algebra Fun G of func-
Ž .tions on a Lie group G. The deformation of Fun G

to a noncommutative Hopf algebra G depends on atq

least one deformation parameter q, and reduces to
Ž .Fun G in the limit q™1. The Hopf algebra is

generated by quantum group matrices for which we
again use the notation T. Their coproduct is the usual

Ž a . a cone: D T sT mT , and they satisfy commuta-b c b

tion relations:

Rab T eT f yT bT a Re f s0 14Ž .e f c d f e cd

R obeys the Yang–Baxter equation, and this is con-
sistent with having an associative algebra for the
matrix elements T a . We want to enlarge this algebrab

to an associative algebra BB which is a deformation
Ž ) .of Fun T G . For this we reintroduce elements r ,i

which now are the analogues of the right generators
on the group. For their commutation relations we
take:

r r yLm nr r sck r 15Ž .i j ji n m ji k

c ca a j aw xT r yr T f sT x 16Ž .b i j c i c i bb

Ž . Ž . Ž .which, along with 14 , generalize 1-3 . Eq. 15
defines a deformed Lie algebra. Lk m and ck arei j i j

c-numbers, which are respectively, the braiding ma-
trices and structure constants. For q™1, Lk m ™i j

d kd m. For q/1, the structure constants are not inj i

general antisymmetric, and do not obey the usual
Jacobi identities. In systems where there is a bico-
variant calculus, one has the following identities for

k m k w xL and c 6 :i j i j

Li j Llm Lk s sL jmLi k Lsl 17Ž .k l s p qu k l qs u p

c r cn yLk lc r cn sck cn 18Ž .mi r j i j m k r l i j m k

Li r Lk sc j sLi j c k 19Ž .m k nl r s k l m n

L jqLsi c r qL jqc i sc j LsqLi r qcq L jr 20Ž .r i k l p s p i k l i s r l pk r l pk

The first condition is the Yang–Baxter equation, the
second is the analogue of the Jacobi identity, while
the last two equations are trivial in the limit q™1.

Ž .From the above conditions the r ’s alone generate ai

non cocommutative Hopf algebra AA . f j and x inR i i
Ž . 3Eq. 16 are matrices with c-number coefficients.

f j goes to d j times the identity matrix, while xi i i
Ž .goes to l , in the limit q™1, so that Eq. 16i

Ž . jreduces to Eq. 3 . The matrices f and x appear ini i

3 w x jThis differs from the notation in Ref. 6 where f and xi i

represent functions on G .q

] 

] 

] 
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the construction of a bicovariant calculus. They are
w xrequired to satisfy 6

Lnm f i f j s f n f mLi j 21Ž .i j k ll i j k ll

x x yLk m x x sck x 22Ž .i j i j k m i j k

Li j f nx sx f n 23Ž .k ll i j k ll

ci f m f n q f ix sLm nx f i qc ll f i 24Ž .m n j k j k jk m n jk ll

�w xa 4 4The second equation states that x defines ai c
Žmatrix representation the fundamental representa-

. Ž Ž .tion of a deformed Lie algebra. From 15 this is
not, in general, the algebra generated by the r ’s.i

Rather, as we shall show shortly, it is the algebra
generated by the analogue of the left generators

. Ž .ll ’s. Eqs. 21-24 can be viewed as defining ani

operator algebra for x and f i. In addition to thei j

assumption of the existence of a fundamental matrix
i Ž .representation for x and f , eqs. 17-20 show thati j

Žthat there is another representation the adjoint repre-
.sentation for this algebra. It is obtained by setting

x sad jx and f i sad j f i, wherei i j j

kj ad jad j j i i kx sc f sL 25Ž .i k i j ll jk ll

With the help of the bicovariant calculus, i.e. the
Ž . Ž .conditions 17-20 , 21-24 and the Yang–Baxter

equation for R, one can show that the algebra gener-
ated by T a and r is consistent with an associativeb i

algebra. For example, if we consider the trinomial
ŽTr r for simplicity, we suppress the matrix indicesi j
. Ž . Ž .on T , by repeated usage of 15 and 16 , T can be

commuted all the way to the right in two different
ways:

Tr r s r Tf k qTx rŽ .i j k i i j

sr r Tf llqTx f k q r Tf llqTx xž / ž /k ll j j i ll j j i

s Lm nr r qcm r Tf ll f k qr Tx f kŽ .ll k n m ll k m j i k j i

q r Tf k qTx x 26Ž .Ž .k j j i

4 When writing the elements of a matrix, it is understood that
the left most index labels the rows, while the right most one labels
the columns.

Tr r sT L ll mr r qcmrž /i j ji m ll ji m

sL ll m r Tf k qTx rŽ .ji k m m ll

qcm r Tf k qTxŽ .ji k m m

sL ll mr r Tf n qTx f kŽ .ji k n ll ll m

qL ll m r Tf n qTx xŽ .ji n ll ll m

qcm r Tf n qTx 27Ž .Ž .ji n ll ll

Ž . Ž .Equating the right hand sides of 26 and 27 leads
Ž . Ž .to no new conditions. Rather, 26 and 27 are

Židentical upon using the bicovariance conditions 21-
.24 .
Another ingredient for a bicovariant calculus is

the analogue of the adjoint matrix elements M i
j

Ž .which now have values in Fun G . Its coproduct isq
Ž j. k j Ž .D M sM mM . The analogue of relation 4 ,i i k

i.e.

x TsTx M i 28Ž .j i j

can be adapted, only now the ordering is important
since M j are not c-numbers, and furthermore onei

w xhas 6

M j f iTsTf jM i 29Ž .i k i k

These relations can be utilized in obtaining the com-
mutation properties for M j:i

Li j M mM n yM iM j Lm n s0 30Ž .k ll i j k ll i j

M jr yLm jr M n sc j M ll 31Ž .i k nk m i ll k i

Ž . Ž .generalizing 5 and 6 . They are the commutation
Ž . Ž .relations 14 and 16 written in the adjoint repre-
Ž .sentation 25 . Now define the analogue of the left

j Ž .generators on the group ll sr M . From 28 andj ii
Ž .29 , we get

T ll y ll f jTsx T 32Ž .i ii j

Ž .generalizing 9 . It is easy to check that ll commutei

with r as in the undeformed case:j

ll r sr M jr sr Lm jr M n qc j M nŽ .k j i k j nk m i nk ii

s Lm jr r qc j r M n sr r M n sr llŽ .nk j m nk j i k n i k i

33Ž .

[ ] [ ] 
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Ž . Ž .where we used 15 and 31 . The generalization of
Ž .commutation relations 8 can then be obtained

ll ll s ll r M j sr ll M j sr r M llM j
j k j k j ll i ki k i i

s Lm nr r qcn r M llM jŽ .ll j n m ll j n i k

sL ll jr r M mM n qcn r M llM j
ik n m ll j ll j n i k

sL ll j ll ll qc j ll 34Ž .i k i kll j j

Ž .where we again used 10 which remains valid in the
Ž .deformed case. We also note that 10 corresponds to

Ž . Ž .28 written in the adjoint representation. From 34 ,
the left generators satisfy the same commutation

Ž .relations as the x ’s in 22 . The x ’s thereforei i

provide a matrix representation for the ll ’s. It is thei

fundamental representation and thus irreducible.
Ž .The ll ’s alone generate a non cocommutativei

Hopf algebra AA which is, in general, distinct fromL

the Hopf algebra AA generated by the r ’s. How-R i

ever, their centers, if they exist, coincide. For exam-
ple, if one of the generators of AA , say ll , belongsL 0

to the center of AA , then it also belongs to the centerL

of AA . To see this, we note by Schur’s lemma thatR

the fundamental matrix representation x of ll is a0 0
Ž .multiple of the identity. Then by 28

Tx sx TsTx M j 35Ž .0 0 j 0

Assuming linear independence of the x ’s, M j isi 0
j Žjust d times the unit I of the algebra G which in0 q

fact we assume to be the same as the unit of the full
. jalgebra BB . This then implies that ll sr M sr ,j 0 00

and since all ll ’s commute with elements of AA , rR 0i

must be in its center. Similarly, we can show that if
C is a quadratic Casimir for AA , it is also aL L

quadratic Casimir for AA . In this regard, let us writeR

C shi j ll ll 36Ž .L i j

hi j being c-numbers, and unlike in the undeformed
case, hi j is not, in general, symmetric. Then by
Schur’s lemma hi jx x is a multiple of the identity,i j

and

T hi jx x shi jx x Tshi jTx x M llM k 37Ž .i j i j ll k i j

This is solved by

h ll kIshi jM llM k 38Ž .i j

We can use this to write C as a binomial in r asL i

follows:

C shi j ll r M k shi jr ll M k shi jr r M llM k
L k j k j k ll i ji i

sh ll k r r 39Ž .k ll

Ž . ll kSince 36 commutes with r , C sh r r is ai R k ll

Casimir for AA . It is a natural choice for the Hamil-R

tonian of a q-rigid rotor. The above procedure can
be repeated for any higher order Casimirs.

Finally, let us enlarge our algebra BB to include a
bimodule G . One then assumes the existence of an
exterior derivative d which maps G to G , andq

w xfollowing 1 satisfies the usual Leibniz rule. We
next introduce the left and right invariant one forms.

Ž .We define them as in 11 . They obey the Maurer–
Cartan equations:

dv qv nv s0L L L

dv yv nv s0 40Ž .R R R

If we postulate that dT has the same commutation
relations with ll and r as does T , it then followsii

that v commutes with ll , and v commutes withL Ri

r , as in the undeformed case. For the latter, multiplyi

dTr yr dTf j sdTx on the right by Ty1 and r Ty1
i j i i i

yTy1 r Tf jTy1 sx Ty1 on the left by dT , and thenj i i

take the difference to find

w x j y1v , r Tf T s0 41Ž .R j i

The result that v and r commute follows usingR j
XŽ k . w xthe existence of an antipode k f 6 , wherej

XŽ k . j k XŽ j. X k X
k f f s f k f s e d . e is the co-unit,j i j i i

which for us is just the unit matrix in the defining
representation. The nonvanishing commutation rela-
tions of the generators ll and r with the left andii

right invariant one forms are

X Xj jv , r k f s v , x k f ,Ž . Ž .L j i L j i

j w xv , ll f sy v , x 42Ž .R i R ij

Upon writing v sv i x and v sv i x , theyL L i R R i

can be rewritten

i i k i ll i kv ,r ' v r yL r v sc v ,L j L j ll j k L k j Lq

i i k i ll i kll ,v ' ll v yL v ll sc v 43Ž .R R ll j R k j Rj j kq

] 

] 

] 

] 
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Ž . igeneralizing 12 . Once again, the components v L
i Ž .and v are related by 13 . To derive the secondR

Ž . Ž . w i xequation in 43 one can substitute 13 into v , llL j

s0.
This system suggests a natural generalization to

gauge theories based on quantum groups. This was
w xpursued in Refs. 8,9 from the Lagrangian perspec-

tive. 5 Here we view the theory from the Hamilto-
nian perspective. For this one can now drop the zero

Ž . Ž .curvature conditions 40 , and let v or v denoteL R
Ž . Ž .arbitrary connection one forms. From 43 , r or lli i

generate global transformations. Following Castel-
w xlani 8 , if we introduce ‘infinitesimal’ parameters

e i, which are not c-numbers, infinitesimal variations
of the one forms v i can be expressed byL

i i j i k jdv sy v ,r e syc v e 44Ž .L L j k j Lq

A natural question concerns the generators of local
or gauge transformations, i.e. the analogue of the

w xGauss law constraints. From 8 , local quantum group
transformations are of the form

dv i syde i yci v k e j , 45Ž .L k j L

where the ‘infinitesimal’ parameters e i are now
functions on space-time, which is considered here as
a commuting manifold. The Gauss law generators GGi

and space components Ai of v i are also functionsm L

on space-time. The equal time commutator of Gauss
law generators with Ai should now include a centralm

term
iA x , GG yŽ . Ž .m j q

'Ai x GG y yLk i GG y A ll xŽ . Ž . Ž . Ž .m j ll j k m

E
i k isc A x d xyy qd d xyy 46Ž . Ž . Ž . Ž .k j m j mE x

The Gauss law constraints should form a closed
algebra if they are to be first class. A natural choice
is a q-Lie algebra at every point in space:

GG x GG y yLm nGG y GG xŽ . Ž . Ž . Ž .i j ji n m

sck GG x d xyy 47Ž . Ž . Ž .ji k

However, the algebra generated by Ai and GG is, inm j

general, nonassociative. In fact, the algebra for the

5 Gauge theories based on quantum groups were also studied on
w xthe lattice 12,13 . The continuum limit for these theories is

w xnontrivial. On the other hand, in Refs. 8,9 and what follows one
works directly on the continuum.

Gauss law generators alone is, in general, nonasso-
ciative. On the other hand, it can be checked that
associativity is recovered for the so-called ‘minimal’

w xdeformations 8,9 , where

Li j Lk ll sd i d j 48Ž .k ll m n m n

One can wonder if the Gauss law can be expressed
in terms of some analogue of the electric fields p m,i

similar to what is done in the underformed case. This
should at least be possible in the minimal case. We
thus write:

E
m k m jGG x sy p x qc p x A x 49Ž . Ž . Ž . Ž . Ž .i i ji k mmE x

Ž .To recover the derivative term in 46 one then needs

i nA x ,p yŽ . Ž .m j q

'Ai x p n y yLk i p n y A ll xŽ . Ž . Ž . Ž .m j ll j k m

sd i d n d xyy 50Ž . Ž .j m

giving a deformation of the canonical commutation
Ž .relations. For the remaining term in 46 one needs

cm Lni Ak x A ll y scn Lk i Am y A ll xŽ . Ž . Ž . Ž .ll j k m m n m k ll j n m

51Ž .

This is indeed valid for the minimal case if one
chooses the following commutation relations for the
gauge potentials:

Ak x A ll y sLk ll Am y A j x 52Ž . Ž . Ž . Ž . Ž .m n m j n m

w xwhich agree with those found in Ref. 8 . Concerning
the commutation relations between the electric fields,

Ž .this can be obtained for minimal deformations by
again appealing to associativity. The algebra of the
operators Ai and p n is associative form j

p m x p n y sLk ll p n y p m x 53Ž . Ž . Ž . Ž . Ž .i j ji ll k

From the above discussion, it may appear that
gauge theories based on quantum groups are possible
only for ‘minimal’ deformations. This is consistent

w xwith the result found in Ref. 8 that the set of gauge
Ž .transformations 45 closes only for such deforma-

tions. For us, minimality was needed to make the
Ž . Ž .algebra generated by GG x , satisfying 47 , be asso-i

[ ] 
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Ž .ciative. On the other hand, 47 may be too simple a
generalization of the global symmetry algebra de-

Ž .fined by 15 . A less restrictive choice would have
space-dependent braiding matrices, R-matrices and

Ž .structure constants. More precisely, GG x can bei

regarded as ‘right’ generators having both a continu-
ous and discrete index, whose corresponding braid-

˜ing matrices L and structure constants c have the˜
simple form

˜Žm z . Žnw . m nL sL d xyz d yyw ,Ž . Ž .Ž j y. Ž i x . ji

cŽk z . sck d xyz d xyy 54Ž . Ž . Ž .˜Ž j y. Ž i x . ji

This choice is consistent with the bicovariance con-
Ž .ditions if 48 is satisfied. Whether or not one can

˜have a more general expression for L and c would˜
be of interest. Moreover, it is perhaps also too
restrictive to require that space-time defines a normal
manifold, when this is not the case for the target
manifold. Possibly, a more general class of gauge
theories based on quantum groups can be developed
if one is able to drop this requirement as well.
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