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ABSTRACT

In this dissertation, we study the structure of groups satisfying the weak minimal condi-
tion and weak maximal condition on non-permutable subgroups. In Chapter 1, we discuss
some definitions and well-known results that we will be using during the dissertation. In
Chapter 2, we establish some preliminary results which will be useful during the proof of
the main results. In Chapter 3, we express our main results, one of which states that a
locally finite group satisfying the weak minimal condition on non-permutable subgroups is
either Chernikov or quasihamiltonian. We also prove that, a generalized radical group sat-
isfying the weak minimal condition on non-permutable subgroups is either Chernikov or is
soluble-by-finite of finite rank.

In the Final Chapter, we will discuss the class of groups satisfying the weak maximal

condition on non-permutable subgroups.
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CHAPTER 1
INTRODUCTION

The structure of infinite groups satisfying the minimal (respectively maximal) condition
or the weak minimal (respectively weak maximal) condition has been one of the important
aspects for the development of infinite group theory.

If P is a subgroup theoretical property or class of groups then P denotes the class of
all groups that are either not P-groups or are trivial. In 1964, S. N. Chernikov started the
investigation of groups satisfying the minimal condition on subgroups which do not have the
property P, denoted by min-P, in a series of articles (for a general reference, see [4]). In
particular, he studied groups satisfying the minimal condition on non-abelian subgroups and
groups satisfying the minimal condition on non-normal subgroups. He proved that if such a
group has a series with finite factors, then either the group satisfies the minimal condition on
all subgroups or all the subgroups have the prescribed property P. Later, Philips and Wilson
[19] investigated the same type of problem for several different choices of the property P,
and proved in particular that a locally graded group satisfying the minimal condition on
non-normal subgroups either is a Chernikov group or has all its subgroups normal.

Taking motivation from such work, in their paper [3], M.R. Celentani and Antonella
Leone considered the class of groups satisfying the minimal condition on non-quasinormal

subgroups. The structure of such groups was given by the following result:

THEOREM 1.1. [3, Theorem C] Let G be a group which either is non-periodic or locally
graded. If G satisfies the minimal condition on non-quasinormal subgroups, then either G is

quasthamiltonian or it is a Chernikov group.

The concept of the weak minimal condition was introduced by D. 1. Zaitsev [24]. In [25],

he investigated the class of groups satisfying the weak minimal condition on non-abelian
1



subgroups where he was able to show that in the case of locally soluble-by-finite (also known
as locally almost soluble) groups the weak minimal condition on non-abelian subgroups is
equivalent to the weak minimal condition on subgroups. By virtue of the result in [25] such
a group is then a soluble-by-finite minimax group. Groups with the weak minimal condition
on non-normal subgroups and non-subnormal subgroups were the subject of interest in [13]

and [14] respectively. In [14], the authors were able to establish the following theorem:

THEOREM 1.2. [14, Theorem C| Let G be a generalized radical group with weak minimal
condition on non-subnormal subgroups. Then either G is soluble-by-finite and minimax or

every subgroup of G is subnormal.

The results in these papers and similar other papers were enough to motivate us to
investigate the structure of groups satisfying the weak minimal condition on non-permutable
subgroups. The main purpose of this dissertation is to study the structure of generalized
radical groups satisfying the weak minimal condition on non-permutable subgroups, which
we will discuss in Chapter 3.

In the coming sections of this chapter, we will go through some important definitions,
and results which will be useful in the further chapters and which will also explain some of

the terminology used in the Introduction.

1.1 Permutable Subgroups

In this first section we discuss the notion of permutable subgroups. We begin the section

with the definition of permutable subgroup.

DEFINITION 1.1. A subgroup H of a group G is said to be permutable or quasinormal
i G if HK = KH for every subgroup K of G. This is equivalent to affirming that HK s

a subgroup of G. We often write H per G for H is permutable in G.

The concept of permutability was introduced by Ore [17], who called permutable sub-
groups quasinormal. Later S. E. Stonehewer introduced the term permutable and the be-

havior of permutable subgroups was later investigated by various authors. Obviously, every
2



normal subgroup is permutable but the converse is not true. This can be seen by let-
ting the group G be the semidirect product of a cyclic group (z) of order p? and a cyclic
group (y) of order p acting non-trivially. In other words: G is a group of order p® gen-
erated by z and y satisfying the relations 27" = y? = 1 and y‘zy = 2P*!. That is,
G = (x,y| =P =1, ylay = Pt). We claim that the subgroup (y) is permutable
in G, but it is not normal. Let H be the subgroup generated by the elements of order p.
Then, x ¢ H, hence H # G. Moreover, 2P,y € H together imply that H has order p?. So,
H is elementary abelian. Now, any cyclic subgroup of H permutes with (y). Also, if we pick
an element a € G\ H then (a) is of order p?, hence it is maximal in G, so (a) is normal in
G and permutes with (y) . So every cyclic subgroup of G permutes with (y), hence (y) is
permutable. However, (y) is not normal as z~'yz = yz 7.

An alternate proof for the permutability of (y) can be given when p is an odd prime. If
G is a finite p-group which is the product of two cyclic subgroups where p is an odd prime,
B. Huppert showed in [10] that every subgroup of G is permutable. Hence, in our example,
if p is odd, then every subgroup of G is permutable, hence (y) is permutable.

However, Ore [18] proved that in a finite group permutable subgroups are subnormal. In
the same paper, he was also able to show that a maximal permutable subgroup of a finite
group is normal. We also have the following interesting result of Stonehewer for another

point of view.

THEOREM 1.3. [21, 13.2.3] Let G = HK where H per G and K = (k) is an infinite

cyclic group. Assume that HN K = 1. Then H < G.

One of the many consequences of this fundamental result is a further result of Stonehewer

[23].
LEMMA 1.1. A simple group cannot have a proper, non-trivial permutable subgroup.

Now we prove one more lemma related to the properties of permutable subgroups.

LEMMA 1.2. Let G be a group and let N < G. If H/N is permutable in G/N then H is

permutable in G.



PROOF. For each subgroup K of G, we need to show that HK = KH. Since, H/N is

(#)(%)- (%))

Then HKN = KHN. Since N is normal in G and N < H, it follows that HK = KH so

permutable in G/N we have

H is permutable in G.

The converse of Lemma 1.2 also holds.

HN
LEMMA 1.3. Let G be a group and let N << G. If H s permutable in G then N 15

table in &
ermutaole 1t —.
p N

PROOF. Since H is permutable in GG then, by definition of permutability, we have HK =

K H for any subgroup K of G. This implies

HN K HKN KHN K HN
N N N N N N

N G
for any subgroup N of N Hence by definition ~ is permutable in N

OJ
DEFINITION 1.2. Groups in which every subgroup is normal are called Dedekind groups.

Abelian groups are trivial examples of Dedekind groups. A non-abelian Dedekind group
is called a Hamiltonian group. The quaternion group of order 8 is an example of a non-
abelian Dedekind group. Now the more general case, when all subgroups of a group are
permutable, is rather interesting. Clearly, abelian groups and Dedekind groups are examples

of such groups.
DEFINITION 1.3. A group is called quasihamiltonian if all its subgroups are permutable.

It was proved by Stonehewer [23] that permutable subgroups of arbitrary groups are

ascendant, a far-reaching generalization of subnormality, so the quasihamiltonian groups are
4



locally nilpotent. The structure of quasihamiltonian groups was described by Iwasawa [11].

Here we give a flavor of the results obtained.

THEOREM 1.4. [11, Iwasawa| Let G be a non-abelian group with all subgroups permutable.
Then
(i) G is locally nilpotent
(ii) G is metabelian
(iii) If T(G) is the torsion subgroup of G and if G # T(G) then T(G) is abelian and

G/T(G) is a torsion-free abelian group of rank 1.
Finally we give another well-known criterion for a group to be Quasihamiltonian.

LEMMA 1.4. Let G be a group. Then every subgroup of G is permutable if and only if
(a)(b) = (b)(a) for all a,b € G.

PROOF. Suppose every subgroup of G is permutable. Then by definition, (a)(b) = (b){a)
for all a,b € G. Conversely, assume that (a)(b) = (b)(a) for all a,b € G. Now to show every
subgroup of G is permutable, we need to show that BC' = C'B for all subgroups B, C. Let
B, C be subgroups of G. Let bi¢/ € BC where i,j7 € Z and b € B, ¢ € C. Then by our
assumption, (b)(c) = (c)(b). Hence bic’ = c*b for some k,l € Z and so bic/ € CB. Thus,
BC C CB. Similarly, if ¢’/ € CB where 1,5 € Z, then (c){(b) = (b){c) by our assumption,
so ¢’ € BC and OB C BC. Therefore BC = CB which completes the proof.

For more information about permutable subgroups, we refer the reader to [22].

1.2 Min-P and Max-P

This dissertation is concerned with the weak minimal and weak maximal conditions, so
in this section we first discuss the minimum and maximum conditions. We begin with the

definition of subgroup theoretical property and finiteness conditions on subgroups.

DEFINITION 1.4. A subgroup theoretical property P is a property of certain subgroups

of a group G so that always the identity subgroup of G has property P and whenever H < G
5



has the property P then HO also has property P, whenever 6 is an isomorphism of G with

some other group.

Let P be a class of groups. We shall say that a group H is a P-group if it belongs to
P and that H < G is a P-subgroup of G if H is a P-group. For a class of groups we write
P for the class that consists of all groups that do not belong to P together with all trivial
groups. Similarly, if P is a property of groups, P will denote the property not-P.

A finiteness condition in the theory of groups is a property satisfied by all finite groups.
It is well known that finiteness conditions have played a great role in the study of infinite
subgroups. Two of the first finiteness conditions defined in the theory of groups were the
minimal and the maximal conditions for subgroups. The minimal condition consists of
the requirements of finiteness of descending chains of subgroups of the group whereas the
maximal condition requires the finiteness of ascending chains of subgroups. Now we define

those two finiteness conditions on subgroups with the property P.

DEFINITION 1.5. Let P be a subgroup theoretical property. The group G is said to satisfy
the minimal condition on P-subgroups (min-P) if every nonempty set S of subgroups of G
with property P contains a subgroup H with the property P such that if K < H and K € S
then K = H;

For example, if P is simply the property of being a subgroup, then the condition min-
P is called the minimum condition and often denoted by min. Similarly, if P represents
the property of being an abelian subgroup, then the group G has min-ab, the minimum
condition on abelian subgroups. We recall that a group G is said to have min-ab, if every
abelian subgroup has the minimum condition. If P is the property of being a permutable
subgroup, then min-P is called the minimum condition on non-permutable subgroups and
so on. For any subgroup theoretical property P, we have the following easily proven result

for the condition min-P.

LEMMA 1.5. Let P be a subgroup theoretical property. Then the group G has min-P if

and only if every descending chain of P-subgroups terminates in finitely many steps.
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PROOF. Suppose that G has min-P and H; > Hy > H3 > --- is a descending chain
of P-subgroups. Then {H;, Hs, Hs, ...} is a non-empty set of P-subgroups so there is a
minimal element, Hy, say. Then Hy = Hp.1 = Hyyo = ... so the chain terminates in finitely
many steps.

Conversely, let S be a non-empty set of P-subgroups of G and suppose that S has no
minimal element. If H; € S for some ¢ € N, then, by assumption, there is a subgroup
H;\y € § such that H; .y < H;. In this way, since S # ¢, we obtain an infinite descending

chain

Hy>Hy>Hs > Hy > ---

of P-subgroups contrary to the hypothesis. This completes the proof.
O

In this dissertation a group is called quasicyclic if it is of the type Cp for some prime

p. We note that all proper subgroups of a quasicyclic group are finite and cyclic.

THEOREM 1.5. [8, 1.6] Suppose G is an abelian group. Then G has the minimum con-
dition if and only if G s a finite direct product of quasicyclic p-groups and finite cyclic

subgroups.

DEFINITION 1.6. A group which is finite extension of an abelian group satisfying the

minimum condition is called a Chernikov group.

Such groups have also been called extremal and they were named in honor of
S. N. Chernikov, who made an extensive study of groups with the minimum condition.
From the structure Theorem 1.5, it follows that a group G is Chernikov if and only if it has
a normal divisible abelian subgroup N of finite index, and N is a direct product of finitely
many quasicyclic groups. Obviously, all finite groups are Chernikov and every Chernikov
group satisfies the minimum condition. The group Cpe X C5 is an example of a Chernikov
group, where Cp has an automorphism of order 2, namely the inversion automorphism.

Next we discuss locally nilpotent groups satisfying the minimal condition on abelian

subgroups (min-ab) via the following Theorem.
7



THEOREM 1.6. [8, 3.7] Suppose that G is a locally nilpotent group satisfying min-ab.

Then G is Chernikov and hence hypercentral.

For locally finite groups with the minimal condition on abelian subgroups, we have the

following famous result of Shunkov [12].

THEOREM 1.7. [12, Theorem 5.8] For the locally finite group G the following are equiv-

alent.

(i) G is a Chernikov group.
(ii) G satisfies min.
(i) G satisfies min-ab
)

(iv) The centralizer of every non-identity element of G has min.

Next we define the maximal condition on subgroups with the property P exactly in the

same way we defined the minimal condition.

DEFINITION 1.7. Let P be a subgroup theoretical property. The group G is said to satisfy
the maximal condition on P-subgroups (maz-P) if every nonempty set S of subgroups of G
with property P, contains a subgroup H with the property P such that if H < K and K € S
then K = H.

Here we note that min and maxz both are extension closed properties. Also, analogous
to Lemma 1.5 for min-P, we have an easy to prove, corresponding lemma for maz-P given

by:

LEMMA 1.6. Let P be a subgroup theoretical property. Then the group G has max-P if

and only if every ascending chain of P-subgroups terminates in finitely many steps.

Earlier we mentioned that Phillips and Wilson obtained the structure of locally graded
groups with the minimal condition on non-normal subgroups. In [6], Giovannni Cutolo
studied the structure of locally graded groups satisfying the maximal condition on non-
normal subgroups (maz-n), where n represents the property of being a normal subgroup and

proved the following:



THEOREM 1.8. A locally graded group G satisfies max-n if and only if it is one of the

following types:

(a) G has the mazimum condition.

(b) G is a Dedekind group.

(c) G is a central extension of Cpee by a finitely generated Dedekind group.
)

(d) G is the direct product of Qo and a finite Hamiltonian group.

We recall that a group G is locally graded if every finitely generated non-trivial subgroup
of G has a non-trivial finite image. The class of locally graded groups contains the classes
of locally finite groups, locally soluble groups and locally-(soluble by finite) groups.

In above theorem Q, is defined as follows.

Let 7 be a non-empty set of primes. Then let QQ, denote the additive group of rational
numbers whose denominators are wm-numbers. In particular, if 7 = {2}, then Q, represents
the additive group of all rational numbers whose denominators are a power of 2. For more
about the maximal condition on subgroups, we refer the reader to [20].

The class of locally graded groups also contains the class of generalized radical groups,
which we now discuss. It is well-known that the product of two normal nilpotent subgroups
is again nilpotent which is Fitting’s Theorem. The following well-known result due to Hirsch
and Plotkin shows that the same result holds for normal locally nilpotent subgroups. It is

known as the Hirsch-Plotkin Theorem.

THEOREM 1.9. [21, 12.1.2] Let H and K be normal locally nilpotent subgroups of a group

G. Then the product J = HK is a normal locally nilpotent subgroup of G.

As a consequence of this theorem, we conclude that in any group G there is a unique
maximal normal locally nilpotent subgroup containing all normal locally nilpotent subgroups
of G, which is called the Hirsch-Plotkin radical of G. We denote it by p(G) and it is a
characteristic subgroup of G. Next, we can define the upper Hirsch-Plotkin series {p.(G)}
of the group G by



po(G) = 1

p1(G) = Hirsch-Plotkin Radical of G
Pa+1(G)/pa(G) = p(G/pa(G)) for ordinals o

p5(G) = | ps(G) for limit ordinals y

B<y

Clearly, {p.(G)} is an ascending locally nilpotent series of characteristic subgroups. Now,

we are ready to define an important class of groups.

DEFINITION 1.8. A group G which has an ascending locally nilpotent series terminating

in G is said to be a radical group.

The class of radical groups is an important class as it contains the locally nilpotent groups
and the soluble groups. However, it does not contain the class of locally soluble groups.
Note that a group G is radical if and only if its upper Hirsch-Plotkin series terminates at
G. So, we conclude that a radical group has at least one ascending locally nilpotent series
of characteristic subgroups.

Next, we prove the following useful lemma which concludes that the product of normal

radical subgroups is again radical.

LEMMA 1.7. Let G be a group and let H be a subgroup of G. Assume that H is a product

of proper normal radical subgroups. Then H is a radical, normal subgroup of G.

PROOF. Let H be a product of proper normal radical subgroups, that is, H = [[H,
where H, is a proper normal radical subgroup of G for each a. Let Hg be any proper no;vmal
radical subgroup of G which occurs as a factor in the product H = [[H,. Then Hz has an
ascending series of characteristic subgroups 1 = Hgy < Hp; < Hg,; < ... < Hpg, = Hp
such that Hggy1/Hpp is locally nilpotent for any ordinal § and Hg ., = Uge,Hpg if v is a
limit ordinal. Note that each term of this series is a normal subgroup of G as H, is normal

in G for each o and in particular o = 3. Consider the ascending series
l=Hyw<H, <H»<..<H)=H=HH <HH,<. . .<HH, =HH=
H\HyH3o < HiHyH3y < ... <[[H, = H.

10



It is clearly an ascending series of H and each factor of this series is locally nilpotent.

O

Next we discuss the class of generalized radical groups in brief.

DEFINITION 1.9. A group G is said to be generalized radical if it has an ascending series
of normal subgroups terminating in G, the factors of which are locally nilpotent or locally

finite.

The subgroups, quotients, and extensions of generalized radical groups are generalized
radical. Moreover, the class of generalized radical groups contains the class of radical groups
and locally finite groups.

In Theorem 1.1 we gave a structure theorem for groups with the minimal condition
on non-permutable subgroups. Continuing with this theme, Maria De Falco and Carmella
Musella in [7] investigated the structure of generalized radical groups satisfying the maximal
condition on non-permutable subgroups. They introduced the class of £;-group defined as:

Let A be a torsion-free abelian group of finite rank r (The definition is given in Section
1.4). We will say that A is an £-group if it is not finitely generated while all its subgroups of
rank less than r are finitely generated. Obviously, every torsion-free abelian group of rank 1
which is not finitely generated is an £-group. An £-group will be called an £;-group if it is

an extension of a finitely generated group by a group of type p> for some prime p.

THEOREM 1.10. [7, Theorem B| A generalized radical group G satisfies the maximal

condition on non-permutable subgroups if and only if one of the following condition holds:

(i) G s polycyclic-by-finite.
(ii) G is quasihamiltonian.
(iii) G contains a central subgroup P of type p™ (p prime) and a subgroup E with the
mazimal condition such that G = PE; moreover, either G/(P N E) is quasihamil-
tonian or

G/(PNE)=P/(INE)x E/(PNE),
11



where p = 2 and E/(P N E) is the direct product of a finite Dedekind 2-group and
a finite quasihamiltonian 2'-group.

(iv) G contains a central £1-subgroup J, and for every subgroup I of finite index of
J, there exists a subgroup E of G with the maximal condition such that G = IE;

moreover, either G/(I N E) is quasihamiltonian or

G/INE)=I/(INE)x E/(INE),

where I /(INE) is a group of type 2°° and E /(I NE) is the direct product of a finite

Dedekind 2-group and a finite quasihamiltonian 2'-group.

Now we introduce the finiteness property known as minimaz which generalizes both
minimality (min) and maximality (max). The term minimax was introduced by R. Baer [2]
which he introduced in connection with abelian minimax groups. A detailed study of mini-
max groups was done later by several authors including R. Baer, D. Robinson, D. 1. Zaitsev

and others.

DEFINITION 1.10. A group G is called minimax if it has a finite series of subgroups
1=Gy<G1 <Gy <--- <G, = G, each factor of which satisfies either the minimal condition

(min) or the mazximal condition (maz).

This important class of groups has received much attention in the case of soluble groups.
The length of a shortest minimax series in a minimax group G is called the minimazx length
and written as m(G). The class of minimax groups is closed under taking subgroups, and
homomorphic images. It is also closed under extensions. Now we give an example of an

abelian minimax group;

ExXAMPLE 1.1. If 7 is a finite set of primes, let Q. denote the additive group of rational
numbers whose denominators are m-numbers. Then Q. is an example of an abelian minimax

group. This is because Q. is an extension of the integers Z and Q,/7Z is a group with min.

Concerning minimax groups we have
12



THEOREM 1.11. [21, 15.2.9] Let A < G where A is abelian. If every abelian subgroup of

G is minimaz, then the same is true of the abelian subgroups of G /A.

The relation between radical groups and minimax group is given by the following famous

theorem of Baer and Zaitsev.

THEOREM 1.12. [20, 10.35 Baer-Zaitsev| A radical group, all of whose abelian subgroups

are minimax groups, is itself a soluble minimax group.

1.3 Weak-Min-P and Weak-Max-P

In this section we will discuss two further finiteness conditions, namely, the weak minimal
and weak maximal conditions. The concept of the weak minimal condition on P-subgroups,
denoted by min-co-P, was introduced by R. Baer [2] and D. I. Zaitsev [24]. Using the

notation of D. I. Zaitsev, we have the following definition.

DEFINITION 1.11. For a property P of groups, a group G is said to satisfy the weak
minimal condition for P-subgroups (min-co-P ) if there is no infinite descending chain Hy >
Hy > H3 > -+ of P-subgroups of G with each |H; : Hi\1| infinite. Equivalently G has min-
o0o-P if, for every descending chain Hy > Hy > Hz > --- of P-subgroups of G, |H; : Hi\1|

18 infinite only for finitely many .

If P is the class of all subgroups, then the condition is simply known as the weak minimal
condition (min-00). Every subgroup and factor group of a group satisfying the weak minimal
condition for subgroups, satisfies, obviously, also the weak minimal condition for subgroups.

We have the following lemma, which will be generalized in Lemma 2.3

LEMMA 1.8. [24, Lemma 1] Let G be a group and let C <1 G. Suppose A, B < G and
B < A. Let {a,CB|a € A} be a set of distinct cosets of CB in CA, where a, € A for
all a € A, and let {c3(C N B) |5 € '} be a set of distinct cosets of CN B in C N A. Then
{aacsBla € A, B € '} is a set of distinct cosets of B in A for alla € A and € T.

Using Lemma 1.8 we prove that the weak minimal condition on subgroups is an extension

closed property. This follows quite easily using Lemma 1.8.
13



THEOREM 1.13. The weak minimal condition on subgroups (min-0o) is closed under

extensions.

G
Proor. Let N < G be such that both N and N have the weak minimal condition on
subgroups. Then we need to show that the group G also has the property min-co. Suppose
G1 > Gy > G5 > -+ is a descending chain of subgroups in G. Form descending chains of

e

G
subgroups of N and N & follows:

NNGL>NNGy>--->NNGp> -

GlN GQN G3N GkN
> > > e 2>
N — N ~— N T = N

Since both N and % have min-co, we can choose an integer k such that,
GiN GiN
"N N
set C = N,B = G;y1, A= G, in the statement of Lemma 1.8. Then

|A: B| =|AC : BC||CNA:CnN B| implies that

INNG; : NN Gjiyq]| is finite for all i > k and also is finite for all ¢ > k. Now

’Gz : Gi«H’ = ‘GZN : G1+1NHNQG1 : NﬂGlH\

is finite for all « > k. So, G; > G2 > G3 > --- is a descending chain with min-co. Hence G
has the weak minimal condition on subgroups.

O

We also note that a group satisfying the weak minimal condition for subgroups need not
be periodic as is the case of a group satisfying the minimal condition on subgroups, as the

infinite cyclic group shows. Next we define the weak maximal condition for P-subgroups.

DEFINITION 1.12. For a property P of groups, a group G is said to satisfy the weak
maximal condition for P-subgroups (maz-co-P) if there is no infinite ascending chain Hy <
Hy < H3 < -+ of P-subgroups of G with each |H;yq : H;| infinite. Equivalently G has mazx-
o0o-P if, for every ascending chain Hy < Hy < Hz < --- of P-subgroups of G, |H;y1 : Hj|

1s infinite only for finitely many 7.
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Like the weak minimal condition on subgroups, the weak maximal condition on sub-
groups is closed under taking subgroups, and homomorphic images. It is also closed under
extensions.

For a property P of groups, if P denotes the class of non-P groups or all trivial groups,
we can speak of the weak minimal condition for subgroups which do not have property P
(min-oo-P) or the weak maximal condition on subgroups which do not have the property
P (max-oo-P). For example, on letting P denote the class of permutable subgroups, we
may speak of groups satisfying min-co-P or max-oco-P, the weak minimal condition on non-
permutable subgroups or the weak maximal condition on non-permutable subgroups, which

are a subject of concern in this dissertation. Next we prove the following lemma.

LEMMA 1.9. (i) If G is a group satisfying the weak minimal condition on non-
normal subgroups then G has the weak minimal condition on non-permutable sub-
groups.

(ii) If G is a group satisfying the weak maximal condition on non-normal subgroups then

G has the weak maximal condition on non-permutable subgroups

PROOF. (i) Suppose

Hy>Hy>Hy>--- (1)

is a descending chain of non-permutable subgroups in G. Then each H; is non-normal. So
Hy > Hy > H3 > --- is a descending chain of non-normal subgroups in G. Since G has the
weak minimal condition on non-normal subgroups then, by definition, |H; : H;,1| is infinite
for only finitely many ¢. Therefore G has the weak minimal condition on non-permutable
subgroups as each H; in (1) is non-permutable and |H; : H;.1| is infinite for only finitely
many ¢.
(ii) Suppose
KisKos Ky (2)

is an ascending chain of non-permutable subgroups in G. Then each K; is non-normal. So

K, < Ky < K3 < --- is an ascending chain of non-normal subgroups in G. Since G has the
15



weak maximal condition on non-normal subgroups then, by definition, | K, : K;| is infinite
for only finitely many 7. Therefore G has the weak maximal condition on non-permutable
subgroups, as each K; in (2) is non-permutable and |K;,; : K;| is infinite for only finitely

many ¢. U

In [24], Zaitsev studied the weak minimal condition for the classes of locally finite and
locally solvable groups. He proved that in the case of locally finite groups, the weak minimal
condition for subgroups, min-oo, is equivalent to the usual minimal condition for subgroups,
min. Hence a locally finite group with min-oco is a Chernikov group. In the same paper, he
was also able to prove that a locally soluble group satisfying the weak minimal condition on

subgroups is in fact soluble. In the case of soluble groups we have:

THEOREM 1.14. [16, 5.1.5] The following properties of a soluble group G are equivalent:
(i) G is a minimazx group;
(ii) G satisfies maz-0o;

(ili) G satisfies min-oco

Zaitsev proved in [26] that a locally (soluble-by-finite) group G satisfying either the
weak maximal or the weak minimal condition for all subgroups is a soluble-by-finite min-
imax group, that is, G has a normal soluble subgroup H of finite index which in turn
has a finite normal series whose factors are abelian and satisfy either mazx or min. The
structure of groups satisfying the weak minimal condition on non-normal subgroups (min-
oo-n) and weak maximal condition on non-normal subgroups (max-oco-n) was investigated

by L. A. Kurdachenko and V. E. Goreteskii [13], where the following result was established.

THEOREM 1.15. A locally (soluble-by-finite) group G satisfies the condition min-0o-n

(respectively, max-co-n) if and only if G is either Dedekind or almost soluble and minimaz.

Continuing with this theme, L. A. Kurdachenko and Howard Smith studied the struc-
ture of groups satisfying the weak minimal and weak maximal condition [14, 15] on non-

subnormal subgroups. In their paper [15] they proved the following:
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THEOREM 1.16. Let G be a locally finite group with the weak maximal condition for non-
subnormal subgroups. Then either G is a Chernikov group or G has all subgroups subnormal.

In either case, G is soluble-by-finite.

All these papers motivated us to study groups satisfying the weak minimal condition
(and weak maximal condition) on non-permutable subgroups and some results will be given

in Chapter 3.

1.4 Groups of Finite Rank

As will become apparent we will need to refer to the notion of rank in a group. For most

of the definitions in this section, we use [8] and [21]. We start with the following definition.

DEFINITION 1.13. A group G is said to have finite (Priifer) rank r if every finitely
generated subgroup can be generated by r elements and r is the least such integer. If there is

no such integer r, the group is said to have infinite rank. We denote the rank of G by r(G).

It is easy to see that every subgroup and quotient group of a group of rank at most r also
has rank at most r. The class of groups with finite rank is closed under forming extensions
and if H < G then r(G) < r(H) + r(G/H), where it is easy to see that inequality holds
in general. Both Cp~ and Q are locally cyclic, in the sense that every finitely generated
subgroup is cyclic, and hence have rank 1. A finite direct product of quasicyclic groups has
finite rank, so a Chernikov group is of finite rank. Similarly, polycyclic groups and soluble

minimax groups are other examples of groups of finite rank.

DEFINITION 1.14. Let G be an abelian group. The number of elements in a maximal
independent subset consisting of element of infinite order is called the 0-rank of the group
G, denoted by 1o(G). The number of elements in a mazimal independent subset consisting

of elements of p-power order is called the p-rank of G and denoted by r,(G).
Now we can give the following well-known lemma.

LEMMA 1.10. An abelian group G is a direct sum of cyclic groups if and only if it is

generated by an independent set.
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It is easy to show that if G is abelian then 7,(G) = r,(T(G)) and that ro(G) =
ro(G/T(QG)), where T(G) is the set of elements of finite order in G. It can be also shown
that for each abelian group G, r(G) = ro(G) + m;xx{rp(G)}. Moreover, in an abelian group
G, two maximal independent subsets consisting of elements with order a power of the prime
p have the same cardinality, and the same is true of maximal independent subsets consisting

of elements of infinite order as stated in [21, 4.2.1].

LEMMA 1.11. Let G be an abelian group of infinite rank. Then G has a proper subgroup

N of infinite rank which is a direct sum of cyclic subgroups.

PROOF. Let G be an abelian group of infinite rank. Then G has a linearly independent
subset S of infinite cardinality. If (S) # G, then (S) is a proper normal subgroup of G
of infinite rank, and by Lemma 1.10, it is a direct sum of cyclic subgroups. Therefore we
assume that (S) = G. Let x € S. Consider T'= S\ {z}. Then, clearly (T") < (S) = G and
(T) has infinite rank. Thus, (T) is a proper subgroup of infinite rank. By Lemma 1.10, it is
a direct sum of cyclic subgroups.

O

Next we proceed with the lemma which describes the structure of abelian p-groups with

finite rank.

LEMMA 1.12. [8, 1.12] The abelian p-group G satisfies the minimum condition if and
only if G has finite rank. In this case G is Chernikov and G = D @ F for some divisible

subgroup D and finite subgroup F'.

In [1], Baer and Heineken studied radical groups with finite rank and obtained the fol-
lowing result which discusses the effect of the abelian subgroups on the structure of a radical

group G.

THEOREM 1.17 (Baer-Heineken Theorem [1]). Let G be a radical group. Then G has

finite rank if and only if the abelian subgroups of G have finite rank.
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From the above theorem, we can conclude that if a radical group G has infinite rank
then it contains an abelian subgroup A of infinite rank. Hence by Lemma 1.11, A contains
a subgroup of infinite rank which is direct sum of cyclic subgroups.

We conclude the section with the structure of generalized radical group of finite rank.
In [9], the authors investigated generalized radical groups of finite rank and established the

following theorem:

THEOREM 1.18. [9, Theorem A| Let G be a generalized radical group of finite rank. Then

G has normal subgroups T < L < K < S < G such that
(1) T is locally finite and G/T is soluble-by-finite of finite rank,
(ii) L/T is a torsion-free nilpotent group,
(i) K/L is a finitely generated torsion-free abelian group,
(iv) G/K is finite and S/T is the soluble radical of G/T.
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CHAPTER 2
PRELIMINARY RESULTS

In this chapter, we obtain various preliminary results which arise during the proof of the

main results. We start with the following example.

ExamMpLE 2.1. There is a group with the weak minimal condition on mnon-permutable

subgroups which does not satisfy the minimal condition on non-permutable subgroups.

Consider the infinite dihedral group G = Z x Zs = (a) x (x) where x acts as a power
automorphism of (a). Then a* = a~!. Since (a) is normal in G it follows that (a™) is also
normal in G for all m € Z. So we can write G/{a*) = (a)(z)/{a?).

Since (a*){x)/{a") is not permutable in G/{a*) it follows that (a?)(x) is not permutable
in G. Similarly, (a®)(z) is not permutable in G and in general (a')(z) is not permutable in

G for i > 2. Thus we have a descending chain of non-permutable subgroups

(a*)(z) 2 (a®)(z) = (@'} z) = -

which never terminates. Thus G does not have the minimal condition on non-permutable
subgroups. On the other hand the infinite dihedral group is a soluble minimax group, so
it has the weak minimal condition on subgroups and hence the weak minimal condition on
non-permutable subgroups.

We recall that an automorphism of a group G that leaves every subgroup invariant is
called a power automorphism. Note that such an automorphism maps each element to one
of its powers. Clearly, the set of power automorphisms of GG is a subgroup of AutG. In
[5], Cooper proved that each power automorphism of a group is central. As a consequence

of this, power automorphisms fix the elements of the derived subgroup. Moreover, a power
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automorphism of the form x — 2" for some fixed integer n is said to be universal. For more
information about power automorphisms, we refer the reader to [5].

Next, we prove that the class of groups with the weak minimal condition on non-
permutable subgroups is closed under taking subgroups and homomorphic images. We have

the following proposition:

PROPOSITION 2.1. Every subgroup and factor group of a group satisfying the weak min-
imal condition on non-permutable subgroups satisfies the weak minimal condition on non-

permutable subgroups.

PRrOOF. Let G be a group satisfying the weak minimal condition on non-permutable

subgroups. Let H < . Suppose that
H >Hy>H;>--->H; >

is an infinite descending chain in H and suppose these subgroups are not permutable in H.
Then the H; are not permutable in G either. However G has the weak minimal condition
on non-permutable subgroups so there is an integer k such that, for all j > k, |H;1, : H;] is
finite. Hence H has the weak minimal condition on non-permutable subgroups.

Let N be a normal subgroup of the group G. Suppose there is a descending chain H; /N >
Hy/N > H3/N > --- of non-permutable subgroups of G/N. Then H; > Hy > H3 > ---
is a descending chain of non-permutable subgroups of G. Since GG has the weak minimal
condition on non-permutable subgroups, |H; : H;;1| is infinite for only finitely many ¢ and
hence |H;/N : H;;1/N| is infinite for only finitely many ¢. Thus the group G/N also satisfies

the weak minimal condition on non-permutable subgroups. 0

In a group G, if all the subgroups of infinite index are permutable, then the group G has

the weak minimal condition on non-permutable subgroups as we prove in our next lemma.

LEMMA 2.1. Let G be a group in which all subgroups of infinite index are permutable in

G. Then G has the weak minimal condition on non-permutable subgroups.
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Proor. Let Hy > Hy > Hs > H,--- be a descending chain of subgroups of G, and
suppose that |G : H;| is infinite for some i. Then, by hypothesis, H; per G. If K < H; then
|G : K| is also infinite so K per G. In particular, for k > i, H; per G. Hence G has the

weak minimal condition on non-permutable subgroups.

O

We note that in a non-periodic group if the set of all elements of finite order forms a

subgroup then the group is generated by its elements of infinite order.

PROPOSITION 2.2. Let G be a non-periodic, non-quasihamiltonian infinite group. Then
every subgroup of infinite index is permutable in G if and only if the following conditions

hold:

(a) T= {x € G|z has finite order} is a Dedekind group, and indeed if x € T then
(x) QG.

(b) T is finite.

(c¢) G/T is abelian and isomorphic to the infinite cyclic group.

(d) G =T x (z) for some element z of infinite order, which acts as a group of power

automorphisms on T.

PROOF. First we suppose that every subgroup of infinite index in G is permutable and
prove (a) — (d).

(a) We first note that 7" is a subgroup of G. If x € T then x has finite order and
hence |G : (z)| is infinite. Therefore, by hypothesis, (z) per G. Hence if y € T, we
have (x)(y) = (y)(x), which is finite. Thus T is a normal, being the unique maximal
locally finite subgroup of GG. Also, every subgroup of T is permutable in 7" and hence T' is
quasihamiltonian.

Let g be an element of infinite order. Then (¢)NT = 1. If H < T then H is permutable,
since T" and therefore H has infinite index in G. Thus, H(g) < G. Now H = H{g)NT < H(g).
Therefore (g) normalizes H. Since G is non-periodic and the set of elements of finite order

forms a subgroup, then G is generated by its elements of infinite order. It follows that
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G < Ng(H) and hence H < G. Therefore T is Dedekind, and indeed every subgroup of T is
G-invariant.

(b) Since G is non-quasihamiltonian there exists an element g € G of infinite order such
that (g) is not permutable in G. Then, by hypothesis, |G : (g)| is finite and consequently
|G : Coreg((g))| is also finite. Thus G is cyclic-by-finite. Hence there exists n € Z such that
(¢") < G and also |G : (¢™)| is finite. But |T'(¢") : (¢™)| = |T|, so T is finite.

(c) Let ¢ € G have infinite order and suppose (g) is not permutable in G. We have
|G : {(g)| is finite, so G is finitely generated. Since G is generated by its elements of infinite
order, we have G = (g1, 92, - , gr), where the order of each g; is infinite. Then |G : (g;)]
is finite, as is |G : Cg(gi)|. Since ¢(G) = NF_,Cq(g:), we have |G : ¢(G)] is finite. Then,
by Schur’s Theorem [21, 10.1.4], G’ is finite. Thus G’ < T so G/T is abelian. Hence
G/T =7 xZx ---xZ for some n.

n copies
If n > 2 then |G : (z)] is infinite for all x € G’ and hence G is quasihamiltonian, contrary

to our hypothesis. Therefore n = 1 and hence G/T = Z.

(d) Since G/T is isomorphic to the infinite cyclic group, there exist z € G so that
G/T = (zT). Then |z| is infinite and G = T % (z). Since every subgroup of T is normal in
G, (z) acts as a power automorphism of 7.

Next we prove the converse, and assume (a) — (d). Suppose G = T x (z), for some
element z of infinite order. Since T is finite, G/Cq(T), which is isomorphic to a subgroup
of AutT), is also finite. Hence there exists an integer k such that z¥ € Cg(T), which implies
2% € ((G). Hence |G : ¢(G)] is finite and moreover |G : (z*)] is also finite.

Let z € G be such that |G : (x)| is infinite. Then we need to prove that (z) is permutable
in G. For this it suffices to show that (z) has finite order. Suppose for a contradiction that
|(z)] is infinite. Then (z)(2*)/(z*) < G/{z*) implies that |(z)(z*)/(z*)| is finite. Thus
[(z) : (z) N ()| is finite as well. However, then (x) N (%) # 1 so [(zF) : (x) N (zF)| is
finite. Then |G : (z) N (2*)] is finite since |G : (2*)] is finite. Therefore |G : (z)] is finite, a
contradiction. Thus z has finite order, so z € T and hence (x) < G and consequently every

subgroup of infinite index is permutable in G.
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O

Here we note that, in this case, every subgroup of infinite index is normal in G. Moreover,
in the case of an infinite periodic group, if every subgroup of infinite index is permutable

then the group is quasihamiltonian. Now we proceed with the following lemma.

LEMMA 2.2. Let G be a group and let C per G. Suppose A,B < G and B < A. Then

there is a transversal X = {a,|a € A} to CB in CA such that X C A.

PRroOOF. To prove the lemma, we first note that CB and C'A are subgroups of GG. Let
xC'B be an arbitrary coset of C'B in C'A. Since x = ca, for some ¢ € C,a € A and since C
is permutable in G, we have tCB = caCB = a/dCB = a/CB for some ¢’ € A and ¢ € C.

Therefore xC'B = a’C'B and it can be assumed that a, € A for all o € A.

Now using Lemma 2.2, we can give the generalization of Lemma 1.8 as follows.

LEMMA 2.3. Let A, B be two permutable subgroups of a group G with B < A. Suppose
C' is any subgroup of G. Let {a,CB|a € A} be a set of all the distinct cosets of CB in C'A,
where a, € A and let {cs(CNB)| B €T} be a set of all the distinct cosets of CNB in CNA,
where cg € C. Then {ancsB|a € A, € '} is a set of all distinct cosets of B in A for all
aelNand BeTl.

PRrROOF. We remark that by the previous lemma we are justified in our selection of the
a, € A. Let xB be an arbitrary coset of B in A, where x € A. For some a € A we have
xCB = a,CB and this implies that x = a,y for some y € CB. Then, y can be written in
the form y = ¢b for some ¢ € C, b € B, and hence x = a,cb. Then ¢ = a_'xb™! soc € ANC.
Also, by assumption, ¢(C' N B) = ¢3(C' N B) is true for some € I'. Hence ¢ = ¢z, where
z € CNB. Thus, x = a,cszb. Hence vB = a,cp2bB = aycsB.

Now we will show that all the cosets a,cgB are distinct. Suppose that a,cgB = asc, B
where a,, as € A and cg,cs € C. Then ancs BC = asc,BC. Since cg € BC, we have

aocsBC = a,CB and, by the same argument, we also have, a;cyBC = a;CB. Consequently
24



aoCB = asCB. By the hypothesis of the lemma, oo = 4. But in this case cgB = ¢, B, which
implies that ¢ 'cs € B. Hence c;'csg € BNC, that is ¢5(C' N B) = ¢,(C N B) and again by
the hypothesis of the lemma, § = . Hence all the cosets are distinct. This completes the

proof.

Lemma 2.3 has the following interesting consequence.

LEMMA 2.4. Let C' < B < A and suppose A, B,C' are permutable where
|A: B|, |B: C| are infinite. Let x € G. Then at least one of |A{x) : B(z)|, |B{x): C(z)]

18 infinite.

PROOF. Since B < A and both A, B are permutable, B(z) is a subgroup of A(zx). Let
{aaB(x)} be a set of all distinct cosets of B(x) in A(zx) where a, € A and {cz(BN(z))} be a
set of all distinct cosets of BN (x) in AN (x) where ¢z € (x). Then, by Lemma 2.3, {a,csB}
is a set of all distinct cosets of B in A. Therefore |A : B| = |A(x) : B{x)| |AN(z) : BN (x)|.
Since |A : B]| is infinite, the quantities on the right hand side can not both be finite. If
|A(xz) : B(x)| is finite then |A N (z) : B N (x)| is infinite, so B N (x) = 1. Similarly,
|B(z) : C(z)||BN{x): CN{x)| =|B:C|. Since BN (z) =1 we have |B(x) : C(x)| infinite.
In either case, the result holds.

O

As a consequence of the above lemma, we have the following frequently used corollary.

COROLLARY 2.1. (i) Suppose Ay > Ay > A3z > --- is a descending chain of per-
mutable subgroups of G with |A; : Aiq| infinite for all i. Let x € G. Then there is
a subsequence {i;}j>1 such that |A; (x) : Ay, (x)| is infinite for all j > 1.

(ii) Suppose Ay < Ay < Az < --- is an ascending chain of permutable subgroups of G
with |Aip1 @ A;| infinite for all i. Let x € G. Then there is a subsequence {i;};>1
such that |A;, (x) : A; (x)| is infinite for all j > 1.
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PROOF. (i) For each i > 1, we consider Ag; > As;q1 > Asiyo and for any x € G form
Asi(x) > Aszii1(x) > Asiio(x). Then by Lemma 2.4, either |Ag;(x) : Az 1(x)| is infinite or
|Agiv1(x) : Azipa(x)| is infinite.

(77) The proof of this part is analogous to part (7).

0

Elements of infinite order often create difficulties. One difficulty is removed by the

following lemma.

LEMMA 2.5. Suppose Ay > Ay > A3 > -+, where A; = B; X Biy1 X Biyg X -+ and

B, < G for alli. If x is an element of G of infinite order then, for some j, (x) N A; = 1.

PRrROOF. Here we may assume that A, N (z) # 1. Then for some i € Z,
" = (b1, b, b3, -+ by, 1,1,--+) for some integer i;. Now for j > iy, we have
(Bi X By x ---x B;;)NA; =1. If A;N(z) # 1 we can find [ € Z such that xt e A;. Then
2t =(1,1,..1,1,1, .., by, ..., b, 1, ...) and hence

il gl l
x —(bpbza"',b“, ) 7' )

o =(1,1,---,1,1,--- 1,0 b )

» 49 Yigo “713777

But 2 = 2" so (b,)! = 1 for all k, such that 1 < k < 4;. Therefore, 2! = 2! = 1 which
implies that x has finite order, a contradiction. Therefore (z) N A; = 1 for some j.

O

The next lemma is a very important observation which will be used in the proof of some

of our other results later in the dissertation.

LEMMA 2.6. Let G be a group with the weak minimal condition on non-permutable sub-
groups and suppose that G contains subgroups X, Y with Y <X such that X/Y = D>r1 (A;]Y)
for certain A; such that A;/Y # 1. Then

(i) X is permutable in G.

(ii) For any x € G, X(x) is permutable in G.
26



PROOF. (i) Since X/Y = D>r1 (A;/Y), we can relabel X/Y and rewrite it as
XY = D>1r1 (Bi;/Y). For fixed j, let us define C;/Y = D>1r1 (Bi;/Y). Therefore, we can

j>1 j fixed

write X/Y = D>r1 (C;]Y) = D>r1 (A;/Y) where each C;/Y is an infinite direct product and

X = []Ci. Now we have a descending chain Dy > Dy > D3 > --- of subgroups of G with
i>1

|D; : D;yq| infinite for all i, where D; = C;C;11Ciio---. Since G has the weak minimal

condition on non-permutable subgroups, there is a positive integer k£ such that Dj per G.

Thus CyCyi1Cyis - -+ is permutable in G. Now construct a descending chain of subgroups

of G
C1CyCy -+ > C1Cy -+ CpChyn -+ > C1Cs -+ CrClops - -+ > C1C -+ ChuCliga > - - -

with |C1CsC3 - Cr.Coy1Cryg -+ : C1CyC5 -+ - Cr.Chyo - - - | infinite for all r. Since the group
G has the weak minimal condition on non-permutable subgroups, there exists a positive
integer [ such that C1C5C5 -+ CpCryyCrigr1 - -+ is permutable in G. Since the product of
two permutable subgroups is permutable therefore C1C5 - - - CpCriq--- = X is permutable
in G.

(ii) By part (i) each Dy is permutable in G and we have a descending chain Dy > Dy >

D3 > - -+ of permutable subgroups of G with | Dy, : Dy1] is infinite for all k.

Fix v € G. We have D; > Dy > D3 > ---. By Corollary 2.1 there is a subsequence
Dy, 2 Dy, > Dy, > --- such that |Dy(x) : Dy, (x)| is infinite for all [. Since G has

the weak minimal condition on non-permutable subgroups, there exists a positive integer

m such that Dy, (x) is permutable in G, that is C, Cy, ., Ck,., - - - (x) is permutable in

G. Since each C; is permutable in G by the first part therefore C1C5C5---CY, | is per-
mutable in G. Since the product of two permutable subgroups is permutable therefore
C1CyCs -+ Cy,,  C, . Ck,.., - -+ (x) is permutable in G and equivalently X (x) is permutable
in G.

O
Here we note that, in the above lemma, if Y is trivial then every subgroup X of the

form X = D>1r1 A; is permutable in G provided G satisfies the weak minimal condition on
Z_
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non-permutable subgroups. We also observe that the proof of Lemma 2.6 shows that if
X = Dr C; then we can write X = Dr B; where |Dr B; : Dr B;| is infinite for all j, and
i>1 i>1 i>j i>j+1

each B; is permutable in G. As a corollary we have

COROLLARY 2.2. Let G be a group satisfying the weak minimal condition on non-
permutable subgroups. Suppose that G contains a subgroup A of the form By X By X B3 X - - -
where |IZ)21"J B; : é)]lllBJ 1s infinite for all j, and B; per G. Let x be any element of infinite
order such that AN (z) = 1. Then x € Ng(By,) for all k.

The proof of the corollary follows by Theorem 1.3. Now we continue this section with

another lemma which is interesting in its own right.

LEMMA 2.7. Let G be a group satisfying the weak minimal condition on non-permutable
subgroups. Suppose that G contains a subgroup A of the form By X By X Bg X ---, with
B; # 1. Let x € G be any element of infinite order such that AN {(xz) = 1. Then v € Ng(By)
for all k.

PROOF. Since A = B; X By x B3 x ---. We can write A = Bj, X D>r1 C; where
|D>r. C;: >Dl;rlCZ| is infinite. Then By x C; per G by Lemma 2.6 and so x € Ng(By x C;) for
i>j i>j
all 7 by Theorem 1.3. Hence x € Ng( ﬂl(Bk x C;)) = Ng(Bk) O

i>

We proceed the section with the following useful lemma.

LEMMA 2.8. Let Cy > Cy > C3 > -+ be a descending chain of subgroups of a group G
satisfying the weak minimal condition on non-permutable subgroups such that '91@ = L<Cj
and C;/L = D>r (D;/L) where |C; : Citq]| is infinite. Then ‘Q1Ci<x> = L(z) forallz € G. In

j>i i>

particular, L{x) < G, for all x € G and L is permutable in G.

ProOOF. We note that, by Lemma 2.6, C; per G. To prove the lemma, we first prove that
Qloi (x) = L(x) for all z € G. Since L(x) C C;(x), for all 7, it follows that L(z) C D1C’<m>

For the converse, let d € Q1CZ<$> Then d € C;(x) for all i. Thus, we have

d=c12" = cox® = 32 = - - - (1)
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where ¢; € C; and iy, € Z for each k. This implies ¢; |, ¢, = z*+1 2% € Cy N (z) for all k.
Suppose C; N (x) = 1. Then ¢z = ¢ for all k, so ¢, € kgle = L and hence d € L(z).
Therefore L(x) = i910i<x> in this case. )

On the other hand when Cy N {(z) # 1 then for some [, ' € C;. This implies that
2'L € Cy/L and hence 2! L = (ayL,asL,a3L, -+ ,a,L, L, L,---) for certain elements aj, € Dy.
Suppose that 2™ € C, for some n > r, and some m € Z, so that «™L € C,/L. Then

amL = (L,L,L,---,L,a,41L,a,42L,a,.3L---) for some a, € Dy. We have,

xlmL:(aTL,a$L,a?L,---,aTLaLaLa"') (2)

xmlL:<L,L,L,"',L7af»+1L7ai+2L?ai+3L"') (3)

Therefore af", al, € L for all i. Hence 2'™ € L = 'chi’ which implies that
LN (x) = (x") for some p € Z. Thus z* € C; for all i. Now, in equation (1) we write

i; = pgj +r; with 0 < r; < p. Therefore

d = ClxquHrh — CququrTz — ngIISH+T3 — ...

and hence,

d = e xTHe™ = ol = cax®Bly™ = ... (4)

Now we can write equation (4) in the form
d= dlxrl = deTQ = deTS — ...

where d; = ¢;x%"* € C;. Since 0 < r; < p, we can find a subset {ly,ls,13,---} of {1,2,3,---}

with {; <3 <3 <--- such that T, =T, =T, =T = Therefore

d= dllxl’"o = dbgj‘l""() = dlggjlro — ..

and consequently, d;, = d;, = d;, = ---. Thus d, eglcli = L and d = dllxl’“o € L(z).
Therefore, ‘D1Ci<x> = L{z). Since each C; per G it follows that C;(z) < G for all i and
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hence QIC'@(JC) < @. Therefore L{z) < G. Since L(z) is a subgroup for each =z € G,
L{x) = (x)L so L is permutable in G.
U

We conclude the section with two similar lemmas.

LEMMA 2.9. Let G be a group and let x,y € G be elements of finite order. Suppose
{Ak}ti>1 is a collection of subgroups of G such that k;QlAk = 1. Suppose further Ai{x)(y)is

a subgroup for all k. Then (x){y) is a subgroup of G.

PROOF. Since Ag(x)(y) is a subgroup for all k so kglAk<:c>(y> is a subgroup. To show
(x)(y) is a subgroup of G it suffices to to show that kglAk<x) (y) = (z){y). Since (z){y) C
Ag(z)(y) for all k we have (z)(y) C kglAk(x>(y>. Conversely, suppose d € kglAk<x>(y>.
Then d € A(x)(y) for all k. So we have the equations;

d =z y’t = apx’y’? = agaBy’t = - - (1)

where a;, € Ay and i, j are non-negative integers for all k. Since both z and y have finite

order, there is a subset {ki, ko, k3,...} of {1,2,3,...} with k4 < ky < k3 < --- such that

1o = g, = gy - -+ and Jo = jg, = Jr, = -+ - where ig, jo € Z. Then, from (1), we have,
d = aklxioyjo — akQIioyjo — ak3l‘i0yj0 - ... (2)
where ay, € Ag,. So, ay, = ap, = ag, = ---. Thus, a;, € }QIA;% = 1. So, a, =1
1=

for all 7 and hence d = z"y/. Thus d € {(x)(y). Therefore, kglAk(xMy) C (z)(y). So,
(x)(y) = kglAk<x> (y) is a subgroup of G. O

We can prove a similar lemma in the case when x is an element of infinite order and y is

an element of finite order.

LEMMA 2.10. Let G be a group and let x be an element of infinite order and y be an

element of finite order. Suppose {Ay}r>1 s a collection of subgroups of G- with Ay = D>rkC’j
j>

and kglAk = 1. Suppose further Ay{x)(y)is a subgroup for all k. Then (x)(y) is a subgroup

of G.
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PROOF. Suppose d € kglAk (x)(y). Then d € Ax(zx)(y) for all k. So,
d = a1z y" = axx™y”? = azxBy = - - (1)

where a;, € Ay and i is an integer, j is a non-negative integer for all k. Since y has finite
order, there is a subset {ki, ko, k3,...} of {1,2,3,...} with ky < ky < k3 < --- such that

Jo = Jky = Jky = Jks * -+, Where jo € Z. Then, from (1),
d = ap, 2™y = ap,x'*29"° = qparsy’ = ... (2)
where, ay, € Ay, for all i. So, ag,z"™ = ag,x"2 = ag,x"s - --. Therefore,
ayt ar, = xm x% € Ap N (z) for all m, n € N.

Using Lemma 2.5, we may assume that A;N(z) = 1, so a; ' ay,= x*m x~ % = 1. Therefore,

we have ag, = ay, = ap, = -+ and ig = iy, = g, = --- for some ig € Z. Thus, ai, € -QlAki'
But QlAki =1 and thus d = x"y’. This implies that d € (x)(y) and hence kQIAk(x><y) -

(x)(y). Tt follows that kQIAk<x><y> = (x)(y) is a subgroup of G. O
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CHAPTER 3

PROOF OF MAIN THEOREMS

In this chapter, we prove the main results of our research. The proof of our first main
result is very similar to that given in [3], where it is proved that if G is non-periodic or
locally graded group satisfying the minimal condition on non-quasinormal subgroups then

either it is quasihamiltonian or it is a Chernikov group. The first main result is as follows.

THEOREM 3.1. Let G be a locally finite group satisfying the weak minimal condition on

non-permutable subgroups, then either G is quasihamiltonian or it is a Chernikov group.

PROOF. Suppose that G is not a Chernikov group. Then, by Theorem 1.7, G does not
satisfy the minimal condition on abelian subgroups. Therefore GG contains an infinite abelian
subgroup A, which is not Chernikov. Since A is an abelian, locally finite group, it follows
that A = Dpr A,, where A, is the p-component of A. Let m(A) denote the set of primes
dividing the orders of the elements of A. If all A, have finite rank then, by Lemma 1.12,
each A, is Chernikov and consequently A is Chernikov if w(A) is finite. Therefore w(A) is
infinite and hence A contains an infinite direct product of the form Ii)>1r1 (a;), where every q;
has prime power order. On the other hand, if some A, has infinite r_ank then A, contains
an infinite direct product of the form ]Zf_)>1r1 (a;), by Lemma 1.11. Hence, in either case, we
may assume A is of the form A = Ii)>1r1 <a_i), where every a; has prime power order. For our
convenience, let us write A; = (a;), s;) A= ]i)>r1 A,

We can rewrite A as A = D>r1 B;; where B;; # 1 for all 7, j and hence assume A = D>1r1 C;
> i>
i>1

where each C; = D>r1 B,; and \D>r C; - .]>),r 1Cj| is infinite. Also, by Lemma 2.6, each Cj is
jfixed mnee
permutable in G.

32



Define B,, = j]%lian so that By = A. Let x,y be fixed elements of G. Let T' = (x,y), a
finite group. Then_we may assume that 7'N B; = 1 (on replacing A with some suitable sub-
group if necessary). Since each B; is permutable in GG, by Lemma 2.6, we have a descending
chain

By >By,>Bs>By>---

of permutable subgroups with |B; : B;41| infinite for all 7.
For every non-negative integer n, let H, = (x)B,. Then, there is a descending chain of
subgroups

Hy>Hy>Hs > Hy---

with |H; : H;,1| infinite for all 4 > 1, upon passing to a subsequence, by Corollary 2.1. Since
G has the weak minimal condition on non-permutable subgroups, there is an integer r € Z
such that H, is permutable. Then, (y)(z)B, = (z)B,(y) = (z)(y)B,. In particular, there
exist s,t € Z and an element z € By such that yz = z5y’z. Then z € (x,y)NB;. But (z,y)N
B; = 1, and hence z = 1. Thus we have z%y" = yz. It follows that (z) and (y) permute.

Since x and y were arbitrary elements of G, it follows that GG is quasihamiltonian. U

Now using some of the preliminary results that we obtained in Chapter 2, we prove the

next theorem:

THEOREM 3.2. Let G be a group satisfying the weak minimal condition on non-permutable
subgroups. Suppose that G contains a subgroup B of the form B = By X By X Bg X --- where

each B; # 1. Then G is quasthamiltonian.

PROOF. Since B is an infinite direct product we can write it as B = D>r1 B;; and hence
(=
Jj=21

assume B = Dr C; where each C; = Dr B;; and |Dr C; : Dr ()} is infinite. Also, by
jz1 4%2101 Jj=i Jzit+l
7 fixe
Lemma 2.6, each C; is permutable in G.

Define A; = D>r C; so that A; = B. Clearly DlAi = 1. Since each A; is permutable in
Vs 1>

G, by Lemma 2.6, we have a descending chain

A1 > A > A3 > Ay > -
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of permutable subgroups with |A4; : A;;1| infinite for all 7.

Fix z,y € G. Then by Lemma 2.6, Ag(z), Ax(y) per G for all k& > 1. Therefore
(Az))) = (@) () A = () (Axle)) = (B)((2) Ay for all k.

Claim: {z)(y) = ) Ay () (y)

Since (x)(y) C Ag(z)(y) for all k it follows that, (z)(y) C kglAk(x><y) To prove the
converse, kglAk<x><y> C (x)(y), we consider the following different cases:

Case (1): When z and y both are elements of finite order.

By the above construction, Lemma 2.9 implies that (z)(y) is a subgroup of G for all
elements z,y € of finiter order. Hence all finite cyclic subgroups of G permute.

Case (2): When z is an element of infinite order and y is an element of finite order.

By the above construction, Lemma 2.10 implies that (x)(y) is a subgroup. Hence (x)
and (y) permute, in this case.

Case (3): When both z and y are elements of infinite order.

Since both z and y are of infinite order, using Lemma 2.5, we may assume that A,N(z) =
1 = AN (y) =1 for all k. Here we note that each Ay is permutable in G. Then, by
Theorem 1.3, z,y € Ng(Ay). Therefore, Ay <t Ay(x)(y) for all k. Now we have the following
sub-cases to consider:

Case 3(a): Ag(x) N (y) =1 for all k.

Since A (x) is permutable and Ay (x) N (y) = 1 for all k, then, by Theorem 1.3, Ax(z) <
Ap(x)(y) for all k. Therefore, k@1Ak<x> < kglAk<x) (y). But, by Lemma 2.8, kQIAk(x> = (7).
It follows that (z) < /QlAk<x><y> is a subgroup and hence (z)(y) = (y)(z) in this case.

Case 3(b): Ag(z) N (y) # 1 for all k and (z) N (y) # 1.

Again, in this case, for any d € kglAk<m)<y>, we have
d = a1y = ax?y”? = agxBy’ = ... | (1)

Here AN {x) =1 = AN {y) for all k. Since (x)N(y) # 1, we have 2" = y* for some r, s € Z.

Also, j, = sq, + 1, where 0 <r, <s. So

:L.Zny]n — miny%@5+rn — :Cin:c'rQnyrn — xin‘i’r(h@yrn.
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Thus, from the above observation, we can write equation (1) in the form
d = a1y = axxy™ = azaBy = - -, (2)

where r; < s and [, = i, + r¢q,. Since, 0 < r; < s there are only finitely many powers of y
occurring. Therefore we can find a subset {kq, ko, k3, -+ } of {1,2,3,--- } with k1 < kg < k3 <
- (possibly after renumbering or re-indexing if necessary) such that ro = ry, = rg, = -+,

with 7o € Z. Equation (2), now reduces to
d= aklxlkl Yy = a;@xl’“2 Yy = akgxlkSym =y (3)
where, rg, I, € Z and ay, € Ay, for all i. Now, from equation (3), we have
dy " = aklxl’“l = akgxl’“2 = akgxl’“S = ...

which implies in particular that a,' ay, = #%n 27" € (z) N Ay, = 1. So, ay, = ax, and

a1 = glem . Thus ay, € ‘Q1Aki = 1 and hence ay, = ax, = ay, = --- = 1. Therefore, from
(=

equation (2),

T1

d:l'hy :xlzym:xl;;yrg:”_

This implies that d € (z)(y) and consequently, (z)(y) = kglAk<:B> (y), which is a subgroup

of G. Hence (z) and (y) permute in this case as well.

Case 3(c): Ag(z) N (y) # 1 for all k and (x) N (y) = 1.

Since z and y both have infinite order then, using Lemma 2.5 we can assume that
AN (z) = 1= AN (y) for all k. Also from Lemma 2.7, we have
B <1(By x By x...){x)(y) for all k. To prove our claim in this case, suppose d € kglAk<x) (y).
Then d € Ax{x)(y) for all k. Since Ax(x)(y) = (z)Ax(y), we may write

d= x“Chyh — ZEZQCLQ?/D — x”agyh = ... (4)

Suppose a; = (by,bg,---bs,1,1,-++) and asr; = (1,1, ,1,bsr1,bsio, -+ , b, 1,--+); for
some s and ¢t. Then we have,

l'il(blab%'“ 7bsa1717"')yj1:x12(1717"' 717bs+17b5+27"' abt717"')yj2'
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Hence z(iliiz)(bh b27 T bsa 17 ]-7 o ) = (]-> 17 T 17 bs+17 bs+27 o 7bt7 17 e )y(‘hi‘“)

Using Lemma 2.7, we get,
plin=iz) — (1,1, 1, bgpy, - - by, 1, ) (B, By, - UL, 1,1 ..)y(jz—jl)7
and consequently,
plii—i2) — (U, by, b Dyt - by, 1, )y(jQ—jl) (5)
Similarly, repeating the above procedure for large enough k, we have
2l —ikt1) — (1,--- ,1,b2+1,bg+2 . 7();7()%17... ,bwl?...)yjkﬂ—jk (6)
Combining equations (5) and (6) and, then using Lemma 2.7 we have,
pl=i2) (i —ik41) — [(blp b’2’ .. b;, boi1, by, -+ )y(jrjl)](ik*ikﬂ)

or

e N S D A )

Similarly,
2l —ikp1)(i1—iz) — (1,1, ,1,cqq, - Cyy 1, - )y(J'kH*jk)(il*iz) (8)
Thus from equations (7) and (8), we have
(c1,ca,C, -+ i1, )y(jrﬁ)(irikﬂ) = (1,1, ,1,¢q1, - Cpy 1, - )y(jmrjk)(iriz)’
which implies that,
(c1,¢9,- , ¢, Ct_+117 . ,c;l, L) = y(jk+1—jk)(il—iz)—(jz—jl)(ik—ik+1) (9)
Since A; N (y) = 1 it follows that, ¢; = ¢ = ¢3 = --- = 1 and hence

pli1=2) (i —ikt1) — y(jz—jl)(ik—ikﬂ)
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Also, (x) N (y) =1, so it follows that, (i; — i2)(ix — tk+1) = (J2 — j1)(ix — ig+1) = 0.
If iy = iy, then from equation (4) it follows that ay*a; = 327t € A, N {y) =1
Thus we have a; = as, which contradicts our choice of a; and a,.

If i1 # iy then for all large k, ¢ = i), = ix,1. Therefore,
d — mlkaky]’“ — w%k+1ak+1y]k+1 — xlk+2ak+2y]k+2 — ...

or,

x—id _ Clk;yjk _ ak+1yjk+1 — ak+2yjk+2 — ... (1())

which implies a,;il ap = yUst=ix) € Ay N (y) = 1. Therefore, ar, = axy1 = agy1 = -+, and

hence a; € k@lAk = 1. Thus, a; = 1 for all k£ and consequently,
d = xilyjl — xizyjz — xi3yj3 — ...

Thus d € (x)(y) and hence kglAk (x){y) C (z)(y). Therefore (x)(y) is a subgroup and hence
(x)(y) = (y){(x). It follows that for all z,y € G, (x)(y) = (y)(x). Thus G is quasihamiltonian.
0

LEMMA 3.1. Let G be a generalized radical group with the weak minimal condition on
non-permutable subgroups. Suppose G contains an abelian subgroup A that has a normal
subgroup K such that A/K is periodic and w(A/K) is infinite. Then K{(x)(y) is a subgroup

forall z,y € G.

PROOF. Since 7(A/K) is infinite and A/K is periodic we can write A/K = D>1“1 (A;/K),
with ‘DlAi = K, and each A;/K is the p-component of A/K. Moreover each A;/K # 1.
We can rewrite A/K as A/K = D>r1 B;j/K and hence assume A = D>r1 C;/K where each

7 JZ

j>1
Ci/K = D>r1 B;j/K and |D>r C;/K : ,];ile/K| is infinite. Also, by Lemma 2.6, each C} is
> J2n Jzt
7 fixed
permutable in G.
Define B,,/K = D>r C;/K. Since each B; is permutable in G, by Lemma 2.6, we have a
Jj=zm

descending chain

By >By>Bs> By > ---
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of permutable subgroups with |B; : B;1| infinite for all 7.

Fix z,y € G. Then by Lemma 2.6, By(z), Bi(y) per G for all k& > 1. Therefore
(Bi())(y) = (2)(y) B = (y)(Bi(x)) = (y)({x)By) for all k. To prove K (z){y) is a subgroup

of G, we have the following different cases:

Case 1: When z and y are both elements of finite order.
Clearly, K(x)(y) C Qle(x><y) For the converse, suppose d € Qle(x><y> Then
d € Bi(z)(y) for all i. So we have

d= blx“yjl = beiQij = ngi?’yj?’ = ... (1)

where b; € B; and iy, j; are non-negative integers for all k. Since both x and y have finite

order, we can find a subset {ky, ko, k3,... } of {1,2,3,...} with ky < ky < k3 < --- such that

1o = g, = gy -+ and jJo = jg, = Jr, = -+ - where ig, jo € Z. Then from (1), we have
d = bklxioyjo — b]@l'ioyjo — kaDUiOyjo .. (2)
where by, € By,. Hence, by, = by, = by, = ---. Thus, by, € 'Q1Bk" = K. So, by, € K for all

i and hence d € K(z)(y). Therefore, ,Qle‘<-T><y> C K(x){y), and K(z){(y) = lngZ(x) (y).
Hence K (x)(y) is a subgroup of G.
Case 2 : Suppose zx is an element of infinite order and y is an element of finite order.

Suppose d € Qle<x)(y> Then d € B;{(z)(y) for all i and hence we can write d as
d= bll'ilyjl = b2$i2yj2 = b3xi3yj3 = ... (3)

where b; € B;, i € Z, ji is a positive integer. Since y has finite order, we can find a subset
{kl,kg,kg,“'} of {1,2,3,} with ]{Zl S k’Q S kg S .-+ such that jo :jkl :jkz :ij"',

where jo € Z. Then from (3),

d= bklxikl yjo = bkzxi@yjo = bksxiksyjo = ... (4)
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where, by, € By, for all ¢. So,
dy 0 = by, 11 = b, a'*2 = by a's = --. € N By, (z)

But @'Q1Bki (r) = K{(x) by Lemma 2.8. Therefore, dy™° € ¢Q1Bki (x) = K(x). Sod € K(z)(y)
and hence K(z)(y) is subgroup.

Case 3: When z and y both are elements of infinite order.

We have the following sub-cases to prove here.

Case 3(a): Bi{x)N(y) =1 for all i > 1.

Since B;(z) per G and B;(z) N (y) = 1 for all ¢ then, by Theorem 1.3, B;{(z) < B;{z)(y)
for all i. Therefore, ing@-(:@ < Zngl<x><y> Since ingi(:@ = K(x) by Lemma 2.8 we have,
K(z) < 0 Bila)(y), so K(x)(y) is a subgroup.

Case 3(b): Bi(z) N (y) # 1 and (z) N (y) # 1 for all 7.

Since (z) N (y) # 1, we have " = y*® for some r, s € Z. Also, for some

de 'DlBi<$><y>’ we have
d= by’ = byr'y” = byay = (5)
where b; € B;, i, Ji € Z. Here we can write jp = qi.s + 1, 0 < rp < s. Therefore,

q25, 12 | .,

d = bz yToy™ = byx'y

or

d = bz xUTy"™ = hyx2x®Ty"? = ...

Hence

d= blxhym — b2x12y7"2 _ b3$l3yr3 ... (6)

where I}, = i + rqx. Since rp < s, we can find a subset {k, ko, k3, --- } of {1,2,3,---} such

that ro = ry, =15, = -+ +. S0, equation (6) reduces to

d = b, a™1y™ = by, z2y™ = by, 'y

39



and, consequently
dy™" = by, a1 = by,a = by,alks = ... (7)

Thus, dy™™ € QlBk(x> Now Lemma 2.8 implies that dy=" € K(z) and therefore

d € K({x)(y). Hence QIBZ-@C)(y) = K{(z)(y) is a subgroup in this case.

Case 3(c): When Bi(z) N (y) #1, (x)N(y) =1 for all 7.

Sub-case 1: B;N(y) #1, BiN{z)=1.

Suppose d € ingZ- (x)(y). Then d € B;{x)(y) for all i and hence d can be written in the
form

d= oy = 2ty = byt = o ()

Since B; N (y) # 1, then y* € B, and hence y*K € B;/K. Therefore,

V'K = (WK, byK,b3K,--- b, K,K,K,---) where b; € B;. If {y) N B,,1 # 1, then for some
I,y € B,y1 and hence 'K € B, /K. Thus, 'K = (K, K, K, K, b, 1K,b,.oK,---). So,
yMK = (WKWK, 0K, K, K,--+) and y*K = (K, K --- K, b} | K,bF ,K,---). Therefore
Ve K, b, € K for all i. Thus y* € K = i(ngZ-, and hence K N (y) = (y*) for some u € Z.
So y* € B; for all .. We have j, = qiu + 1, where 0 < 7, < p, for some g € Z. Therefore,

from equation (8),

d =" biy™iy" = aby ™y = 2t by iy -
Since y* € B; for all ¢, y%* € B; for all i. Thus we can write,

d= 2"y = x2cy™ = 2Bcqy’ = - - (9)

where ¢x= byy"%*. Since, 0 < ry < p, we can find a subset {l1,ls,l3,---} of {1,2,3,---} with

li <ly <l3 <--- such that rg =r;, =mr, =m, =---. Therefore,

d= " cllyro = gl cbym = '3 Clgyro = ...
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and

dy " =a'he, = a2, = ase, = (10)

which implies dy~"° Eing,(x) and hence by Lemma 2.8, dy~™ € K(z). Thus, d € K(z)(y)
and henc K (z)(y) is a_subgroup of G.

Sub-Case 2: By N (x) =1= BN (y).

Since By N (z)= 1 = B; N (y), therefore by Theorem 1.3 z,y € Ng(B;) for all i. So
x,y € Ng(K). Hence we can form the groups B;{x)(y)/K. In particular by Theorem 3.2,
we have ¢Q1Bi<x><y>/K = (Kz)(Ky). Therefore K(x)(y)/K is a subgroup of B;(z){y)/K

and hence K (z)(y) is a subgroup of G. O

Now we prove a proposition which will be useful in the proof of our main theorem.

PROPOSITION 3.1. Let G be a generalized radical group satisfying the weak minimal

condition on non-permutable subgroups. Then G is radical-by-finite.

PRroOOF. Let R be the maximal normal radical subgroup of G. The existence of such a
group is a consequence of Lemma 1.7. Suppose R # G. Then there exists N <1 G such that
R < N and N/R is either locally finite or locally nilpotent. The choice of R implies that
N/R is locally finite. Let L = G/R and suppose K is the maximal normal locally finite
subgroup of L. Since K satisfies the weak minimal condition on non-permutable subgroups
then, by Theorem 3.1, K is either quasihamiltonian or Chernikov. If K is quasihamiltonian
then, by Theorem 1.4, K is locally nilpotent and therefore K is trivial by the choice of R.
Thus K is Chernikov. Since a radical-by-abelian group it follows that K must be finite.

If L is infinite then K # L. Since L/K is a generalized radical group and since an
extension of a locally finite group by a locally finite group is locally finite it follows that the
locally finite radical of L/K is trivial. Hence there is a normal locally nilpotent subgroup
M/K of L/K. Furthermore M/K must be torsion-free. Therefore, L/K must contain a
torsion free normal locally nilpotent subgroup M /K. Note that M/K is infinite. Moreover

L/Cp(K) is finite since K is finite and K N Cy(K) = ((K) = 1, by the choice of R. The
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isomorphisms
Cu(K) ~Cy(K)/Cy(K)NK ~Cy(K)K/K < M/K

imply that Cy/(K) is locally nilpotent. Also L/Cp(K) is finite so that MCL(K)/CpL(K) ~
M/M N CL(K) is finite and hence M N CL(K) = Cp(K) is infinite. This contradicts the

choice of R. Hence the result follows.

U

THEOREM 3.3. Let G be a generalized radical group satisfying the weak minimal condition

on non-permutable subgroups. Then either

(i) G is quasihamiltonian, or

(ii) G is soluble-by-finite of finite rank.

PROOF. Since G is a generalized radical group with the weak minimal condition on non-
permutable subgroups it follows, by Proposition 3.1, that G is radical-by-finite. Let N be
a normal radical subgroup of G such that G/N is finite. Now, we consider the abelian
subgroups of GG. If GG contains an abelian subgroup A of infinite rank, then A contains a
subgroup of the form A; x Ay x A3 x ---, with A; # 1, by Lemma 1.11. Since G satisfies
the weak minimal condition on non-permutable subgroups and it has a subgroup of the form
Ay X Ay X A3 x - -+ it follows, by Theorem 3.2, that G is quasihamiltonian.

If all the abelian subgroups of G have finite ranks then, by Theorem 1.17, G also has
finite rank. Next we prove that G is soluble-by-finite in this case. To prove this, we may
assume that G is non-quasihamiltonian. Since G has finite rank then, by Theorem 1.18, there
exist normal subgroups 1 < T < L < M < G such that T is locally finite and G /M is finite.
Moreover, L/T is a torsion-free nilpotent group and M/L is a finitely generated torsion-free
abelian group. Since T satisfies the weak minimal condition on non-permutable subgroups
then, by Theorem 3.1, T" is either quasihamiltonian or Chernikov. If 7" is quasihamiltonian
then T' is locally nilpotent, by Theorem 1.4. Hence by the structure theorem of periodic
locally nilpotent groups, T' = ]p)er7r T,, where 7 is a set of primes. If |7| is infinite then G is
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quasihamiltonian by Theorem 3.2. Therefore || is finite. Since a locally finite p-group of
finite rank is Chernikov, by Theorem 1.6, each T}, is Chernikov and hence so is T'.

Since the class of soluble groups is closed with respect to formation of extensions, it
follows by Theorem 1.18, that M /T is soluble. We also note that 7" is Chernikov, therefore
it is either finite or has a non-trivial normal abelian subgroup of finite index. Hence without
loss of generality, we may assume that 7" is finite. This implies that M/C)y,(T) is finite. The

isomorphism
Cu(T)/(T)=Cy(T)/Cu(T)NT ~Cy(T)T/T < M/T

implies that Cy(T")/C(T) is soluble and hence by the extension property of soluble group,
Cr(T) is soluble. Moreover, G/M and M/Cy(T) both are finite and Cy,(T) is soluble and

consequently G is soluble-by-finite. This completes the proof. O

THEOREM 3.4. Let G be a generalized radical group satisfying the weak minimal condition
on non-permutable subgroups. If G is neither quasihamiltonian nor minimax then G has
a torsion subgroup T, consisting of the set of all elements of finite order, such that T'is

Chernikov and G /T is torsion-free.

PROOF. Since G is not quasihamiltonian, G is soluble-by-finite of finite rank, by Theo-
rem 3.3. Furthermore, if all abelian subgroups of GG are minimax then G is a soluble-by-finite
minimax group, by Theorem 1.12. Hence we may assume that G has an abelian non-minimax

subgroup A. Thus A contains a free abelian subgroup K of the form Z x Z X Z x --- x 7Z,

n

such that A/K is periodic.

If 7(A/K) is finite then A/K = 1gilrteAp where A, is a p-component of A/K. Since
each A, is Chernikov, by Lemma 1.12, it follows that A/K is Chernikov and thus has the
minimum condition. But K has the maximum condition, So A is a minimax group, which
is a contradiction. Therefore, 7(A/K) is infinite and A/K = ]Z;)>1r1 (A;/K) where iD1Ai =K
and each A;/K # 1. Hence, by Lemma 3.1, K{(x)(y) is a subgro_up for any z,y € EJ

Let K" = {k"|k € K}. Then K/K" is finite. Moreover, A/K™ is also periodic and we

may replace K by K" in Lemma 3.1 to deduce that K"(x)(y) is also a subgroup, for each
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n and for each z,y € G. Let H,, = K". For any two elements x,y of finite order, we claim

that

Clearly (z)(y) C H,(x)(y) for all n. So, (x){y) C N H,(z)(y). Conversely, suppose d €

n>1

QlHn@:)(y) Then d € H,(x)(y) for all n. So we have
d= hll‘ilyjl = hgl‘i2yj2 = hgqji3yj3 = ... (1)

where each h,, € H,,. Since both x and y have finite order, we can find a subset {k1, ks, k3, -+ - }
of {1,2,3,---} such that iy = iy, = iy, = --- and jo = jx, = jg, = -- -, where iy, jo € Z.

Then from equation (1), we have
d= hklxioyjo = hk2$i0yj0 = hksmioyjo = ... (2)

Thus, hy, = hg, = hg, = ---, which implies, hy, € ingki = 1. So hy, = 1 for all ¢
and hence d = zy” and thus d € (z)(y). Therefore, ;QlHn(xMy) C (x)(y) and hence
(x)(y) = nngn<x><y>. This implies that (z)(y) = (y)(z) for all x,y of finite order.

Let T Be the set of elements of finite order. Then 7' is a characteristic subgroup of G
and G/T is torsion-free.

But, by Theorem 1.4, T is locally nilpotent. Therefore, T = 713)67; T,, where 7 is a set
of primes and 7, is the p-component of 7. If 7 is infinite, then G is quasihamiltonian
by Theorem 3.2. Therefore 7 is finite. Since each T}, is Chernikov, by Theorem 1.6, 7" is
Chernikov.

O

It seems to be a very difficult problem to prove that if G is generalized radical group with
weak minimal condition on non-permutable subgroups then either G is quasihamiltonian or
minimax. If G is a generalized radical group of finite rank with the weak minimal condition
on non-permutable subgroups then there are normal subgroups 7', L, M of G such that 1 <
T <L <M <G, where T is locally finite, L/T is torsion-free nilpotent, M/L is a finitely

generated torsion-free abelian group and G/M is finite. By Theorem 3.4, T' is Chernikov
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so minimax, and G/L is likewise minimax. Thus whether G is minimax is dependent upon

whether L/T is minimax or not.
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CHAPTER 4

GROUPS WITH THE WEAK MAXIMAL CONDITION ON
NON-PERMUTABLE SUBGROUPS

In this chapter we give some results related to the groups satisfying the weak maximal

condition on non-permutable subgroup. We begin the chapter with an easy to prove lemma:

LEMMA 4.1. FEvery subgroup and factor group of a group satisfying the weak mazximal con-
dition on non-permutable subgroups satisfies the weak maximal condition on non-permutable

subgroups.

Next we give a lemma, which connects the weak maximal condition on non-permutable

subgroups with the maximal condition on non-normal subgroups.

LEMMA 4.2. If G is a group satisfying the weak maximal condition on non-normal sub-

groups then G has the weak maximal condition on non-permutable subgroups.

The proof of the above lemma is analogous to the proof of the Lemma 1.9. Next we

establish another lemma which will be useful later in this chapter.

LEMMA 4.3. Let G be a group satisfying the weak mazimal condition on non-permutable
subgroups. Suppose G contains a subgroup B of the form By X By X B3 x -+, with B; # 1.

Then B 1is permutable in G.

PROOF. Since B is an infinite direct product we can relabel B and rewrite it as B =

Dr B;; and hence assume B = Dr C; where each C; = D>r1 B;; and

i>1 Jj=1 >
j>1 j fixed
| Dr C; : Dr C}] is infinite.

i<t 7 <

Let us suppose H = C; x C3x Cs5x -+ and K = Cy x Cy x Cg X - -+ so that B=H x K.

Now we can construct an ascending chain

H<HXCy;<HXCyxCy<HXCyxCyxCg<---
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of subgroups. Since G has the weak maximal condition on non-permutable subgroups, there
exists a positive integer k£ such that H x Cy x Cy X Cg X --- x (g is permutable in G.

Similarly, for an ascending chain
K<KXxCOi<KxCOxC3<KxCyxCy3xCs;<---

there exists a positive integer [ such that K x €7 x C3 x C5 X --- x Cy1 is permutable
in GG. Since the product of two permutable subgroups is permutable it follows that B is

permutable.

O

Analogous to Theorem 3.1, we have the corresponding theorem for group satisfying the

weak maximal condition on non-permutable suubgroups.

THEOREM 4.1. Let G be a locally finite group satisfying the weak mazimal condition on

non-permutable subgroups, then either G is quasihamiltonian or it is a Chernikov group.

PROOF. Suppose that G is not a Chernikov group. Then, by Theorem 1.7, G does not
satisfy the minimal condition on abelian subgroups. Therefore G contains an infinite abelian
subgroup A, which is not Chernikov. Since A is an abelian, locally finite group, it follows
that A = Dpr A,, where A, is the p-component of A. Let m(A) denote the set of primes
dividing the orders of the elements of A. If all A, have finite rank then, by Lemma 1.12,
each A, is Chernikov and consequently A is Chernikov if 7(A) is finite. Therefore w(A) is
infinite and hence A contains an infinite direct product of the form ]i)>r1 (a;), where every a;
has prime power order. On the other hand, if some A, has infinite rarﬂ{ then A, contains an
infinite direct product of the form ]l;)>1r1 (a;). Hence, in either case, we may assume A is of the

form A = Dr (a;), where every a; has prime power order. For our convenience, let us write
i>1
A; = {(a;), so A =Dr A,.
i>1
We can rewrite A as A = D>r B;; and hence assume A = D>r C; where each C; = D>1r1 B;;
i>1 j>1 i>
j>1 j fixed

and |£){HC’]- ; D<r‘ C}| is infinite. Also, by Lemma 4.3, each C; is permutable in G.
It It
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Define B,, = D<r C; so that By = C. Let z,y be fixed elements of G. Let T' = (z,y), a
msn
finite group. Then we may assume that 7'M B,, = 1 for all n. Since each B; is permutable

in GG, by Lemma 4.3, we have an ascending chain
BB By -

of permutable subgroups with |B;, : B;| infinite for all 7.

For every non-negative integer n, let H,, = (x)B,. Then, there is an ascending chain
H <Hy,<H3;<Hy---

of subgroups with |H,y; : H;| infinite for all ¢ > 1, by Corollary 2.1. Since G has the weak
maximal condition on non-permutable subgroups, there is an integer r € Z such that H, is
permutable. Then, (y)(x)B, = (z)B,(y) = (x){y)B,. In particular, there exist s, € Z and
an element z € B, such that yx = x°y’z. Then z € (z,y) N B,. But (z,y) N B, = 1, and
hence z = 1. Thus we have x°y" = yx. It follows that (x) and (y) permute. Since z and y

were arbitrary elements of G, it follows that G is quasihamiltonian.

Using Theorem 4.1, we have the following easy to prove proposition.

PROPOSITION 4.1. Let G be a generalized radial group satisfying the weak maximal con-

dition on non-permutable subgroups. Then G s radical-by-finite.
The proof of the above proposition is analogous to the proof of the Proposition 3.1.

THEOREM 4.2. Let G be a group satisfying the weak maximal condition on non-permutable
subgroups. Suppose G contains a subgroup B of the form By x By X By X -+, with B; # 1.

Then G is quasihamiltonian.

PROOF. Since B is an infinite direct product we can write it as B = D>r1 B;; and hence
i>
Jj=1
assume B = Dr C; where each C; = Dr B;; and | Dr C; : Dr (| is infinite. Also, by
Jj=1 i>1 J<i+1 J<i
7 fixed
Lemma 4.3, each C; is permutable in G. Clearly _Qle = 1.
J>
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Since (1 is an infinite direct product, we can construct an ascending chain
Di<Dy<sDy<-- <G

of permutable subgroups D; such that |D;,1 : D;| is infinite for all
Fix z,y € G. We have D; < Dy < D3 < ---. By Corollary 2.1 there is a subsequence

D; < Di, £ Dy < --- such that |D; (x) : D; (r)| is infinite for all j. By relabeling

we may assume that D; < Dy < D3 < -+ and |D;q(x) : D;(x)| is infinite for all 7.
Then there exists a subsequence D,, < D,, < D,, < --- such that |D,, . (y) : D, (y)| is
infinite. Relabeling then we have D; < Dy < D3 < -+, with |D;yq @ D;| infinite. Also

|Diy1(z) : Di{x)|, |Div1{y) : Di{y)| are both infinite for all . In this manner we construct

ascending chains of subgroup of GG

of subgroups of G with |D;;1(z) : Di(z)|, |D;+1(y) : D;{y)| both infinite for all i and each D;
is permutable in GG. Since G has the weak maximal condition on non-permutable subgroups,
there exist a positive integer k such that Dy(z), Di(y) per G. Let us write Dy = Ej so
Ey(z), E1(y) per G. Again repeating the above procedure inside Cj for all & > 1, we can
find Er < Cj such that Ex(z), Fx(y) per G. Therefore we may assume that Ey(x), Ey(y)
per G for all k. This implies that Ej(x)(y) < G for all k and hence kg1Ek (z)(y) < G. Notice
that kglEk =1.

Now we claim kglEk(xMy) = (x)(y). Since (z)(y) C Ex(z)(y) for all k we have (x)(y) C
kglEk<:x>(y> Conve_rsely, for d € kglEk<x) (y), we consider the following different cases:

Case 1: When x and y are both elements of finite order.

By the above construction, Lemma 2.9 implies that (z)(y) is a subgroup of G for all
elements z,y € G of finite order. Hence all finite cyclic subgroups of G permute.

Case 2: When z is an element of infinite order and y is an element of finite order.
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Suppose d € kglEk ()(y). Then d € Ey(x)(y) for all k. So,
d= ez Yt = ey = eqx’y’® = - .. (1)

where e, € Ej and 1} is an integer, j are non-negative integers for all k. Since y has finite
order, we can find a subset {kq, ko, k3, -+ } of {1,2,3,---} with ky < ky < k3 < --- such that

Jo = Jky = Jky = Jks * -+, Where jo € Z. Then from (1),
d = ep, a1y = ey, a2y’ = ey aMayl0 = ... (2)
where, ey, € Ej, for all k. Now we can write equation (2) in the form
dy’jo = eklxikl = ekQ:c% = ekgzci’% = ...

or

—j i i i
dy™° = e, a1 = e, x'*2 = e xths = - - (3)

Let us define E = F; X Ey X E3 X ---. Then from (3), we have

1 kg ik
€y = T2 27 € BN (x).

If EN(z) =1, then ef, = e, = --- and this implies that ey, € ZQIE}C = 1. Therefore
ey, = €g, = €, = -+- and ig = Iy, = dg, = ---. Thus d € (x_)<y> It follows that
0, Br{o) () = (2){y)-

When E N (z) # 1, then for some k, 2% = (e1,ey,e3, -+ ,e,,1,1,---) and suppose that
2t =(1,1,--- ,1,e,41,€r49, -+ ). Then,
M= (el,el, - el 1,1, ) and 2% = (1,1,1,-- ,1,ef e, -+ +) which implies that

k

k.. =1 for all i. Therefore, z* =1 and thus z has finite order, contrary to our

el=1ande
assumption. Hence kglEk<x> (y) = (x)(y).

Case (3): When both z and y are element of infinite order.
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In this case, we may assume that (x) N Ey = (y) N Ey = 1 for all k. Since each Ej
is permutable then by Theorem 1.3, xz,y € Ng(Ey) for all k. Now we have the following
subcases to prove:

Case 3(a): Ex(x) N (y) =1 for all k.

Since Ejx(zx) is permutable and Ey(x) N (y) = 1 for all k. Then by Theorem 1.3, Ej(x) <
Ex(z)(y) for all k. Therefore, kglEk(:c> < kglEk<x><y) Next we claim kglEk(:c> = (z).

Clearly, (x) C Ey(x) forall k. So, (z) C k@1Ek<x> Conversely, suppose d € kQIEk<x)\(x>,
then

d=ex" =ex"? =e32” =---

This implies that e;*e; = 227 € EN{(x). If EN(z) = 1 then e; = e, = e3 =. Therefore,
e1 € k@lEk = 1. Thus d € (z). If we have E N (z) # 1 then x has finite order as in the
earlier case, a contradiction. Therefore N Ey(z) = (z). However, N Ex(x) < N Ep(x)(y).
k>1 k>1 k>1
This implies (z) < Ex(z)(y), so (z)(y) is a subgroup in this case. Thus (z)(y) = (y)(x) in
this case.
Case 3(b): Ex(zx) N (y) # 1 for all k and (z) N (y) # 1.

In this case, for any d € kr;lEk(g:)(y)7 we have
d= elxilyjl = egxizyjz’ = e3xi3y73 =... (4)

Here Ex, N (z) =1 = Ex N (y). Since (x) N (y) # 1, we have 2" = y* for some r, s € Z. Also,

J1 = 8q1 + 11 where 0 <r; <s. So
Tl = iy distrL i1 g e pirtran, r
yr =Ty =Trr Yy =T Y
Thus, from the above observation, we can write equation (4) in the form

d = eiz"y™ = exl2y™ = ey = ... (5)

where r; < s and [, = i, + rq,. Since, r; < s, we can find a subset {kq, ko, ks, -} of

{1,2,3,---} with k; < ky < kg--- (possibly after renumbering or re-indexing if necessary)
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such that ro = ry, =1, = -+, with ro € Z. So,
d = ey, a1y’ = epattay” = epaltsy™ = (6)
Here, 1o, ij,, ij,, - € Z and ey, € Ej, for all i. Now, from equation (6), we have
dy " = e, 2™ = ep,a't = epalts = -

which implies in particular that e, ey, =z 27 € (z) N Ep = 1. So, ex, = €y, .

Hence, e, € QlEki = 1. Therefore, e, = ey, = ey, = --- = 1. Thus,
1=
— pligrm  degre 3,3

which implies that d € (x)(y) and hence, (z){y) = N Ey(z)(y), which is a subgroup of G.

k>1
Hence (z)(y) = (y){z).
Case 3(¢): Ex{x) N (y) # 1 for all k and (z) N (y) = 1.
Note that x and y both have infinite order and also we can assume that Ey N (z) =1 =

Er N (y). Using Theorem 1.3, we also get
By < (By X By x By x -+ )(x)(y) (7)

for all k. Suppose d € kglEk<x)<y>. Then d € Ex(z)(y) for all k. Since Ey(x)(y) = (x) Ex(y),
we can write

d = x“elyﬂ — xmezyjz — $13€3y‘73 — ... (8)

where e, € E) and kglEkzl. Suppose e; = (by,ba,---bs, 1,1,--+) and

esy1 = (1,1, 1, bgi1,bsi2,-+- , by, 1,--+) for some s and t. Then we have,
xil(bbb?a”' 7b871717"')yj1 = xi2(171>"' ,1,b5+1,b5+2,"' 7bt717“')yj2

x(il_i2)(blab27' : 'bsa ]-717" ) = (17 1a e 717b8+1abs+2a e 7bta 17' : )?/(]2_]1)

From equation 7,

272 = (11, 1, by, - by, 1, ) (0, by, - B, 1,1, - )y b2,
52



This implies that 2172 = (¥, b, -V, beyr, -~ by, 1, -+ )yl2—71) 9
1) %72 s

Similarly repeating the above procedure for large enough k, we have

gl = (1. .. U A AP S SR TRRRIN W C )y (10)

Y

Now combining (9) and (10), we can write
pi1=i2) (fe—ig 1) — (B, b, - b/s’ bos1, by, )y(j2_j1)](ik_ik+l)
and then by (7), we have
PO Oi00) Z (0 ey gy 1,1, - Yy G0
Again, from (8) and (9) and then using (7),

= ik) (i1 —i2) — (1,1,---,1, . )y(jkﬂfjk)(il*iz)_

Coat, - Cpy 1, -
Therefore,
(c1,c9,¢3,-++ ,cp, 1, )y(jrjl)(irikH) = (1,1, ,1,¢q1, - Cpy 1, -+ )y(jmrjk)(iriz)_
This implies that,
(c1,¢0,+ - ,ct, Ct_—|—117 e qul’ L) = y(jk+1—jk)(il—iz)—(j2—j1)(ik—ik+1) € En(y).

Since £ N (y) =1 it follows that¢; = ¢ = ¢ = --- = 1 and hence

pi1=12) (i —ik 1) — y(jz—jl)(ik—ikﬂ)

AISO, <ZL’> N <y> =1 it follows that, (Zl — ’LQ)(’Lk — ik+1) = (jg — jl)(zk — ik+1) = 0.
When 4, = iy, then from equation (10) it follows that e;'e; = y2771 € EN(y) =1
Thus we have e; = ey, which contradicts our choice of e; and es.

If 21 # iy then for all large k, i = i} = i311. Therefore,

d = 2% eyt = 2% ep 1yt = a2ep oy = . (11)
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which implies that

~ , ) .
r'd = eyt = eyt = eyt =

and thus e,;il ex =yt € BN (y) = 1. Therefore, e = €pp1 = €py1 = -+ -,

Thus, ¢, € IchEk = 1. Therefore, e, = 1 for all k. Hence
d = :Eilyjl — mizij — Ii3yj3 — ...
and thus d € (x)(y). Hence kglEk(x><y> C (z)(y). Therefore (z)(y) = N Ex{x)(y), is a
subgroup in this case also. It follows that G is quasihamiltonian.
Finally, using the above theorem and other preliminary results, we can prove a theorem

analogous to Theorem 3.3.

THEOREM 4.3. Let G be a generalized radical group satisfying the weak maximal condition

on non-permutable subgroups. Then either
(i) G is quasthamiltonian, or

(ii) G is soluble-by-finite of finite rank.

The proof of the above theorem is analogous to the proof of the Theorem 3.3.
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