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ABSTRACT 

Relatively poor mechanical properties of carbon nanotube (CNT) bulk materials can be 

improved by formation of bonds or covalent cross-links (CLs) between nanotubes. In this work, 

an ñeffective bond modelò of covalent CLs between carbon nanotubes is developed for 

mesoscopic simulations of cross-linked CNT materials. A general approach for fitting the CL 

model parameters based on results of atomistic simulations is developed. The best-fit parameters 

of the CL model are found.  The developed effective bond model of CLs is included into a 

dynamic mesoscopic model of CNT materials, where each nanotube is represented in the form of 

a chain of stretchable cylindrical segments.  The mesoscopic force field in this model accounts 

for stretching and bending of CNTs, van der Waals interaction between nanotubes, and inter-tube 

CLs. The model is applied to generate and equilibrate in silico pristine and cross-linked CNT 

fiber and film samples with structural characteristics close to observed in experiments. The 

structural parameters of CNT fibers and films, including the average bundle size, Herman 

orientation factor, and tortuosity, are calculated. The quasi-static simulations of large-scale cross-

linked CNT films are performed to reveal the load transfer mechanism, as well as effects of CNT 

length, CL density, material density, and network morphology on mechanical properties under 

conditions of quasi-static deformation.  It is found that stretching of CNT segments is the 

dominant mode of load transfer in cross-linked CNT film during their stretching, while bending 

and buckling is the dominant mode of load-transfer during compression. Both tensile modulus 

and strength of CNT films increase strongly with increasing CNT length. The effect of the 

nanotube length on mechanical properties, however, is altered by the density of CLs. The mutual 

effect of the nanotube length and CL density on modulus and strength is described by power 

scaling laws, where the modulus and strength are functions of the average number of CLs per 
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nanotube, i.e., the product of the CNT length and CL linear density. The exponents in the scaling 

laws for the modulus and strength are strongly different from each other. The material density of 

the film samples weakly affects the specific mechanical properties. The dispersion of nanotubes 

in the films without formation of thick bundles results in the few-fold increase of the modulus 

and strength.  In qualitative agreement with experimental observations, the in-plane compression 

of a large thin CNT film results in collective bending of nanotubes and folding of the whole film 

with minor irreversible structural changes.  Depending on the CNT length, the reliefs of the 

compressed films vary from quasi-one-dimensional wavy surface to complex two-dimensional 

landscape.  
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CHAPTER 1 

1. INTRODUCTION  

1.1 Carbon Nanotubes and Carbon Nanotube Materials 

A carbon nanotube (CNT) is a molecule of carbon atoms with hollow tubular shape 

(Figure 1.1(a)). Depending on the number of shells that forms the wall of a CNT, CNTs can be 

further classified into two categories. The nanotubes which can be obtained by rolling a single 

graphene sheet are known as single walled carbon nanotubes (SWCNTs).  The nanotubes which 

consist of multiple cylindrical shells are known as multiwalled carbon nanotubes (MWCNTs). 

The atomic structure of a SWCNT can be produced by rolling a graphene sheet [1,2], along the 

chiral vector ╒   

╒ ὲ╪ ὲ╪  (1.1) 

where ╪  and ╪  are the unit cell basis vectors of the 2D lattice of the graphene sheet (Figure 

1.1(b)).  If the graphene sheet in Figure 1.1(b) is rolled in such a way that the origin of the chiral 

vector ╒  touches its end, then one can get a nanotube with unique periodic arrangements of 

atoms and with the nanotube axis directed along the translational vector ╣, which is 

perpendicular to ╒ .  The chirality of a nanotube (ὲȟὲ) is defined by a pair of its chiral indices 

ὲ and ὲ. The diameters of the nanotube can be calculated Ὀ Ѝσ ὰ ὲ ὲ ὲὲ Ⱦ “ ȟ 

where ὰ πȢρτςρ B is the lattice constant in graphene [109]. If  ὲ ὲ, then the resulting 
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configuration is known as ñarmchairò CNT. Figure 1.1(a) shows such an armchair (10,10) CNT. 

The chiral angle — ÁÒÃÔÁÎ  Ѝσὲ Ⱦ ςὲ  ὲ   in this case is equal to 30Ј. If  ὲ π, then 

the obtained nanotube is known as the ñzigzagò CNT with the chiral angle equal to 0Ј. All other 

nanotubes when 0Ј — σπЈ  are known as ñchiralò CNTs.  

 

Figure 1.1. Sketch illustrating formation of a SWCNT from a 2D graphene sheet: (a), side 

view of an armchair (10,10) CNT with green spheres representing individual carbon atoms; 

(b), schematic diagram of a 2D graphene sheet rolling into CNT, where ╒  is the chiral vector 

and ╣ is the translational vector, ╒ Ṷ╣. 

Since the report of Sumio Ijima on the synthesis of CNTs [3], the CNTs have drawn 

attraction to many scientists and engineers due to its superior mechanical, thermal, and electrical 

properties.  An individual CNT is one of the strongest and stiffest materials in nature with 

Youngôs modulus about 1 TPa, strength of 30ï130 GPa, and elongation at break of 15ï30 % 

[4,5,6,7,8,9,10]. Depending on the material density and production method, the CNT materials 

exist in many forms, from low-density aerogels and sponges with densities of ~0.01 gcm-3 
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[11,12], to medium-density CNT films [13,14,15,16], ñforestsò [17,18], mats, and ñbuckypaperò 

[19,20] with densities of ~0.1 gcm-3, and to high-density super-aligned CNT fibers [21,22,23], 

forests [18] and films [24] with CNT arrangements approaching the ideal hexagonal packing 

limit  (Figure 1.2).   

 

 

Figure 1.2. Schematic representation of CNT forests, films and fibers (a) [25], SEM image of in 

situ CNT forest (b) [26], film (c) [27] and fiber (d) [25].  

In aerogels, films, forests, and fibers, CNTs form hierarchical structures through self-

assembly due to van der Waals interaction between nanotubes. The substantial research efforts 

are targeted at exploiting the extreme properties of individual CNTs from macro level 

applications like automobile structure or space elevator to nano level applications in electronics 

and optics. Due to high strength, light weight, and excellent energy absorption capacity, the CNT 
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materials are promising candidates also for applications such as ballistic protection materials, 

including body armor [28], and artificial muscles [29].  The unique physical nanotube properties 

stimulated intensive studies targeted at revealing the potential of CNT materials for advanced 

electronic and optoelectronic applications [30], from on-chip thermal interface materials 

[31,32,33], to energy harvesting [ 34], flexible electronics and sensing [35], photoluminescence 

and imaging [ 36], and to generation of terahertz radiation [37]. The thin CNT films with random 

network of interconnected bundles of single-walled nanotubes, in particular, are considered as 

one of the primary candidates for low-cost flexible electronics [38]. Due to its outstanding 

electrical conductivity, as well as mechanical strength and high surface area, CNTs have been 

suggested as a material for use in supercapacitor electrodes [39 ]. The semiconducting SWCNTs 

is superior candidate for the channel materials in the field-effect-transistors (FETs) since they 

have shown much better performance than silicon-based transistors [40].  

1.2 Mechanical Properties of CNT Materials 

The efficient use of CNT materials in applications requires tuning the mechanical 

properties. For instance, good resilience and small modulus are needed for thermal interface 

materials, while ability to sustain cyclic large-strain reversible bending and stretching 

deformations is important for flexible electronics [38]. However, the pristine CNT materials are 

networks of entangled bundles and nanotubes, and applied load in such materials results in inter-

tube sliding inside thick bundles [41]. The resisting friction forces are low [42,43,44,45,46]. The 

weak van der Waals interaction between CNTs also introduces low barriers for inter-tube sliding, 

and, thus, the superior properties of individual CNTs are not fully realized in their assemblies 

[47,48]. The experimentally measured Youngôs modulus and strength of CNT films vary in the 

range from ~100 MPa to ~3 GPa and from ~2 MPa to ~30 MPa, correspondingly 
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[49,50,51,52,53,54,55,56,57]. In particular, the experimental  stress-strain curves of pristine and 

functionalized SWCNT films shown in Figure 1.3 demonstrate the modulus in the range of 1-3 

GPa and strength in the range of 2-30 MPa that are two-three orders of magnitude smaller than 

the modulus and strength of individual SWCNTs  [54]. The material density in these samples 

varies between 0.42 gcm-3 and 0.87 gcm-3, and average bundle diameters ranges from 9.3 nm to 

21 nm.  

 

Figure 1.3. Stress-strain curve of SWCNT films obtained at tensile loading of purified HiPCO 

SWCNT film (dash-dot green line), as-prepared annealed Elicarb SWCNTs (dashed red line), 

octadecylamine (ODA) functionalized CNT film (dash-dot-dot orange line), and heavily 

functionalized -COOH CNT film (solid blue line). The curves are reproduced from Ref. [54]. 

The mechanical properties of light-weight CNT materials can be improved by increasing 

the degree of connectivity of the nanotube network. If the material density is fixed, then the CNT 



6 
 

length, the degree of nanotube entanglement, as well as the characteristic bundle thickness and 

length, can be considered as the factors that affect the network connectivity and load transfer. 

The multiple experimental and theoretical studies of CNT-reinforced composites with polymer 

and metal matrix materials, e.g., [58,59,60,61] reports an increasing reinforcing ability of 

nanotubes with increasing CNT length. The studies of the length-dependent mechanical 

properties of ñpureò CNT materials, e.g., buckypaper, are scarce, and the understanding of how 

the CNT length affects the network morphology and load transfer is still elusive. For instance, 

the coarse-grained mesoscopic simulations in Ref. [62] surprisingly predicted that Youngôs 

modulus of SWCNT buckypaper strongly decreases with increasing CNT length. The porosity 

and pore size are found to increase with increasing CNT length. On the contrary, the authors of 

Ref. [63] found in coarse-grained molecular dynamics simulations that the CNT length only 

marginally affects the elastic properties of buckypaper in the frequency-independent regime. In 

the experimental study [64], the authors fabricated buckypaper with varying lengths and found 

that the material composed of the millimeter-long CNT has twice larger tensile strength 

compared to the material composed of micrometer-long CNT, while the modulus does not 

change. The experimental study [65] revealed, contrary to Ref. [62], that the MWCNT 

buckypaper with shorter nanotubes had larger pore sizes than that with longer nanotubes.  

Another approach for improving load transfer between individual CNTs is based on 

introducing defects in the atomic lattices of interacting CNTs and formation of covalent bonds or 

cross-links (CLs) between carbon atoms belonging to different nanotubes [ 

48,58,59,60,61,62,63,64,65,66,67]. CLs can be induced by irradiation of CNT materials with 

electron [48,58,59,60,61,62,63,64,65,66,67,68,69,70,71 ] or ion [72,73,74,75,76,77] beams, as 

well as by chemical functionalization of nanotubes with subsequent formation of bonds between 
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molecular groups attached to different CNTs [71,78]. It is experimentally found that the elastic 

modulus and strength of CNT bundles exhibit up to order-of-magnitude increase after cross-

linking by electron beams [13,70]. The tensile modulus and strength of SWCNT sheets 

demonstrate up to three-fold and five-fold increase, respectively, after cross-linking by electron 

beams [68], while both chemical functionalization and electron beam irradiation result in ~50% 

improvement of the CNT sheet strength [71]. The atomistic simulations show that the presence 

of CLs formed by single interstitial atoms in idealized bundles can increase the bundle strength 

up to 60 GPa [79].  

The formation of CLs between carbon atoms belonging to different nanotubes or different 

shells in MWCNTs is associated with the formation of various atomic defects in the lattices of 

CNT walls, including interstitial carbon atoms, divacancies, Frenkel defects [66,67,68, ] and 

bridges formed by multiple interstitial atoms [72,76]. The load transfer through CLs in small 

CNT systems, including individual double and multi-walled CNT, two nanotubes as well as 

small bundles of nanotubes, are studied in atomistic models such as MD simulations 

[72,73,74,75,76,77,83,79,80,81], density functional theory [48], and in combined MD-tight 

binding quantum mechanical simulations [68] for a number of small CNT systems including 

individual double and multi-walled CNT [68,72,74,75,82], two parallel or crossed CNT [72], and 

small CNT bundles [72,76,77,83,82]. Figure 1.4 illustrates the degree of improvement in the 

shear load transfer in cross-linked SWCNT bundles [76,77] obtained in atomistic simulations of 

pulling-out the central tube from the seven-tube bundles, where the CLs are generated through 

the preliminary irradiation of the bundle with energetic carbon ions.  The results shown in Figure 

1.4(c) indicate a strong increase in tensile modulus and strength with increasing irradiation 

dosage compared to a pristine bundle. The strength of an individual CL depends on the defect 
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type with interstitials and Frenkel defects being the weakest and strongest ones, correspondingly 

[68,82]. After CL breaking, defects in the form of interstitial atoms promote reformation of new 

CLs, the process that strongly increases the effective dynamic friction of CNT [75,77].   

 

Figure 1.4. Irradiated SWCNT bundles with incident energy and doses 100 eV, 19.65 MGy (a) 

and 200 eV, 39.3 MGy (b) (deposited atoms are colored red, and CNT atoms are colored blue). 

Panel (c) shows the pullout stress versus pullout distance for pristine and irradiated bundles 

[76, 77]. 

 The irradiation improvement in mechanical properties in experimental macroscopic 

SWCNT membranes from Ref. [68] is illustrated in Figure 1.5. After electron beam irradiation, 

due to knocking-out of some atoms from the sidewalls of nanotubes and bundles, the bundles and 

nanotubes walls become etched (Figure 1.5(a)-(b)).  The existence of CLs is validated by Raman 

spectroscopy and TEM characterization. CLs along with dangling carbons significantly change 

the CNT morphology and blur the previously clear and straight CNT walls. More than six-fold 
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increase in tensile strength and modulus of the SWCNT membranes is demonstrated in this 

work.  

  

Figure 1.5. TEM images of cross-linked tubes extracted from the irradiated SWCNT fabrics 

(a)-(b). Electron beam irradiation improvement of mechanical properties in SWCNT 

membranes/fabrics under tension (c), tensile modulus Ὁ (blue curve) and strength (red curve) 

versus irradiation dose. Results are reproduced from Ref. [68].  

 

1.3 Mesoscale Modeling of CNT Materials 

The MD simulations are widely used to study elastic properties, interfacial properties 

based on pull out tests, chemical functionalization and load transfer mechanisms [84,85,86]. 

However, due to limitations of contemporary computing resources, the MD simulations are 

restricted both in length and time scales. Although the results of atomistic simulations provide 

invaluable information on the theoretical limits of the load transfer improvement due to cross-
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linking associated with various types of defects, it is difficult to translate the obtained results into 

properties of random CNT materials such as films, buckypaper, forests, and aerogels, where 

CNTs form continuous networks of bundles.  In real CNT materials, the material properties can 

strongly depend on the morphology of network.  The theoretical study of structure-property 

relations in random CNT network materials requires samples with sizes that are a few times 

larger than the length of individual nanotubes. Such samples include at least thousands of 

nanotubes.   

Continuum models [87,88] are also applied to theoretically study mechanical properties 

of individual CNTs and CNT materials. The continuum mechanics approaches that treat 

individual CNTs as beams, thin shells or solids in cylindrical shapes has been successfully used 

to study the response of CNT materials in the elastic deformation regime. However, the 

continuum models lack the physics that can explain interfacial properties of CNT materials and 

cannot predict the response at large deformations in the inelastic regime. Therefore, the 

structure-property relations of CNT network materials should be studied at intermediate length 

scales, i.e., at a mesoscale.  The structure-property relationships for CNT network materials can 

be established with the coarse-grained mesoscopic models that neglect atomic structure of 

individual nanotubes but retain geometrical information about the shape of nanotubes and their 

assembly into a network.   

Although various versions of mesoscopic models for CNT materials were proposed, e.g., 

Refs. [62,63,82,89,90,91,92,93,94,95], the effect of the material reinforcement via covalent CLs 

was studied only in Refs. [96,97,98]. In these works, the CNT material is either represented by a 

system of straight and dispersed nanotubes [96], a bundle with initial hexagonal packing of 

nanotubes [97,98] or a film with continuous network of CNTs [97,98]. The model of cross-
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linked CNT materials suggested in Ref. [96] is based on the geometrical Cox model [99] and 

does not allow one to perform dynamic simulations of CNT materials, so it was used for 

predicting only the elastic properties of CNT films. The mesoscopic model of CLs suggested in 

Ref. [97] is based on a non-physical assumption that CL do not induce a force in the normal to 

the CNT surfaces direction. This assumption contradicts the microscopic picture of load transfer 

via individual CLs, so that model cannot be used to simulate mechanical processes in CNT 

materials, accompanying with variations of the inter-tube gaps, as well as dynamic alignment or 

misalignment of nanotubes. This model also provides only pure linear response to applied shear 

displacement, while stress-displacement curves obtained in atomistic pullout simulations are 

strongly non-linear [77]. As a result, it can fail to simultaneously predict the exact values of 

shear stiffness, strength, and fracture displacement. In addition, knowledge, the parameters of the 

mesoscopic CL models used in known mesoscopic simulations were never validated and verified 

against results of atomic-level simulations. These weaknesses of the existing mesoscopic CL 

models are addressed in our work. None of the known mesoscopic simulations also addressed the 

effect of CNT length on mechanical properties of cross-linked CNT materials which is 

investigated in this work using the mesoscale model of cross-linked CNT materials. 

1.4 Objectives and Outline 

This study has three major objectives. The first objective is to develop and parameterize 

the discrete CL model for mesoscopic simulations. The CL model describes the bonded 

interactions between nanotubes formed by a single interstitial carbon atom, when each CL 

represents a covalent bond formed between nanotubes in the real material. The parameterization 

of the CL model is performed based on the results of atomistic simulations of pulling the central 

tube from a cross-linked seven-tube bundle. It is shown that the best-fit parameters of the CL 
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model strongly depend on the underlying geometrical bond model and are not equal to the 

corresponding parameters of carbon-carbon bonds adopted in the empirical potentials designed 

for atomistic simulations. For the developed CL model, the parameters set are found which are 

recommended for mesoscopic simulations of materials composed of (26,0) CNTs under 

conditions, when CLs are predominantly formed by individual interstitial carbon atoms.  

The second objective is to perform in silico generation and structural characterization of 

pristine and cross-linked CNT fibers and films.  The quasi-equilibrium pristine (10,10) CNT 

fibers, and (10,10) and (26,0) films with varying material densities, CL densities, lateral sample 

sizes, film thicknesses, and nanotube lengths are generated and equilibrated through dynamic 

simulations of self-assembly of dispersed and straight CNTs into continuous networks of CNT 

bundles. A good agreement between in silico and experimental structural parameters of fibers 

and films are obtained.  The numerical parameters to tune CNT fibers and films network 

morphology is identified.   

The third objective is to study quasi-static mechanical properties of cross-linked CNT 

films.  The simulations are targeted at revealing the effects of various physical parameters, 

including CL density, nanotube length, and sample morphology, on mechanical properties, load 

transfer, and compression modes.  The conditions of quasi-static loading, when the mechanical 

response of CNT films is independent of the loading rate, are identified.  The combined effect of 

CL density and nanotube length on elastic modulus, strength and strain at strength is explained 

based on stretching simulations of large films with sample size at least 2.5 times larger than the 

CNT lengths.  The effect of random distribution of CNT lengths is also investigated.  The strong 

effect of sample morphology on mechanical properties and structural evolution is observed 

during stretching deformation process. The load transfer mechanism in cross-linked CNT films is 
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explained in terms of potential energy distributions, stress-strain diagrams, evolution of CL 

breaking inside the sample, local deformation of mesoscopic CNT segments.  The effects of 

various physical factors on compressive properties of CNT films are explained through the 

analysis of evolving percolating load transfer networks that consists of CNT segments 

participating in the load transfer. Different deformation modes of free-standing CNT films that 

are observed at in-plane compression of CNT films are also discussed in this part of the work. 

The coarse-grained model of CNT materials is considered in Chapter 2 along with the 

details of development and parametrization of the mesoscopic CL models. Chapter 3 is dedicated 

to in silico generation and structural characterizations of CNT fibers and films. In Chapter 4, the 

results of mesoscopic mechanical simulations of cross-linked films are discussed. In Chapter 5, 

the summary and major conclusions are provided along with brief discussion of future research 

directions.         
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CHAPTER 2 

2 MESOSCOPIC MODEL OF CROSS-LINKED CNT MATERIALS  

2.1 Mesoscopic Model for Dynamic Simulations of CNT Materials 

The coarse-grained mesoscopic model of CNT materials utilized in this work was 

initially proposed in Ref. [82], further developed in Refs. [92,91,98], and then used to study 

mechanical properties of forests of vertically aligned pristine CNTs [100,101] and cross-linked 

CNT films [98,102].  In this model, a CNT can be represented by a chain of ñbreathing flexible 

cylinder,ò where every cylindrical segment consists of multiple carbon atoms (Figure 2.1). Each 

segment is defined by two adjacent nodes along the tube axis.  The equations of motion for each 

node are used to predict variation of the position vector, local radius, and the torsional angle 

associated with this node in time.  

The following Lagrangian ὒ describes the system of interacting CNTs and matrix 

molecules/polymer units in the following generic form [82] 
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(2.1) 

where ► is the position vector of Ὥth node in a nanotube, ►  is the position vector of Ὧth unit of 

the matrix, Ὑ is the radius of the nanotube at node Ὥ, Ὑ  is the radius of matrix unit Ὧ, — is the 

torsion angle at the Ὥth node in a nanotube, ά  is the mass of a part of the nanotube, represented 

by the node Ὥ, ά  is the mass of the Ὧth unit of the matrix, ὓ  and ὓ  are the inertia parameters 

[103] of the internal breathing motion of the nanotube at node Ὥ and matrix unit Ὧ, respectively, 

ὓ is the inertia parameter for the twisting motion of the nanotube.  

The potential energy of the system is composed of internal energy of nanotubes, bonded 

and nonbonded interaction between nanotubes, bonded and nonbonded interactions among the 

matrix units, bonded and nonbonded interactions among nanotubes and matrix units and internal 

breathing of matrix units. A part of the mesoscopic force field (MFF) that describes the internal 

interactions within the CNT accounts for stretching, bending, torsion, radial breathing along with 

the coupled stretching-bending, stretching-torsion and stretching-breathing interactions. 

Correspondingly, the internal potential energy of a nanotube consists of stretching energy Ὗ  

defined as a function of axial deformations of nanotube segments, bending energy Ὗ defined 
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as a function of the local curvatures of the nanotube segments, breathing energy Ὗ  defined as a 

function of the local radii Ὑ at each node Ὥ along the nanotube, torsion energy Ὗ  defined as a 

function of the torsional deformations of nanotubes, while terms Ὗ  and Ὗ  describe 

coupling between stretching of two adjacent segments defined as function of radial contraction at 

the node and local curvature at the node respectively. Ὗ  is the nonbonded van der Waals 

energy between nanotubes, Ὗ  is the bonded interaction energy between nanotubes. In 

this work, it is assumed that bonded interaction between nanotubes is induced by individual CLs. 

Development and parameterization of the model of CL is a part of this dissertation and will be 

discussed further in section 2.2. Ὗ  is the potential energy for nonbonded van der Waals 

interaction between matrix molecules and nanotubes, Ὗ  describes the bonded 

interaction between matrix molecules and nanotubes due to the formation of chemical bonds, 

Ὗ   and Ὗ  describe the nonbonded and bonded interactions among the matrix 

units, and Ὗ  is the internal breathing potential [103] for the matrix units.  

The equations of motion for the five sets of independent variables in the system ή

►ȟ►ȟὙȟὙ ȟ—  can be directly obtained from the Lagrangian given by Eqs. (2.1), as 

Ὠ

Ὠὸ

‬ὒ

‬ή

‬ὒ

‬ή
πȢ   

(2.2) 

Here, index Ὥ represents the elements from the set of independent variables ή. By integrating 

Eq. (2.2), the trajectories of individual mesoscopic nodes can be obtained at the mesoscopic 

length and time scale following techniques similar to molecular dynamics. A significant 

advantage of the MFF described above is that, the distances between the ñvirtual surfacesò of the 

dynamic elements of the model are calculated ñon the fly,ò during a particular external 

interaction. This representation of the shapes of the dynamic elements in the model drastically 
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reduces the number of the independent degrees of freedom and increases computational 

efficiency of the model. The functional forms and proper parameterization of the potentials 

included into the MFF can be chosen based on the results of experimental study and/or atomistic 

simulations. Analytical functions can be used at small deformations, while tabulated values of 

energies and forces can be used to describe complex behavior at large deformations. 

 

 

 Figure 2.1. Schematic representation of a nanotube section consisting of two mesoscopic 

segments and three nodes along with a matrix molecule. The position of Ὥth node ► in the 

nanotube, radius Ὑ of the nanotube at node Ὥ, torsion angle — at node Ὥ, position ► of matrix 

molecule Ὧ, and radius Ὑ  of the matrix molecule Ὧ are the independent variables that 

describe the collective dynamics of nanotubes in matrix. The size of the nanotube and matrix 

molecule are not shown to scale.   
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In the present work, the MFF is used only to describe assembly of SWCNTs and CLs 

between them without breathing modes and torsional deformations. The position of every 

nanotube Ὧ in a material sample composed of ὔ  nanotubes can be defined by nodes with 

position vectors Ἲ  (Ὥ ρȟȢȢȟὔ ; ὔ  is the number of nodes in CNT Ὧ).  The total number of 

nodes ὔ in the material sample is given by ὔ ὔὔ . Two neighbor nodes Ἲ  and Ἲ  

completely define the position of segment Ὥ.  The current state of the material is defined by 

positions of all mesoscopic nodes ἦ ἦȟȣȟἦ , where ╧ Ἲ ȟȣȟἺ . The 

Lagrangian ὒ of such CNT assembly thus reduces to the following expression   

ὒ
ρ

ς
ά
Ὠ►

Ὠὸ
Ὗȟ 

(2.3) 

 where, ά  and ► are the mass and position vector of CNT segment Ὥ, respectively, and total 

potential energy Ὗ of the CNT material during mechanical loading is 

Ὗ Ὗ Ὗ Ὗ Ὗ , (2.4) 

where Ὗ  is the harmonic potential energy of stretching  of CNT, Ὗ  is the term combining 

the harmonic potential of bending with the buckling, Ὗ  is the potential energy of van der 

Waals interactions between nanotubes, and Ὗ  is the potential energy of CL.   

2.1.1 Stretching term of MFF 

As the mesoscopic model is aimed mainly at large-scale phenomena, local changes in 

shapes of the nanotubes associated with nonlinear behavior at large deformations are not 

expected to play a major role [82]. Therefore, the representation of CNT as cylinders may remain 

valid in the nonlinear elastic/plastic regime, and a harmonic approximation is sufficient to 

describe the axial deformation of mesoscopic segments. In this case, the potential energy of 

stretching can be represented in the form 
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where ὒȟ  is the non-deformed length of mesoscopic nanotube segment between node Ὥ and 

Ὥ ρ, ὒȟ  is the length of deformed nanotube segment, and ὑ  is the stretching force 

constant. The parameterization of the stretching force constant ὑ  is performed based on series 

of atomistic simulations for various CNT chirality [82], and the linear trend between ὑ  and 

equilibrium radius of CNT Ὑ  (in Å) can be fitted by the following expression [82] 

ὑ ψφȢφτρππȢυφ Ὑ Ȣ (2.6) 

2.1.2 Bending term of MFF 

At small curvature, the bending potential Ὗ  can be approximated by a harmonic 

function [82] 
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where ὒȟ  is the non-deformed length of mesoscopic nanotube segment between node Ὥ and 

Ὥ ρ, Ὑȟ  is the radius of curvature of the mesoscopic CNT segment between nodes Ὥ and    

Ὥ ρ, Ὑ  is the radius of curvature of  at node Ὥ, and ὑ  is the bending force constant. The 

bending force constant ὑ  is determined with respect to equilibrium radius of nanotube Ὑ  (in 

Å) by the following power law fit which is obtained based on the results of atomistic simulations 

[82]  

ὑ φσȢψ Ὑ ȢȢ (2.8) 



20 
 

 At large bending angles corresponding to buckled nanotubes, the bending stiffness can 

reduce significantly. Buckling reduces the bending energy at the interconnections between 

nanotubes and creates barriers for CNT sliding. Such sliding barriers due to buckling is found to 

essential for stability of the CNT network materials [92]. In the pre-buckling state, the bending 

energy term for a single nanotube can be written as [92] 

Ὗ
ρ

ς

ὑ

Ὑ
Ὠὰȟ (2.9) 

 where Ὑ is the local radius of curvature of the elastic line of the nanotube, and the integration is 

performed along the length ὰ of the elastic line (Figure 2.2(a)). For a uniformly bent nanotube of 

length ὒ, the bending angle — is related to Ὑ as ὒȾὙ, and Eq. (2.9) reduces to 

Ὗ
ὑ —

ςὒ
Ȣ (2.10) 

 For the bending energy of a buckled nanotube, the predictions of atomistic simulations can be 

well reproduced by the following formulation of the bending energy term 

Ὗ ὑ
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ὑ

Ὑ
Ὠὰ

ρ

ς

ὑ

Ὑ
Ὠὰ ȟ (2.11) 

where ὑ  is the energy of the buckling kink in the mesoscopic model,  is the angle 

between two tangents to the elastic line at the point of kink (point ὄ in Figure 2.2(a)). The 

transition from Eq. (2.10) to (2.11) in the description of the bending energy takes place when Ὑ 

drops down to the critical curvature for the onset of buckling, Ὑ , e.g., when Ὑ Ὑ  in Figure 

2.2(a). To ensure that Ὗ  is approximately proportional to — in the postbuckling state, the 

value of ὲ is set to unity. The remaining parameters of the bending energy term depend on the 

radius and chirality of CNT and can be chosen based on the results of atomistic simulations 

performed for uniformly bent CNT with a single buckling kink, as shown in Figure 2.2. 



21 
 

 

Figure 2.2. Schematic representation of bending buckling in the mesoscopic model (a) and the 

dependence of the bending energy Ὗ  on the bending angle — in uniformly bent CNT with a 

single buckling point appearing in the middle (point B in the inset) when the critical radius of 

curvature, Ὑ , is reached (b). The bending energy in (b) is calculated with Eq. (2.10) for —

—  and is obtained by minimization of the strain energy associated with bending and buckling, 

and with Eq. (2.11) — —  [92]. 

 

2.1.3 Inter-tube interaction potential  

A distinct feature of the present model is the use of the computationally compact and 

efficient tubular potential method [104] based on the mesoscopic tubular potentials [91], which 

describe van der Waals interactions between mesoscopic CNT elements of arbitrary length and 

orientation and enables self-assembly of nanotubes into continuous networks of bundles. In the 

mesoscopic tubular potential method, the van der Waals inter-tube interaction potentials are 

obtained by integrating the interatomic potential over the continuous surfaces of the interacting 

nanotubes. As a result, the tubular potential method ensures the absence of corrugation of the 

inter-tube potential for curved nanotubes and eliminates strong artificial inter-tube friction, 
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which prohibits self-assembly of nanotubes into continuous network of bundles and 

characteristic, e.g., for the bead-and-spring model of CNT materials [105]. The parametrization 

of the tubular potential is based on the carbon-carbon interatomic potential describing 

nonbonding interactions in graphitic structures. To calculate the non-bonding interaction energy 

between the two mesoscopic segments, the Lennard-Jones interatomic potential with smooth 

cutoff [115]  

• ὶ τ‐
„

ὶ

„

ὶ
ὅὶȟ 

(2.12) 

where, ὶ is the distance between interacting atoms, i.e. distance between interacting tube 

surfaces, ‐  and „ are the parameters of the potential that define the energy and length scales 

of the carbon-carbon interaction respectively, and ὅὶ  is the cutoff function, is integrated over 

the surfaces of the interacting segments, while the  atomic configuration is represented by an 

averaged continuous distribution of atoms with a surface density ὲ .  The functional form of the 

cutoff function and the parameters of the potential are adopted from AIREBO potential [114] 

commonly used in atomistic modeling of carbon nanostructures and molecular hydrocarbon 

systems. The cutoff function is defined as ὅὶ  Ὓ†ὶ , where 

Ὓ† Ὄ † Ὄ†Ὄρ †ρ † σ ς† , (2.13) 

†ὶ ὶ ὶ Ⱦὶ ὶ  , ὶ ςȢρφ„, ὶ σ„ [106], and Ὄ† is the Heaviside step 

function. 

In the mesoscopic model, the relative position of two CNT segments can be described by 

six independent geometric parameters as illustrated in Figure 2.3. where Ὤ denotes the shortest 

distance between the two CNT axes, ‌ is the angle between them, – and – represent the ends 

of one CNT segment, and ‚ and ‚ are the ends for the second CNT segment. The CNT are 
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aligned along the ὕ and ὕᴂ axes. The interaction potential between two CNT segments with 

equal radii Ὑ  can be expressed as [91] 

ὟSSὬȟɻȟʊȟʊȟʂȟʂ

ὲ Ὑ • ὶὬȟ‌ȟʊȟ‰ȟʂȟ‰ Ὠ‰ὨʂÄ‰Ὠʊȟ 
(2.14) 

where the integration is performed along the segments axes ʊ and –, and over the angles ‰  and 

‰  that specify positions of points in the cross sections of segments (see Figure 2.3(b)). The 

distance between two points on the surfaces of the segments is expressed through the six 

geometric parameters as 

ὶὬȟ‌ȟʊȟ‰ȟʂȟ‰

Ὤ Ὑ ÃÏÓ‰ ÃÏÓ‰

Ὑ ÓÉÎ‰ÃÏÓ‌ ÓÉÎ‰ ʂÓÉÎ‌

Ὑ ÓÉÎ‰ÓÉÎ‌ ʂÃÏÓ‌ ʊ 
Ⱦ
Ȣ 

(2.15) 

Although Eq. (2.15) is sufficient to describe the interaction of two segments of arbitrarily 

orientation and length, the accuracy is acceptable only with a large number of quadrature points, 

making the calculation too costly during the simulation. Furthermore, the six independent 

parameters in this equation make the tabulation of the potential impractical. The number of 

independent geometric variables can be reduced if one or two of the limits of integration in Eq. 

(2.14)  are set to infinity, defining the potentials for interaction between a finite segment and a 

semi-infinite nanotube (Ὗ ) and between a segment and an infinitely long nanotube (Ὗ ) as 

below. 
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 Figure 2.3. Schematic sketch illustrating the introduction of local coordinates ὕὼώᾀ and 

geometrical parameters used for characterization of the relative positions of two nonparallel 

(a) and parallel (b) straight cylindrical CNT segments. The side and top views are shown in 

panel a; only the side view is shown in panel b. In panel a, the axis x is directed along the 

segment ὕὕᴂ defining the shortest distance between the axes of the segments. In panel b, the 

origin of the Cartesian coordinates is chosen so that the axis ὕὼ goes through the left end of 

the second segment – π. Cross sections of the segments are shown in panel b, with 

angles ‰  and ‰  specifying positions of points in the cross sections used for integration over 

the surfaces of the two segments [91]. 

 



25 
 

ὟSeὬȟɻȟʊȟʊȟʂ ÌÉÍ
ᴼ
ὟSSὬȟɻȟʊȟʊȟʂȟʂ , (2.16) 

ὟSÐὬȟɻȟʊȟʊ ÌÉÍ
ᴼ
ᴼ

ὟSSὬȟɻȟʊȟʊȟʂȟʂ . (2.17) 

 All possible inter-tube interaction in a system of CNTs can be defined by Eqs. (2.16) and (2.17). 

The majority of inter-tube interactions can be described by Eq. (2.17), because of the high aspect 

ratio of CNTs. Relatively small fraction of interactions that are affected by the effects of CNT 

ends can be described by Eq. (2.16). However, both Eqs. (2.16) and (2.17) depend on five 

independent variables and are impractical to calculate in terms of computer memory. Therefore, 

a series of approximations are made to reduce the number of independent variables for both 

potentials Ὗ  and Ὗ . Further approximations allow one to reduce the number of independent 

variables. Below, only a brief description of the approach for reducing the number of 

independent variables for potential between a nanotube segment and infinitely long nanotube is 

provided. The description of the approximate potential energy between a nanotube segment and a 

semi-infinite nanotube can be found in Ref. [91]. 

For a segment interacting with an infinitely long nanotube, the potential can be defined 

by the integral of the density of the interaction potential ό Ὤȟ‌ȟʊ along the axis of the segment 

ὟSÐὬȟɻȟʊȟʊ ό Ὤȟ‌ȟʊὨʊȢ (2.18) 

 When the segment is parallel to the nanotube (ÓÉÎ‌ π), the potential density does not depend 

on ‚, and Eq. (2.18) becomes 

Ὗ ȿȿὬȟʊȟʊ ʊ ʊό ȿȿὬ, (2.19) 

 where ό ȿȿὬ is the potential density for parallel and infinitely long nanotubes defined as 

ό ȿȿὬ ὲ Ὑ • ὶὬȟ‰ȟʂȟ‰ Ὠ‰ὨʂÄ‰  (2.20) 
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and ὶὬȟ‌ȟʊȟ‰ȟʂȟ‰ Ὤ Ὑ ÃÏÓ‰ ÃÏÓ‰ Ὑ ÓÉÎ‰ ÓÉÎ‰ ʂ 
Ⱦ

.  

In the form of Eq. (2.20), the potential energy density for parallel tubes is a function of Ὤ only 

and can be easily calculated for a given interatomic potential • . The calculations can be 

organized in a one-dimensional table with high accuracy, which can be used for mesoscopic 

simulations. The potential for parallel tubes in Eq. (2.20) can be extended for arbitrary tube 

orientations with simple geometric manipulations and including a set of scaling functions to 

adjust discrepancy. The detail description of this method along with the treatment of the semi-

infinite case is provided in Ref. [91]. 

2.2 Mesoscopic Model of CLs and I ts Parameterization 

The development and parameterization of the mesoscopic CL model for arbitrary CNT 

network materials is a major part of this study. In MFF, the CL energy can be described by the 

following expression  

Ὗ •ὶ ╧ ȟ   (2.21) 

where •ὶ is the potential energy of a single mesoscopic CL with the bond length ὶ ╧ , i.e., 

the distance between the end points of CL ά and ὔ  is the total CL number in a material 

sample.  It is assumed that the CL number in an in silico generated sample is equal to the number 

of CLs in the corresponding real material and every term in the right-hand side of Eq. (2.21) 

describes the transfer of mechanical load between CNTs via an individual discrete CL. The 

functional form and parameterization of the mesoscopic CL model is obtained based on the 

results of atomistic simulations of pulling out the central tube from a cross-linked seven-tube 

bundle obtained in Refs. [76,77]. Selected results from Ref. [77] are described in section 2.2.1. 
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The development and parameterization of a model of cross-linked seven-tube bundle, which 

accounts for the local variation of the inter-tube gap due to the balance between van der Waals 

interactions and load transfer through CLs is described in section 2.2.2 and 2.2.3. The CL model 

developed in this work naturally produces both the normal and tangential forces to the nanotube 

surfaces and, thus, accounts for the CL contribution to the balance of normal forces. The model 

is also capable of accurate matching of the strongly non-linear stress-displacement curves 

obtained in atomistic pullout simulations. In section 2.2.4, a general approach to implement the 

ñeffective bond modelò for large-scale mesoscopic simulations is described. The stress-

displacement curves obtained in mesoscopic simulations are compared with the corresponding 

curves established in atomistic simulations of the pullout test for seven-tube bundles under 

identical conditions in section 2.2.5 .  

2.2.1 Atomistic simulations of the pullout of a nanotube from a seven-tube bundle 

In this section, a brief review of the results of atomistic simulations obtained in 

Refs.[76,77] is given, which is used to parameterize the mesoscopic model of covalent CLs.  In 

these works, the authors simulated the pullout of a central nanotube from cross-linked bundles, 

consisting of seven hexagonally arranged (26,0) CNTs with radius Ὑ ρπȢρψυ Å and length 

ὒ υωȢφ Å (Figure 2.4(a)).  The CLs between CNTs are formed by irradiation of the bundles 

with energetic carbon atoms.  The irradiation produces random structures of CLs, so that the 

individual bundle samples, obtained under fixed irradiation conditions, differ from each other by 

the total CL number and types of individual CLs, although CLs formed by individual interstitial 

atoms with one sp3-sp2 and two sp2-sp2 bonds represent the most abundant type of defects [76].  

In the relaxed cross-linked bundles, the central CNT was drawn along the bundle axis at a rate of 
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10 ms-1 maintaining periodic boundary conditions.  The simulations were performed with the 

modified REBO empirical interatomic potential [107]. 

A typical dependence of the pullout stress Ὓ on the pullout displacement Ўᾀ, i.e.,  

displacement of the right end of the central tube, is shown in Figure 2.4(b).  Here 

Ὓ
Ὂ

ὃ
ȟ (2.22) 

Ὂ is the total pullout force exerted on atoms in the central nanotube along the bundle axis,    

ὃ ς“Ὑὒ—ȾσπЈ is the characteristic CNT surface area, and angle — ςπȢσЈ corresponds to 

a half of area on the surface of the central CNT, where CLs can be formed. This stress-

displacement curve is obtained at a linear CL density at the central CNT equal of ὲ πȢτω Å-1 

and total linear CL density between all surrounding CNTs equal to ὲ πȢψ Å-1. The linear CL 

density between any pair of neighboring CNTs in the bundle is equal to either ὲȾφ or ὲȾφ. 

The pullout process includes the elastic regime, when the bond breaking does not occur, 

inelastic regime, when the shear load induces CL breaking and reorganization, and sliding 

regime, when the initial CLs are broken and the force that resists CNT sliding is a result of 

transient breaking and formation of new CLs.  In the present work, the effects related to the CL 

reformation in the sliding regime is not considered. The major elastic property of a bundle in the 

pullout process is stiffness Ὁ ὬϽὨὛȾὨЎᾀ‏
Ў

 Ὤ is the equilibrium distance between‏) 

two CNTs without CLs).  The load transfer in the inelastic regime can be characterized by the 

maximum stress Ὓȟ  and displacement Ўᾀ  at Ὓ Ὓȟ . 
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Figure 2.4. Idealized bundle of seven (26,0) SWCNTs of radius Ὑ 10.185 Å and length 

ὒ 59.6 Å (a) and stress-displacement curve obtained in atomistic simulations of the pullout  of 

the central CNT from the bundle at a linear CL density ὲ πȢτω Å-1 [56]  (b).  

 

At relatively low CL densities, when ὲ πͯȢς Å-1, Ўᾀ ρͯ Å and only marginally 

varies with ὲ. At relatively high CL densities, when ὲ πͯȢς 1Å-1, Ўᾀ σͯ Å and 

increases with increasing ὲ.  To account for the effects of CL density, two parameter sets of the 

mesosopic CL model, which allow one to fit the results of atomistic simulations  in the low-

density case at ὲ πȢρς Å-1 and in the high-density case at ὲ πȢτω Å-1 are searched for.  
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The values of ὲ, ὲ, Ὁ, Ὓȟ , and Ўᾀ  for these cases extracted from results of Ref. [77] 

are presented in Table 2.1. 

Table 2.1. Stiffness Ὁ, maximum stress Ὓȟ , and displacement Ўᾀ  at Ὓ Ὓȟ  

obtained in Ref. [77] in atomistic simulations of the pullout of a central nanotube from bundles 

composed of seven (26,0) CNTs at two sets of CL densities ὲ and ὲ. 

ὲ (1/Å) ὲ (1/Å) Ὁ (GPa) Ὓȟ  (GPa) Ўᾀ  (Å) 

0.12 0.55 7.19 2.98 0.92 

0.49 0.8 11 6.4 3.45 

 

2.2.2 Model of a cross-linked CNT bundle 

The goal of this section is to introduce a model that can predict the pullout force in a 

bundle of CNTs, taking into account the effects of curvature of nanotubes, their stretching, and 

load transfer between CNTs via CL and van der Waals interaction.  Although such a model can 

be generalized for a broad class of CNT systems, here, it is considered only for a system of 

interest, i.e., a bundle consisting of a central CNT and six surrounding CNTs.  All surrounding 

nanotubes are assumed to be identical, so one can consider only one pair of the central and 

surrounding CNTs.  Hereinafter, parameters of nanotubes are denoted by the subscript Ὧ with 

Ὧ  ρ standing for the central CNT and Ὧ ς standing for the surrounding CNT.  

In the initial state at time ὸ π, each CNT of radius Ὑ  and length ὒ is assumed to be 

straight and parallel to the axis ὕᾀ.  The coordinate ὤ (π ὤ ὒ) defines positions of points 

in nanotube Ὧ at ὸ π, so that ὤ serves as the Lagrangian coordinate of continuum mechanics 

(Figure 2.5).  The deformation of nanotube Ὧ along the bundle axis is described by a function 
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ᾀ ὤȟὸ such that ᾀ ὤȟὸ ὤ is equal to the displacement of a point in nanotube Ὧ with the 

initial coordinate ὤ at time ὸ along the axis ὕᾀ.  The pullout displacement is equal to           

Ўᾀ ὤ ὒȟὸ ὒ.  The central nanotube remains straight during the pullout test due to 

radially symmetrical loading from surrounding CNTs, while the radial distance from the axis of 

the central CNT to a point at the axis of the surrounding CNT is assumed to be equal to      

ςὙ    .Ὤὤȟὸ is the gap between surfaces of CNTs 1 and 2‏ Ὤὤȟὸ, where‏

The equations that define functions ᾀ ὤȟὸ can be obtained as equations of motion for 

the nanotube material along the axis ὕᾀ.  For straight nanotubes, such equations can be derived 

in the form of one-dimensional macroscopic linear elasticity equations [108].  These equations 

retain their form also for curved CNTs and can be written as 

”
‬ᾀ

‬ὸ
ὑ
‬ᾀ

‬ὤ
Ὂ ȟ      Ὧ ρȟςȟ (2.23) 

 where ” ς“Ὑὲά is the linear mass density (mass of nanotube material per unit length), ά 

is the mass of a single carbon atom, ὲ τȾσЍσὰ  is the surface density of atoms for a 

SWCNT, ὰ ρȢτςρ Å is the graphene lattice constant [109], ὑ  is the CNT stretching force 

constant, and Ὂ  is the ᾀ-component of linear density of force exerted on CNT Ὧ by CLs 

between CNTs 1 and 2.  For SWCNTs, the stretching force constant can be calculated based on 

Eq. (2.7). A steady-state analog of Eqs. (2.23), where Ὂ  is defined by the shear modulus in the 

form adopted in continuum mechanics, was used for analysis of interaction of straight and 

parallel fibers and CNTs in Ref. [108].  Contrary to that work, here, the variation of the gap 

between nanotubes ‏Ὤὤȟὸ is accounted and calculation of Ὂ  is based on a model of 

individual CLs between nanotubes without introducing the shear modulus.  



32 
 

The function ‏Ὤὤȟὸ is calculated based on an equation of balance of radial 

components of the van der Waals and CL forces exerted on a material volume of CNT 2 from the 

central CNT and two neighboring surrounding CNTs.  Assuming that the curvature of the 

surrounding CNT is small, and any bundle cross section retains a shape of a regular hexagon 

with the edge length of ςὙ  Ὤὤȟὸ, one can write the force balance equation‏

Ὂ ὤȟὸ Ὂ ὤȟὸ ςὊ Ὤὤȟὸ‏ πȢ (2.24) 

The van der Waals force density is assumed to be defined as Ὂ ‬ό Ⱦ‏‬Ὤ, where 

ό  Ὤ is the linear density of the van der Waals interaction potential between two infinitely‏

long, straight, and parallel nanotubes with the gap ‏Ὤ between their surfaces.  The density 

ό  Ὤ can be calculated, e.g., by integrating the continuous distribution of van der Waals‏

forces between circular nanotubes [91,110,111,112]. The van der Waals energy density ό ȿȿὬ 

in Eq. (2.20) is first calculated based on the mesoscopic approach [91]  (solid curve in Figure 

2.6).  Then it is approximated by the Lennard-Jones potential [110] 

ό Ὤ‏
‐

ὲ ά
ά
Ὤ‏

Ὤ‏
ὲ
Ὤ‏

Ὤ‏
ȟ (2.25) 

where the energy well depth ‐  and equilibrium gap between nanotubes ‏Ὤ are equal to 

values predicted by the mesoscopic potential density,  while ά and ὲ are chosen to ensure that 

Eq. (2.25) provides the exact values of the gap ‏Ὤz at ό Ὤz‏ π and force stiffness  

ὑ ‬Ὂ Ⱦ‏‬Ὤȿ Ȣ  For (26,0) CNTs, ‐ πȢρςσ eVÅ-1, ‏Ὤ σȢρυ Å,        

Ὤz‏ ςȢφψφ Å, ὑ πȢτυψυ  eVÅ-3, ά σȢωτ, and ὲ ωȢτ.  The potential ό  Ὤ given‏

by Eq. (2.25) is shown in Figure 2.6 by the dashed curve.  

The relatively poor approximation provided by Eq. (2.25) at ‏Ὤ υ Å does not affect 

further results, since this gap size is larger than the adopted cutoff distance 4.4 Å of the effective 
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CL potential function.  A harmonic approximation of the potential density in the form 

ό Ὤ‏ ὑ Ὤ‏ Ὤ‏ Ⱦς (dash-dotted blue curve in Figure 2.6) introduces too large 

error and cannot be used for the purposes of the present study. In Eq. (2.24), Ὂ  is the ὼ-

component of the linear density of force exerted on the surrounding CNT by CLs between the 

central and surrounding CNTs, Ὂ  is the linear density of force exerted on CNT 2 from CL 

between this CNT and another neighboring surrounding CNT, and Ὂ  is linear density of 

radial force exerted on a CNT due to van der Waals interaction with a neighboring CNT.  For a 

pair of neighboring CNTs, both Ὂ  and Ὂ  are normal to the axis ὕᾀ and directed along a line 

connecting the CNT centers on the bundle cross section.  In order to define Ὂ  and Ὂ  in Eqs. 

(2.23) and (2.24), the distribution of CLs along CNTs can be characterized by the density 

function ὔ ὤȟὤȟὸ, such that ὔ ὤȟὤȟὸὨὤὨὤ is equal to the number of CL between the 

segment ὤȟὤ Ὠὤ  of the central CNT and the segment ὤȟὤ Ὠὤ  of a surrounding 

CNT. Then the forces in Eqs. (2.23) and (2.24) can be calculated as follows: 

Ὂ ὤȟὸ φ ὔ ὤȟὤȟὸὊὶ ὤȟὤȟὸ
‬ὶ

Ὤ‏‬
ὤȟὤȟὸὨὤȟ 

(2.26) 

Ὂ ὤȟὸ ὔ ὤȟὤȟὸὊὶ ὤȟὤȟὸ
‬ὶ

ᾀ‏‬
ὤȟὤȟὸὨὤȟ 

(2.27) 

Ὂ ὤȟὸ ὔ ὤȟὤȟὸὊὶ ὤȟὤȟὸ
‬ὶ

ᾀ‏‬
ὤȟὤȟὸὨὤȟ 

(2.28) 
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(a) Center-to-center geometrical bond model (C-C GBM) 

 

(b) Surface-to-surface geometrical bond model (S-S GBM) 

 

Figure 2.5. Sketch illustrating the initial positions of the central (Ὧ ρ) and surrounding (Ὧ

ς) nanotubes and their position in the course of pullout simulations, when CLs are described by 

the center-to-center geometrical bond model, Eqs. (2.36)-(2.37), (a) and surface-to-surface 

geometrical bond model, Eqs. (2.38)-(2.39), (b).  CLs with initial tilting ὦ are assumed to be 

continuously distributed along the bundle axis ὕᾀ with linear density ὲ, however, only a single 

CL with positive tilting ( ὦ) is shown in the sketch. The angle —, defining the direction of the 

effective CL bond, is equal to the angle — , characterizing the direction of the CL force and 

given by Eqs. (2.37) or (2.39), only if the direction parameter ‎ is equal to 1. 
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Figure 2.6. Linear potential energy density ό  of van der Waals interaction between two 

parallel, straight, and infinitely long (26,0) CNTs versus inter-tube gap ‏Ὤ calculated based on 

the mesoscopic tubular potential [91] (solid curve), best fit provided by Eq. (2.25) (dashed 

curve), and harmonic approximation of the tubular potential (dash-dotted curve). 

where  ὶ ὤȟὤȟὸ is the length of a mesoscopic CL bond connecting points with coordinates 

ὤ and ὤ at time ὸ, and Ὂὶ ‬•Ⱦ‬ὶ is the force exerted on CNT 1 from a single CL of 

length ὶ with the potential energy •ὶ. The force Ὂ  can be defined as 

Ὂ ὤȟὸ ὔ ὤᴂȟὤȟὸὊὶ ὤᴂȟὤȟὸ ÓÉÎ— ὤᴂȟὤȟὸὨὤᴂȟ (2.29) 

where ὔ ὤᴂȟὤȟὸ, is the CL density function for a pair of neighboring surrounding CNTs 

such that ὔ ὤᴂȟὤȟὸὨὤᴂὨὤ is equal to the number of CLs between the segments ὤᴂȟὤᴂ

Ὠὤᴂ and ὤȟὤ Ὠὤ  of these surrounding CNTs, ὶ ὤᴂȟὤȟὸ is the length of an effective 

CL bond connecting the points with coordinates ὤᴂ and ὤ on these CNTs, and — ὤᴂȟὤȟὸ is 
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the angle between the direction of the force induced by a single CL and the axis ὕᾀ.  The total 

pullout force Ὂ in Eq. (2.22) then can be calculated as 

 Ὂ ὸ ᷿ Ὂ ὤȟὸὨὤȢ (2.30) 

In Eqs. (2.26)-(2.29), the geometrical functions ὶ ὤȟὤȟὸ, — ὤȟὤȟὸ, ὶ ὤᴂȟὤȟὸ, and 

— ὤᴂȟὤȟὸ, are defined by an adopted effective bond model. 

In order to study the pullout process without changing the lengths of nanotubes, Eq. 

(2.23) are solved with the initial and boundary conditions 

!Ô ὸ πȡ  π ὤ ὒȡ  ᾀ ὤȟπ ὤȟ     
‬ᾀ

‬ὸ
ὤȟπ πȟ     Ὧ ρȟςȟ (2.31) 

!Ô ὤ ὤ πȡ        
‬ᾀ

‬ὸ
πȟὸ ὠȟ        ᾀ πȟὸ πȟ 

(2.32) 

!Ô ὤ ὤ ὒȡ   
‬ᾀ

‬ὸ
ὒȟὸ ὠȟ     ᾀ ὒȟὸ ὒȟ 

(2.33) 

where ὠ is the pullout velocity, so that the pullout distance is equal to Ўᾀ ὠὸ.  These 

conditions mimic the initial and boundary conditions for infinitely long bundles considered in 

atomistic simulations in Ref. [77].  A preliminary study showed that the results obtained based 

on Eq. (2.23) are only marginally sensitive to the value of the pullout velocity if ὠ ρπ ms-1, 

so that the single value of ὠ ρ ms-1 or 0.01 Å ps-1 is chosen for all simulations. It ensures that 

the simulation results correspond to quasi-static deformation of nanotubes. The initial conditions 

for the inter-tube gap ‏Ὤ are not necessary, since it is defined by a non-evolutionary Eq. (2.24).  

At the initial time ὸ π, the values of   ‏Ὤὤȟπ depend on the initial CL density.   

In the general case of arbitrary continuous CL distributions given by the density functions 

ὔ ὤȟὤȟὸ and ὔ ὤᴂȟὤȟὸ, Eqs. (2.23) fall into the class of non-linear integro-differential 

equations.  Such general equations must be used if the individual CLs in the initial state have 

random properties, e.g., different lengths, or CL densities dynamically change due to breaking 
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and formation of new CLs in the sliding regime.  Hereinafter, the model based on Eqs. (2.23) and 

(2.24) is referred to as the ñbundle modelò in order to distinguish it from the general mesoscopic 

model of CNT network materials considered in Section 2.2.4.  

2.2.3 Effective CL bond models  

The potential function for a single mesoscopic CL is adopted in the form of a model 

Morse potential with a smooth cutoff function Ὓ†:  

 •ὶ ‐Ὡ Ὡ ςὛ†ὶ ȟ (2.34) 

where ‐ is the potential well depth, ὶ is the equilibrium CL length, and ὥ is a parameter, 

affecting the bond stiffness ςὥ‐. The function Ὓ† is chosen in the form of a fifth-degree 

polynomial Ὓ† ρ ὸ ρπρυὸ φὸ  at π † ρ with Ὓ† ρ at † π and Ὓ† π 

at † ρ, where †ὶ ὶ ὶzȾὶ ὶz , ὶ is the cutoff distance and ὶz is the maximum 

distance, where the Morse potential is not affected by the cutoff.  This form of the cutoff 

function ensures monotonous variation of the CL force ‬•Ⱦ‬ὶ with ὶ at relatively small ὥ. The 

values ὶz σȢς Å and ὶ τȢτ Å are chosen for further simulations based on results of a 

preliminary study as minimum values of ὶz and ὶ, which make the results of simulations  

insensitive to further increase of ὶz and ὶ. These values of ὶz and ὶ are only slightly different 

from doubled values of corresponding cutoff parameters equal to 1.7 Å and 2 Å adopted in 

REBO  [113] and AIREBO  [114] empirical interatomic potentials for a single C-C bond in the 

state of sp2 hybridization.  It can be expected, since the parameters of Eq. (2.34) are fitted to the 

results of the pullout test for bundles, where the majority of CLs is formed by individual 

interstitial atoms [76]. 

For CLs formed by individual interstitial atoms, ‐ and ὶ in Eq. (2.34) can be also 

estimated as the double energy and double equilibrium length of sp2-sp2 bond in graphite, with 
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values of 9.86 eV and 2.82 Å predicted by the REBO potential. The value of ὥ can be assumed 

to be equal to the stiffness parameter of the exponential approximations of the major attractive 

term in the carbon-carbon bond energy, e.g., τͯȢχ 1Å-1 in the REBO potential.  A similar 

approach to estimating ‐ was suggested in Ref. [97] for CLs formed by interstitial atoms with 

two sp3-sp bonds, where value ‐ χȢς eV was deduced based on the Tersoff empirical 

interatomic potential [115], while ὶ was assumed to be equal to the equilibrium inter-tube gap of 

3.35 Å.  In Section 2.2.3, it is shown that such simple approximations do not allow one to 

accurately match the results of atomistic simulations and, moreover, the best-fit values of ‐, ὶ, 

and ὥ depend on the adopted geometrical model of the effective CL bond.  

In the center-to-center geometrical bond model (hereinafter, C-C GBM), an individual 

CL is assumed to ñconnectò points ὃ and ὃ  placed at the axes (or centerlines) of corresponding 

CNTs, but the CL length ὶ  is calculated by subtracting ςὙ  from the distance between points 

ὃ and ὃ  (Figure 2.5). In this case, 

 ὶ ὤȟὤȟὸ ςὙ Ὤὤȟὸ‏ ᾀὤȟὤȟὸ‏ ςὙȟ (2.35) 

where ‏ᾀ ὤȟὤȟὸ ᾀ ὤȟὸ ᾀ ὤȟὸ. The preliminary simulations showed that, if Eq. 

(2.35) is used to calculate the CL length, then the results obtained based on the bundle model of 

section 2.2.2 either can be fitted to results of atomistic simulations with excessively large values 

of ὥ equal to ρπρυ 1Å-1 or cannot be fitted at all with any choice of parameters in Eq. (2.34).  

This problem is solved by empirical modification of Eq. (2.35) with additional parameter ‎ in the 

form: 

 ὶ ὤȟὤȟὸ ςὙ Ὤὤȟὸ‏ ‎‏ᾀὤȟὤȟὸ ςὙȢ (2.36) 

 Then 
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‬ὶ

Ὤ‏‬
ὤȟὤȟὸ ‎

ᾀ‏ ὤȟὤȟὸ

ὶ ὤȟὤȟὸ ςὙ
ȟ        

‬ὶ

ᾀ‏‬
ὤȟὤȟὸ

Ὤὤȟὸ‏ ςὙ

ὶ ὤȟὤȟὸ ςὙ
Ȣ 

(2.37) 

 The components of the force produced by a single CL along the bundle axis and in the normal to 

the bundle axis direction, Ὂ ὊÃÏÓ—  and Ὂ ὊÓÉÎ—  (here, — ὤȟὤȟὸ is the angle 

between the direction of the CL force and the axis ὕᾀ in Figure 2.5), are related to each other as 

ὊȾὊ  ÔÁÎ— ‎ÔÁÎ—, where — is the angle between the effective CL bond (red line 

segments in Figure 2.5) and the axis ὕᾀ. The variation of ‎, thus, allows one to change the ratio 

ὊȾὊ and, correspondingly, the direction of the CL force compared to direction predicted by the 

nominal position of the effective CL bond.  Hereinafter, the parameter ‎ is referred to as the 

ñdirection parameterò and considered as an additional fitting parameter of the effective CL 

model that must be found together with parameters ‐, ὶ, and ὥ in Eq. (2.34).   The values of 

ὶ ὤᴂȟὤȟὸ and ÓÉÎ— ὤᴂȟὤȟὸ for a CL between a pair of surrounding CNTs in a bundle 

are given by similar equations, where ‏ᾀ ὤȟὤȟὸ must be replaced with ‏ᾀ ὤᴂȟὤȟὸȢ 

In the surface-to-surface geometrical bond model (hereinafter, S-S GBM), it is assumed 

that the effective CL bond ñconnectsò points ὄ and ὄ placed at the surfaces of CNTs (Figure 

2.5).  When this model is applied together with Eqs. (2.23), additional assumption that the 

normal vector to any CNT cross section is directed along the axis ὕᾀ at any time is adopted.  

This assumption is justified by relatively small curvature of surrounding CNTs developed in the 

course of the pullout test. Then the CL length can be calculated as 

 ὶ ὤȟὤȟὸ Ὤ‏ ὤȟὸ ‎‏ᾀ ὤȟὤȟὸȟ (2.38) 

where, likewise C-C GBM, the direction parameter ‎ is introduced. Then  
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‬ὶ

Ὤ‏‬
‎
ᾀ‏ ὤȟὤȟὸ

ὶ ὤȟὤȟὸ
ȟ      

‬ὶ

ᾀ‏‬

Ὤὤȟὸ‏

ὶ ὤȟὤȟὸ
Ȣ 

(2.39) 

 The values of ὶ ὤᴂȟὤȟὸ and ÓÉÎ— ὤᴂȟὤȟὸ for a CL between a pair of surrounding 

CNTs are given by similar equations, where ‏ᾀ ὤȟὤȟὸ must be replaced with 

ᾀ‏ ὤᴂȟὤȟὸ. 

The C-C and S-S GBMs are different from each other by the effective ñrigidityò of the 

CL bond.  The rate of change of the CL length ὶ  with displacement ‏ᾀ  is characterized by the 

derivative ‬ὶȾ‏‬ᾀ .  It is smaller for the C-C GBM compared to S-S GBM, i.e., the same 

ᾀ‏  results in smaller variation of ὶ , when it is calculated based on the C-C GBM.  As a result, 

the effective CL bond is substantially ñsofterò for the C-C GBM than for the S-S GBM.  In 

addition, the S-S GBM is potentially capable of introducing torsional deformation of nanotubes 

via CL forces.  The torsional deformation, however, is expected to be of marginal importance for 

the pullout tests. At the same time, the C-C GBM can be potentially useful as a part of 

mesoscopic models where nanotubes are represented by as chains of line segments. The major 

goal of simulations based on the bundle model given by Eqs. (2.23)-(2.33) is to parameterize the 

effective CL bond model and to choose the best-fit values of ‐, ὶ, ὥ, and ‎, which provide 

quantitative agreement with the stress-displacement curves obtained in atomistic simulations.  

For this purpose, the simulations based on Eqs. (2.23)-(2.33) are performed under conditions that 

closely resemble the conditions of atomistic simulations described in Section 2.2.1 and, in 

particular, for the same CNT radius Ὑ , bundle length ὒ, and CL densities ὲ and ὲ.   

The solution of the boundary value problem given by Eqs. (2.23)-(2.33) depends on 

parameters in Eqs. (2.34), (2.36)-(2.39) and the initial values and variation in time of the CL 
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density functions ὔ ὤȟὤȟὸ and ὔ ὤᴂȟὤȟὸ.  The simulations based on the bundle model 

is performed in order to find parameters of the effective bond model that dominate the 

mechanical behavior of the cross-linked CNT systems, when the effects of CL reformation are 

marginal.  Under these conditions, it is assumed that that ὔ ὤȟὤȟὸ ὔ ὤȟὤȟπ, 

ὔ ὤᴂȟὤȟὸ ὔ ὤᴂȟὤȟπ, and in the initial state when ‏Ὤ  Ὤ all CLs have the same‏

length ὰ (ὰ  Ὤ) and are distributed homogeneously along the bundle with densities ὲ and‏

ὲ.  If ὰ  Ὤ, then the effective CL bonds are tilted with respect to the bundle axis. Since two‏

tilting directions are statistically equiprobable, one can assume that a half of CLs has ñpositiveò 

tilting direction, when coordinates of CL ends are related as ὤ ὤ ὦ, and another half of 

CLs has ñnegativeò tilting direction when ὤ ὤ ὦ (Figure 2.5). The tilting parameter ὦ is 

related to ὰ as ὰ ςὙ ςὙ Ὤ‏ ‎ὦ in model 1 and as ὰ Ὤ‏ ‎ὦ in model 

2.  

ὔ ὤȟὤȟπ
ὲ

ρς
ὤ‏ ὤ ὦ ὤ‏ ὤ ὦ ȟ (2.40) 

ὔ ὤᴂȟὤȟπ
ὲ

ρς
ὤ‏ ὤᴂ ὦ ὤ‏ ὤᴂ ὦ ȟ (2.41) 

 where, ‏ᾀ is the Dirac delta function. A series of preliminary simulations is performed to reveal 

the effect of various parameters included into the bundle model.  In Figure 2.7, the thin dashed and 

dash-dotted curves are obtained with the same model parameters as corresponding thick curves, 

but with the assumption that the inter-tube gap ‏Ὤ is constant and equal to ‏Ὤ throughout the 

simulation.  These results indicate that the variation of the inter-tube gap is strong and cannot be 

neglected.  All further results, therefore, obtained for variable inter-tube gap predicted by Eq. 

(2.24). 
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The preliminary simulations illustrated in Figure 2.7 also show that the results of 

atomistic simulations can be matched by the bundle model assuming ὦ π.  In a case of large 

CL density, which is characterized by relatively large Ўᾀ , the variation of ὦ is to some extent 

interchangeable with variation of ‎ and can have a positive feedback on the agreement with 

atomistic simulations, as it is illustrated in Figure 2.7. In particular, the results obtained with the 

C-C GBM at ‎ ρ can closely fit the results of atomistic simulations at a certain ὦ (thick dashed 

curve in Figure 2.7).  For S-S GBM, the variation of ὦ at ‎ ρ allows one to formally match 

values of Ὁ, Ὓȟ , and Ўᾀ , but the stress-displacement curves in this case contain a second 

maximum (thick dash-dotted curve in Figure 2.7). Two maxima appear because the CL with 

positive and negative tilting break at different Ўᾀ. In fact, it is found that variation of ὦ at ‎ ρ 

is redundant and does not allow one to improve the agreement with atomistic simulations.  Based 

on this conclusion, the search for the best-fit parameters is performed only at ὦ π and ὰ

Ὤ.  At ὦ‏ π and ‎ ρ, a weak secondary maximum in the stress-displacement curve can also 

appear at large CL densities (Figure 2.7), but the corresponding minimum is always shallow 

independently of ‎ and allows one to reproduce the change in the curve slope in the inelastic 

regime.  At ὦ π, Eqs. (2.40)-(2.41) reduce to 

ὔ ὤȟὤȟπ
ὲ

φ
ὤ‏ ὤ ȟ (2.42) 

ὔ ὤᴂȟὤȟπ
ὲ

φ
ὤ‏ ὤᴂȢ (2.43) 

 After inserting these distributions into Eqs. (2.26)-(2.29), one can obtain, ÅȢÇȢ, Ὂ  in the form 

Ὂ ὲὊὶ ὤȟὤȟὸ ÃÏÓ— ὤȟὤȟὸȢ (2.44) 
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Figure 2.7. Stress Ὓ versus displacement Ўᾀ obtained in pullout simulations for a seven-tube 

bundle with a length of 59.6 Å composed of (26,0) CNT at CL densities ὲ πȢτω Å-1 and 

ὲ πȢψ Å-1. The thick solid curve (red) is obtained in atomistic simulations  in Ref. [77]. 

Other curves are obtained based on solution of Eqs. (2.23) with various ὶ, ‐, ὥ, ὦ and ‎, 

which allow one to fit values of Ὁ, Ὓȟ , and Ўᾀ  in Table 2.1.  In panel (a), dashed (C-C 

GBM, ὶ σȢσστ Å, ‐ ρφȢυτ eV, ὥ φ 1/Å, ὦ ρȢπχ Å; green) and dash-dotted (S-S 

GBM, ὶ ςȢτ Å, ‐ ρχȢω eV, ὥ ρȢω 1/Å, ὦ ρȢσ Å; blue) curves are obtained at ‎ ρ.  

In the panel (b), dashed (ὶ ρȢςςυ Å, ‐ ςχȢωτ eV, ὥ ρȢς 1/Å, ‎ πȢφυ; green), dash-

dotted (ὶ ρȢωυψ Å, ‐ ρφȢρ eV, ὥ ρȢτ 1/Å, ‎ πȢφσ; blue), and dash-double-dotted 

(ὶ ςȢςπσ Å, ‐ ρτȢρτ eV, ὥ ρȢφ 1/Å, ‎ πȢφ; cyan) curves are obtained with the S-S 

GBM at ὦ π. The thick curves are calculated assuming variable gap ‏Ὤ between CNTs, 

which is determined by the Eq. (2.24), while the thin curves in panel (a) are obtained with 

Ὤ‏ Ὤ‏ ὧέὲίὸ.  
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The equations for Ὂ , Ὂ , and Ὂ  can be obtained in the form similar to Eq. (2.44).  

With such source terms, Eq. (2.23) becomes hyperbolic differential equation.  These equations 

include the CL equilibrium energies per unit length ὲ‐ and ὲ‐ instead of individual values of 

ὲȟὲ, and ‐.  The simulations results, correspondingly, do not change if quantities ὲȟὲ, and  

‐ vary at constant ὲ‐ and ὲ‐. 

Once CLs are distributed according to Eqs. (2.40)-(2.41), the gap between nanotubes 

homogeneously changes in order to enforce the balance of radial forces.  Thus, in a case when 

ὶ Ὤ, the CLs are pre-strained in the initial state.  In the model with zero tilting, ὦ‏ π, the 

degree of the initial pre-straining depends on the parameters of the potential function •ὶ and 

CL densities ὲ and ὲ, but is independent of the direction parameter ‎. 

To reveal the effect of CL densities on the best-fit parameters of the effective bond 

model, the bundle model is applied for the pullout test under conditions of low- and high-density 

cases listed in Table 2.1.  In both cases, such parameters ‐, ὶ, ὥ, and ‎ are found that allow one 

to exactly match the values of Ὁ, Ὓȟ , and Ўᾀ , deduced from atomist simulations.  For 

each case considered in Table 2.1, two sets of the best-fit parameters are determined, one for the 

C-C GBM and another one for the S-S GBM. 

The approach to finding the best-fit parameters is based on the analysis of the contour 

lines corresponding to Ὁ ὧέὲίὸ, Ὓȟ ὧέὲίὸ, and Ўᾀ ὧέὲίὸ on the plane of 

parameters (‐,ὶ) obtained at fixed ὥ and ‎.  Multiple simulations are performed with iteratively 

varying ὥ and ‎ in order to make these contour lines crossing in a single point on the plane 

(‐,ὶ).  

Since the number of fitting parameters (‐ȟὶȟὥ, and ‎) is larger than the number of fitted 

quantities (ὉȟὛȟ , and Ўᾀ ), the choice of fitting parameters is non-unique.  One can 
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select one fitting parameter, for instance, ὥ, and then find numerically other best-fit parameters 

as functions of ὥ in the form ‐ ‐ ὥ, ὶ ὶὥ, and ‎ ‎ὥ.  These functions for all 

considered cases are shown in Figure 2.8.  At low CL density, the best-fit value of ‐ is a 

conservative quantity and varies within ~5% for both C-C and S-S GBMs.  At high CL density, 

‐ varies in a broader range.  The best-fit value of ‐ can be both substantially larger and smaller 

than a value of 9.86 eV expected for a double sp2-sp2 bond in graphite.  At low CL density, the 

best-fit value of ὶ varies in the range from ~2.5 Å to 3 Å and is close to the size of the 

equilibrium gap between nanotubes equal to 3.15 Å.  In this case, the degree of pre-straining of 

CLs in the initial state is moderate.  At high CL density, the best-fit value of ὶ varies from ~0.8 

Å to 2.3 Å.  It implies much larger degree of pre-straining.  

The best-fit values of ‎ for the C-C GBM are in a few times larger than for S-S GBM.  

The larger ñsoftnessò of the geometrical bond in the C-C GBM must be ñcompensatedò by 

increasing stiffness of the potential function given by Eq. (2.25). The results shown in Figure 2.8 

illustrate strikingly large difference between the best-fit values of ὥ and ‐ in the cases of low 

and high CL densities. In the low-density case, ὥ varies in the large range from ~3 Å-1 to ~11 Å-

1, which includes the maximum values ~4.7 Å-1 of the stiffness parameter in the exponential 

approximation of the major attractive term in the REBO potential.  The value of ‐ varies from 

~5.4 eV to ~5.8 eV which is reasonably close to the double energy of 9.86 eV for a carbon-

carbon bond in graphite used in the REBO potential. In the high-density case, the best-fit values 

of ὥ are much smaller and vary between ~1.2 1/Å and ~1.6 1/Å, while values of ‐ vary in a 

broad range from ~15 eV to ~55 eV. Thus, in the high-density case, the effective stiffness of CLs 

is much smaller compared to the low-density case.  This difference is attributed to the crowding 

effect of CLs.   
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Figure 2.8. Values of parameters ὶ (squares, red), ‐ (triangles, green), and ‎ (circles, blue) 

for C-C (a,c) and S-S (b,d) GBMs versus parameters ὥ, which allow one to fit values of Ὁ, 

Ὓȟ , and Ўᾀ  obtained in atomistic simulations (Table 2.1) at ὲ πȢρς Å-1 and ὲ

πȢυυ Å-1 (a,b), as well as at ὲ πȢτω Å-1 and ὲ πȢψ Å-1 (c,d). The symbols correspond to 

calculated points, while the curves represent the spline functions that interpolate the calculated 

data and are drawn only to guide the eye. 

In the case of low density, CLs are independent of each other, so the effective parameters 

of a CL correspond to a solitary interstitial atom bonded with atoms in the crystalline lattices of 

nanotubes.  In the high-density case, relatively short distances between neighboring CLs affect 
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load transfer through them, increasing the effective number of participating atoms and, thus, 

effective ‐, but simultaneously making CLs less stiff.  Our calculations suggest that the 

crossover between the regimes of independent and crowded CLs occurs at ὲ πͯȢς Å-1.  This 

hypothesis, however, must be verified in atomic-level simulations.  

The obtained results suggest that it is practically impossible to achieve quantitative 

agreement between the mesoscopic and atomistic simulations if the direction parameter ‎ is 

equal to 1. The results of atomistic simulations can be fitted by the bundle model at ‎ ρ only 

for S-S GBM in the low-density case when ὥ ρρȢυ 1/Å.  This value of ὥ is difficult to justify 

from the physical standpoint, since it is much larger than, e.g., the maximum value of the 

stiffness parameter in the attractive term for C-C bonds adopted in the REBO potential. 

Since the best-fit parameters are not-unique, additional arguments are applied to choose 

the sets of parameters, recommended for future use in mesoscopic simulations of CNT network 

materials (Section 2.2.4).  For small CL density, any choice of parameters from Figure 2.8 results 

in the stress-displacement curves which are only marginally different from each other.  The best-

fit parameters that obtained at ὥ υ Å-1 are chosen, since this value of ὥ is close to the 

maximum value of stiffness parameters adopted for C-C bonds in the REBO potential.  

For large CL density, it is beneficial to use the best-fit parameters with small values of ὥ, 

since in this case the stress-displacement curves obtained based on the bundle model become 

qualitatively similar to the atomistic one, as it is illustrated in Figure 2.9. At the same time, 

smaller values of ὥ imply excessively small values of ὶ and, correspondingly, excessively large 

degree of initial CL pre-straining.     
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Figure 2.9. Stress Ὓ versus displacement Ўᾀ obtained in the pullout simulations for a seven-

tube bundle with length of 59.6 Å composed of (26,0) CNT at ὲ πȢρς Å-1 and               

ὲ πȢυυ Å-1 (a), as well as at ὲ πȢτω Å-1, ὲ πȢψ Å-1 (b). The solid curves (red) are 

obtained in atomistic simulations [77].  Other curves are obtained based on the bundle model 

with the best-fit parameters in Table 2.2 for the C-C GBM (green dashed curves) and S-S 

GBM (blue dash-dotted curves). 

It makes the mesoscopic computational model (Section 2.2.4) non-robust when it is applied for 

cross-linked CNT materials, since the individual CLs with small ὶ can be broken not only due to 

material deformation, but also under the effect of thermal fluctuations.  Based on these 

considerations, for simulations at large CL densities, the best-fit parameters corresponding to 

ὥ ρȢσ Å-1 are recommended. 
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Table 2.2. Best-fit parameters ‐, ὶ, and ὥ of the CL potential function, Eq. (2.34), and 

direction parameter ‎ in Eqs. (2.36) - (2.39) obtained by fitting the stiffness Ὁ, maximum 

stress Ὓȟ , and displacement Ўᾀ  at Ὓ Ὓȟ , predicted by the bundle model to values 

given in Table 2.1.  The parameters of the cutoff function Ὓ†ὶ  in Eq. (2.34) are equal to 

ὶz σȢς Å and ὶ τȢτ Å. 

 C-C GBM S-S GBM 

ὲ 

(1/Å) 

 ὶ 

(Å) 

‐ 

(eV) 

ὥ 

(1/Å) 

‎  ὶ 

(Å) 

‐  

(eV) 

ὥ 

(1/Å) 

‎ 

0.12 ὖὒ 2.79 5.63 5 19.7 ὖὒ 2.79 5.8 5 2.42 

0.49 ὖὌ 0.81 52.8 1.3 4.9 ὖὌ 1.71 19.2 1.3 0.64 

 

The best-fit parameters recommended for simulations with (26,0) CNT at both large and 

small CL densities based on C-C and S-S GBMs are listed in Table 2.2.  The stress-displacement 

curves predicted by both GBMs with these parameters are only marginally different (Figure 2.9). 

The chosen values of parameters also provide reasonable agreement with the results of atomistic 

simulations [77] in a range of CL density (Figure 2.9).  

The parameters for CLs between (10,10) CNTs are also determined by fitting the results 

of atomistic simulations of pullout process obtained based on AIREBO interatomic potential 

[116]. For S-S GBM, the CL model parameters are ὶ ςȢωπτ B, ‐ ρπȢχσ Å6, ὥ υ, ‎

ρȢχς B.  
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Figure 2.10. Stress Ὓ versus displacement Ўᾀ obtained in the pullout simulations of the central 

nanotube from a seven-tube with a length of 59.6 Å composed of (26,0) CNT.  The solid curves 

are obtained in atomistic simulations [77]. The dashed curves are obtained based on the bundle 

model and S-S GBM with the parameter set ὖὌ in Table 2.2.  The CL density ὲ is equal to 

0.29 Å-1 (curves 1, red), 0.49 Å-1 (curves 2, green), πȢφς Å-1 (curves 3, blue), and 0.84 Å-1 

(curves 4, cyan).  

 

2.2.4 Effective bond model for large-scale mesoscopic simulations of cross-linked CNT 

materials 

In order to use the developed effective bond model in mesoscopic simulations with the 

MFF given by Eq. (2.4), it is necessary to define the CL length ὶ in Eq. (2.21) as a function of 

coordinates of the mesoscopic nodes.  Here, the definition of ὶ for a CL ñconnectingò a pair of 

arbitrary cylindrical CNT segments of radii Ὑ and Ὑ is introduced, assuming that the positions 

of two mesoscopic nodes at the centers of bases of segment Ὥ are defined by vectors Ἲ  and Ἲ  

(Figure 2.11).  Then the length of segment Ὥ is equal to ὒ ȿἺ Ἲȿ, and the orientation of the 
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segment axis is given by a unit vector ἴ Ἲ Ἲ Ⱦὒ.  The positions of two ends of the 

effective CL bond can be defined using parameters ὸ (π ὸ ρ), such that the position vector 

Ἲ of the projection of the CL end belonging to segment Ὥ onto its axis is equal to  

Ἲ Ἲ ὸἺ Ἲ ȟ       Ὥ ρȟςȟ (2.45) 

where ὸ are considered as constant parameters, which are determined at a time when the CL is 

formed.  Then the forces ἐ  exerted on all node of the considered segments can be calculated as 

ἐ
‬•

‬Ἲ

Ὠ•

Ὠὶ

‬ὶ

‬Ἲ
Ȣ 

(2.46) 

  

Figure 2.11. Sketch illustrating definitions of the effective CL bond (dashed line segments; red) 

between two cylindrical CNT segments, which are utilized in C-C (a) and S-S (b) GBMs. In 

panel (b), the sketch is simplified, since each vector Ἳ is assumed to be orthogonal to vector 

Ἲ Ἲ   and co-planar with vectors Ἲ Ἲ  and Ἲ Ἲ. 

For the C-C GBM, Eq. (2.36) can be generalized in the form ὶ Ὑ Ὑ Ἰ, 

where ὶ is the length of the effective bond and Ἰ Ἰ Ἲ Ἲ. For S-S GBM, a simplified 

case is considered, when CLs do not produce torsional load.  Then vectors Ἳ Ὑἶ are 
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introduced such that each Ἳ is orthogonal to the axis of segment Ὥ and co-planar with vectors 

Ἲ Ἲ  and Ἲ Ἲ, (here   ἶ Ἰ ἸϽἴἴȾὄ  and ὄ ȿἸ ἸϽἴἴȿ), and assume 

that the positions of the CL ends are given by vectors  

Ἲ Ἲ ἻȢ (2.47) 

Hereinafter, the symbol ñͮò is used to denote parameters specific for S-S GBM.  Then ὶǶ Ἰ, 

where Ἰ Ἰ Ἲ Ἲ. 

In order to introduce the direction parameter ‎ one can note that the CL length, e.g., in 

the C-C GBM, can be represented in the form ὶ Ὑ Ὑ Ἤ Ἰ Ἤ , where  Ἤ

ἸϽἶ ἶ is a component of Ἰ orthogonal to the axis of segment Ὥ.  Then the lengths of vectors 

Ἤ and Ἰ Ἤ can be considered as analogs of ‏ᾀ ςὙ  and ‏Ὤ in Eq. (2.35) and the CL 

bond length ὶ can be defined as 

ὶ Ὑ Ὑ
ρ

ς
Ἤ ‎Ἰ Ἤ ‎Ἰ

‎ ρ

ς
Ἤ Ἤ Ȣ (2.48) 

For S-S GBM, similar arguments result in the following equation with respect to the CL length 

ὶǶ: 

ὶǶ
ρ

ς
Ἤ ‎Ἰ Ἤ ‎Ἰ

‎ ρ

ς
Ἤ Ἤ ȟ (2.49) 

where Ἤ ἸϽἶ ἶ. In a case of parallel segments, Eqs. (2.48)and (2.49) are identical to Eqs. 

(2.36) and (2.38).  The gradients ‬ὶȾ‬Ἲ (for the C-C GBM) and ‬ὶǶȾ‬Ἲ (for the S-S GBM) of 

the effective bond length, which are necessary to find forces ἐ  exerted by a CL to the ends of 

corresponding CNT segments in the mesoscopic model of nanotube materials are calculated 

according to Eq.(2.46). These gradients can be obtained by direct differentiation of Eqs. (2.48) 
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and (2.49). For calculations of derivatives, it is convenient, however, to represent the CL length 

in the form of composite functions of the segment end coordinates.   

For instance, for the C-C GBM, the CL length ὶ as a function of Ἲ  can be written as: 

ὶ ὶἸ Ἲ ȟἻ Ἰ Ἲ ȟἴἺ ȟἻ Ἰ Ἲ Ȣ (2.50) 

Then the direct differentiation of Eq. (2.50) results in 

‬ὶ

‬Ἲ
‎ρ ὸ

Ἰ

ὶ

‎ ρ

ς
ρ ὸ

Ἤ Ἤ

ὶ

ἸϽἴ

ὒ

Ἤ

ὶ
Ȣ (2.51) 

The equation for other gradients can be either obtained using similar approach or re-written from 

Eq. (2.51) using the symmetry arguments as 

‬ὶ

‬Ἲ
‎ὸ
Ἰ

ὶ

‎ ρ

ς
ὸ
Ἤ Ἤ

ὶ

ἸϽἴ

ὒ

Ἤ

ὶ
ȟ (2.52) 

‬ὶ

‬Ἲ
‎ρ ὸ

Ἰ

ὶ

‎ ρ

ς
ρ ὸ

Ἤ Ἤ

ὶ

ἸϽἴ

ὒ

Ἤ

ὶ
ȟ (2.53) 

‬ὶ

‬Ἲ
‎ὸ
Ἰ

ὶ

‎ ρ

ς
ὸ
Ἤ Ἤ

ὶ

ἸϽἴ

ὒ

Ἤ

ὶ
Ȣ (2.54) 

 For the S-S GBM, when the CL length ὶǶ is given by Eq.(2.49), a similar approach results 

in the following equations for gradients: 

‬ὶǶ

‬Ἲ
ρ ὸἋ Ἄȟ (2.55) 

‬ὶǶ

‬Ἲ
ὸἋ Ἄȟ (2.56) 

‬ὶǶ

‬Ἲ
ρ ὸἋ Ἄȟ (2.57) 

‬ὶǶ

‬Ἲ
ὸἋ Ἄȟ (2.58) 

where 
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Ἃ ‎
Ἰ

ὶǶ
ἑ ἑ  

‎ ρ

ς

Ἤ Ἤ

ὶǶ
ȟ (2.59) 

Ἄ
ἸϽἴ

ὒ
ἑ  

ἸϽἴ

ὶǶ
Ὤ
Ἳ

ὒ
 
‎ ρ

ς

ἸϽἶ

Ὑ

ἸϽἴ

ὶǶ

Ἳ

ὒ
ȟ (2.60) 

Ἃ ‎
Ἰ

ὶǶ
ἑ ἑ  

‎ ρ

ς

Ἤ Ἤ

ὶǶ
Ἃȟ (2.61) 

Ἄ
ἸϽἴ

ὒ
ἑ  

ἸϽἴ

ὶǶ
Ὤ
Ἳ

ὒ
 
‎ ρ

ς

ἸϽἶ

Ὑ

ἸϽἴ

ὶǶ

Ἳ

ὒ
ȟ (2.62) 

ἑ Ὤ
Ὑ

ὄ

Ἰ ἸϽἴἴ ἸϽἶ ἶ

ὶǶ
ȟ (2.63) 

Ὤ ‎
‎ ρ

ς

ἸϽἶ

Ὑ

ἸϽἶ

Ὑ
Ȣ (2.64) 

Eqs. (2.51)-(2.54) and (2.55)-(2.58) can be simplified in a case ‎ ρ, when all term in square 

brackets do not contribute to forces. It is also worth noting that the developed mesoscopic CL 

force field provides zero total torque, i.e., for any pair of CNT segments and any CL 

ñconnectingò these segments,  

Ἲ ἐ πȟ (2.65) 

 and, thus, it ensures conservation of the angular momentum 

2.2.5 Pullout simulations of a central tube from a seven-tube bundle for regular and random 

distribution of CLs 

In this section, the results of pullout simulations for a seven-tube bundle obtained with 

the bundle model and is compared to the general mesoscopic model.  For this purpose, both 

models is applied to bundles of lengths ὒ ρς nm (Figure 2.12) and  ὒ φπ nm (Figure 

2.13) at the CL densities ὲ ὲ πȢσ Å-1.  All simulations are performed based on the S-S 
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GBM with the parameter set designated as ὖὌ in Table 2.2.  The simulations based on the 

general mesoscopic model are performed with the periodic boundary conditions in the direction 

of the bundle axis using the minimum image conversion technique [117] in Berendsenôs 

thermostat [118] maintaining constant ñmesoscopicò temperature of 1 K.  The length Ўὰ of 

mesoscopic segments varies from 5 Å to 20 Å, while the cell size Ўὤ of the computational mesh 

for solving Eqs. (2.23) is equal to 1 Å.   

The comparison of the bundle and general mesoscopic models is necessary, since these 

models differ from each other by a number of details. In the bundle model, CLs are distributed 

continuously, while in the general mesoscopic model CLs are discrete and can be randomly 

distributed along the bundle.  The effects related to the discrete nature of CLs in the mesoscopic 

model potentially can be pronounced and make significant contribution to the overall difference 

between computational results obtained with the two models. Other differences between models 

are related to the geometrical models of curved CNTs, absence of bending deformation in Eqs. 

(2.23), forms of the van der Waals interaction potentials and boundary conditions, replacement 

of a dynamic equation for radial motion of nanotubes by the balance Eq. (2.24) in the bundle 

model, and peculiarities of calculations of the CL length.  The total effect of these factors does 

not vanish in the limit of infinitely small Ўὤ and Ўὰ.  Correspondingly, the simulation results 

obtained with two models do not exactly converge to each other with decreasing Ўὤ and Ўὰ.   

In a case of a regular CL distribution, it is assumed that every pair of neighboring 

segments from different CNTs is bonded by a single CL that connects the segment surfaces, so 

that the CL densities are equal to ὲ φȾЎὰ.  The simulations are then performed with the 

energy parameter in Eq. (8) equal to ‐ ‐ ὲȾὲ  instead of ‐. 
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Figure 2.12. Stress Ὓ versus displacement Ўᾀ obtained in the pullout simulations for a seven-

tube bundle of length ὒ ρς nm composed of (26,0) CNT.  The dash-double-dotted thin 

curve is obtained based on Eq. (2.23) at the CL densities ὲ ὲ πȢσ Å-1.  Other curves are 

obtained with the general mesoscopic model at Ўὰ ς nm (solid thick curves, red) and Ўὰ

πȢυ nm (dash-dotted curves, green, and solid thin curve, blue). The mesoscopic simulations are 

performed with regular (a) and random (b) CL distributions at a temperature of 1 K with 

exception of the solid thin curve in panel (a), which is obtained at Ὕ σππ K. Three solid 

thick curves in panel (b) (red) correspond to three random CL distributions. 

The results of such simulations are compared with the results obtained based on the 

bundle model with ‐ and ὲ ὲ,  since the solution of the bundle model does not change if ὲ 

and ‐ vary at ὲ‐ ὧέὲίὸ.  In a case of random CL distribution, the same ᾀ coordinate of both 

ends of a CL is drawn at random from homogeneous distribution between 0 and ὒ.  The total 

CL number, average CL density ὲ, and value of ‐ are determined by the segment length Ўὰ 

similarly to the case of the regular CL distribution.   
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For the regular CL distribution, the stress-displacement curves obtained in the 

mesoscopic simulations closely approach the curve obtained based on the bundle model with 

decreasing Ўὰ for both ὒ ρς nm (Figure 2.12) and ὒ φπ nm (Figure 2.13). The value of 

stiffness Ὁ obtained in the mesoscopic simulations at Ўὰ πȢυ nm, in particular, is less than 

1% different from the value predicted by the bundle model.  An additional simulation performed 

for ὒ ρς nm and Ўὰ πȢυ nm at a temperature of 300 K (thin solid curve in Figure 2.12) 

shows that an increasing mesoscopic temperature can introduce relatively strong thermal noise in 

the pullout stress, but it does not change the general behavior of the stress-displacement curve. 

In the case of smallest Ўὰ considered, the maximum stress obtained in the mesoscopic 

simulations with the short bundle is only about 0.5% different compared to the maximum stress 

obtained with the bundle model.  This difference rises up to ~3% for the longer bundle (Figure 

2.13), when a plateau at a level of maximum stress appears and the stress obtained with the 

mesoscopic model periodically oscillates.  Further decrease in the segment length does not 

eliminate this difference.  It is attributed to relatively large local bending of nanotubes, which is 

realized under conditions of massive CL breaking in the inelastic regime.  For strongly curved 

CNTs, the difference between two models is expected, since the bundle model utilizes simplified 

methods to account for curvature and does not account for the contribution of bending 

deformation to the elastic energy of nanotubes.  The stress oscillation at a plateau corresponding 

to the maximum stress in Figure 2.13 appears due to the periodic breaking of discrete CLs.  The 

oscillation magnitude and period rapidly decrease with decreasing segment length. 

In the case of random CL distribution, various random distributions results in distinct 

stress-displacement curves, e.g., see solid curves in Figure 2.12 and Figure 2.13.  Then, for short 
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bundles (Figure 2.12), the value of Ὁ varies within ω % with respect to the stiffnesses 

predicted by the bundle model. 

  

Figure 2.13. Stress Ὓ versus displacement Ўᾀ obtained in the pullout simulations for a seven-

tube bundle of length ὒ φπ nm composed of (26,0) CNTs.  The dash-double-dotted thin 

curve is obtained based on Eq. (2.23) at the CL densities ὲ ὲ πȢσ Å-1.  Other curves are 

obtained based on the general mesoscopic model with the regular (a) and random (b) CL 

distributions at a temperature of 1 K  and Ўὰ ς nm (solid curves, red), Ўὰ ρ nm (dashed 

curve, blue), and Ўὰ πȢυ nm (dash-dotted curves, green). 

For longer bundles (Figure 2.13), the values of Ὁ for different random CL distributions are close 

to each other and the randomness in the CL distribution induces stress variations only at a 

plateau, when the pullout process is dominated by CL breaking.  In all considered cases, the 

maximum stress for random CL distributions is less than 10% different compared to Ὓ predicted 

by the bundle model. 
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The comparison of results obtained with two models allows one to conclude that the 

results of the pullout test obtained with the general mesoscopic model are in good agreement 

with the results predicted by the bundle model based on Eq. (2.23).  The bundle model, however, 

is advantageous for fitting the effective bond model to atomistic simulations compared to the 

general mesoscopic model, since the former allows one to fast explore the multi-dimensional 

parameter space. 

2.3 In-house Computational Code 

The in-house computational code TMD used in this work was initially developed by Dr. 

Alexey N. Volkov [119] as a general purpose program for MD-type simulations with high-

aspect-ratio ñtubularò particles, and adapted further to simulate mesoscopic cross-linked CNT 

materials, where CLs, i.e., bonded potential, is implemented in the form of model Morse 

potential. The current version of the code is written in Fortran 90 with both serial and parallel 

processing implementation. In the parallel mode, TMD uses spatial decomposition techniques to 

partition the simulation domain into smaller sub-domains.  The code integrates Newtonôs 

equations of motion for a collection of interacting particles, e.g. atoms, molecules, coarse-

grained CNTs. The TMD keeps track of such nearby short-range interacting particles using the 

neighbor lists. The Berendsen thermostat and barostat algorithms are used to maintain desired 

mesoscopic temperature and pressure. The TMD solver output coordinates and other particle 

quantities, e.g. velocities, energies, and microscopic stress.   
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CHAPTER 3 

3 IN SILICO GENERATION AND STRUCTURAL CH ARACTERIZATION OF  CNT 

MATERIAL SAMPLES 

Computational CNT material samples can be ñgrownò by lengthening the nanotubes over 

the course of a simulation [120] or the straight, fully sized nanotubes can be made to self-

organize into continuous network of bundles through dynamic simulations [121]. The latter 

option, i.e., dynamic self-assembly, is more straightforward, and has already been proven to be 

effective in generation of CNT materials with random orientation of nanotubes [93,82,91]. The 

ability to simulate the dynamic process of spontaneous self-assembly of nanotubes into thick 

interconnected bundles is a distinct feature of MFF used in the present study, which completely 

eliminates artificial barriers for inter-tube sliding.  The bead-and-spring coarse-grained model 

initially suggested for simulations of CNT material in Ref. [65] and then used in Refs. [62, 63] 

introduces barriers for inter-tube sliding at finite size of spherical beads representing mesoscopic 

elements of CNT.  It can preclude dynamic formation of thick bundles. In this work, all in silico 

generated material samples of CNT forests and films are produced through dynamic self-

assembly simulations.  

3.1 CNT Fibers 

CNT fibers are composed of nanotubes that have preferential orientation along a selected 

direction. In this work, the length of individual CNTs are assumed to be smaller than the size of 
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the computational system, and the nanotubes are arranged into a continuous network of bundles. 

The assumptions are similar to the computational samples of ñbuckypaperò investigated in a 

number of earlier studies, e.g., Refs. [90,93,91,122,123,124,125,126,127,128,129,130,131]. In 

contrast to the vertically aligned CNT (VACNT) arrays, where one end of each nanotube is fixed 

at the substrate, in the CNT fibers, both ends of the CNT are free to move during the self-

organization into the network structure. The absence of fixed CNT ends in the CNT fibers 

increases mobility of individual nanotubes and sets a lower limit on the range of the material 

density where stable continuous networks can be obtained.  The minimum density that ensures 

formation of stable structures, however, strongly depends on the CNT length. The results of 

mesoscopic simulations suggest that, in the absence of CNT defects and inter-tube CLs, the 

three-dimensional isotropic CNT networks composed of 400-nm-long CNTs are unstable for 

densities below ~0.0025 gcm-3.  In the discussion below, the procedure of generation of 

computational samples is illustrated for fibers composed of 400-nm-long (10,10) SWCNTs and 

having a material density of 0.01 gcm-3.  Although the increasing degree of alignment of CNTs 

along the fiber axis reduces stability of the CNT network at given material density, it is found 

that CNTs form metastable network structures in all considered fiber sample.  This ability of 

CNTs to form low-density continuous metastable networks is in agreement with experimental 

observations, which, in accordance with review [132], reports density of CNT fibers in the range 

from υȢυϽρπ to 2.16 gcm-3. The results of the structural characterization of CNT fibers 

generated in silico are related to experimental data reported for low-density CNT fibers 

produced, e.g., by the direct spinning method [133]. Since the detailed results of experimental 

characterization of low-density CNT fibers are scarce, a connection is made between structural 
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properties of computational samples with experimental data on CNT fibers of medium density, 

e.g., [134]. 

 

Figure 3.1. Schematic representation of the procedure used for the generation of CNT fiber 

samples. The straight CNTs are first randomly added with random inclination with respect to 

the fiber axis ɡ ranging uniformly from zero to a maximum angle  Ὸ  (a).  The high 

temperature annealing followed by a relaxation at 300 K is used to induce self-organization of 

CNTs into a continuous and metastable network of interconnected bundles (b). Nanotube 

segments in panel (b) are colored according to their local bundle size. 

 

3.1.1 In silico generation of (10,10) CNT fibers 

The initial samples of CNT fibers composed of straight and dispersed CNTs are prepared 

by the acceptance and rejection method using the periodic boundary conditions in all three 
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directions. The positions of centers of CNTs, which are sequentially added to the system, are 

chosen at random within the simulation box, and the directions of CNT axes are randomly picked 

from a uniform distribution within a cone with the apex angle ɡ  with respect to the 

predefined axis of the fiber. A new CNT is added to the sample only if the minimum gap 

between the surfaces of the new and any of the CNT already present in the sample is larger than 

a predefined minimum distance. The minimum distance between CNTs in the generation of CNT 

fibers was set to be smaller than the equilibrium distance between nanotubes, i.e., 3.44 Å for 

(10,10) CNT and equal to 3 Å.  As a result, the initial samples contain some fraction of pairs of 

CNTs experiencing inter-tube repulsive force. This initial repulsive interaction is sufficient for 

triggering self-assembly of CNTs into a network even in a constant-volume and constant-energy 

simulation, without the temperature control through a computational thermostat. Several 

representative configurations of CNT fiber generated with an approach described above for 

different maximum angle of initial inclination, ɡ , varying from 3o to 45o, are shown in 

Figure 3.2  The in silico sample preparation procedure consists of a 3-ns-long high-temperature 

stage when the ñmesoscopicò temperature of the system is kept at a level of 10,000 K, followed 

by a relaxation stage at a temperature of 300 K, both performed using the Berendsen thermostat 

algorithm [118].  The high-temperature stage leads to the fast formation of a continuous network 

structure, while the relaxation stage lasts until the formation of a steady-state structure, which 

occurs within 5-9 ns after the end of the high-temperature stage. The variation of the maximum 

initial inclination angle allows one to obtain CNT fibers with controllable structural 

characteristics.  



64 
 

 

    

Figure 3.2. Side and top views of relaxed samples of CNT fibers composed of 400-nm-long 

(10,10) SWCNTs obtained at various maximum angles of initial inclination of CNTs ɡ  

equal to σ (a), ρυ (b), σπ (c), and τυ (d). All generated samples have dimensions of 

ρ ρ ρ µm3 and a material density of 0.01 gcm-3. The figure demonstrates only the central 

parts of every sample with the cross section of 500 nm  500 nm. Individual nanotubes are 

colored according to the local thickness of bundles defined as the number of segments in a 

bundle cross-section (a).  In every panel, the fiber axis is directed vertically in the top snapshot 

and normal to the plane of the figure in the bottom snapshot. 

 



65 
 

3.1.2 Structural characterization of in silico generated (10,10) CNT fibers 

At small ɡ 3o-15o, the structure is dominated by relatively thick and almost straight 

bundles containing 15-50 CNTs with large columnar pores between them (Figure 3.2(a) and 

Figure 3.2(b)).  The bundle thickness distributions are characterized by a broad maximum at 10-

25 segments in a bundle cross section (Figure 3.3(a) and Figure 3.3(b)) and the average number 

of CNT segments in a bundle cross-section, ộὔỚ, equal to ~25. Qualitatively, the bundle size 

distributions generated at small inclination angles resemble those obtained for VACNT arrays in 

Ref. [135]. The most probable tilts of CNT segments with respect to the fiber axis of 8o (Figure 

3.4) and the values of  the Herman orientation factor (HOF; Figure 3.5) are similar to the 

corresponding values listed for CNT forests [135].  HOF is defined as (/& σộÃÏÓ—Ớ ρȾ

ς, where — is the local angle between a nanotube and the vertical axis, and the angle brackets 

ộỚ denote averaging over all CNT segments in a sample. The HOF quantifies the extent of the 

orientation of nanotubes with respect to an axis of interest, and ranges from -0.5 to 1, where 

values of -0.5, 0, and 1 correspond to perpendicular alignment, isotropic orientation, and parallel 

alignment with respect to the axis, respectively. Thus, in the range of ɡ ρυ, the procedure 

for the generation of CNT networks developed in this work results in highly aligned CNT 

samples with a rather weak dependence of the structural parameters on the precise value of 

ɡ . 

With further increase in ɡ  above ρυ, the structures of relaxed samples exhibit 

stronger dependence on ɡ Ȣ An increasing ɡ  results in the progressively increasing degree 

of entanglement of CNTs in the network structures, which is obvious from visual inspection of 

structures shown in Figure 3.2(c) and Figure 3.2(d). Quantitatively, the increasing degree of 

entanglement is reflected in increasing average tortuosity ộ†Ớ of nanotubes (Figure 3.5), where 
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the tortuosity of a CNT is measured as † ὅȾὒ, with ὅ and ὒ being the distance between two 

ends of the CNT and its length.  

The formation of elongated, columnar pores in aligned fibers is in agreement with 

experimental observations, where the pore length (along the axis of the fiber) to the porod chord 

length (average lateral size of pores) obtained in synchrotron small-angle X-ray scattering 

(SAXS) measurements vary in the ranges 159 ï 221 nm and 20.3 ï 13.1 nm, correspondingly, 

with their ratio spanning the range from 7.8 to 16.9 [133].  The visual examination of fiber 

samples in Figure 3.2(a) and Figure 3.2(b) reveals that pores in these samples have a length on 

the order of 300-400 nm and lateral size of ~100 nm with aspect ratio equal to 3-4. Less aligned 

samples obtained at larger ɡ  and shown in Figure 3.2(c) and Figure 3.2(d) have smaller pores 

with the pore length on the order of 200-300 nm with the lateral pore size of ~30-50 nm and 

aspect ratio 6-10, which fall into the experimental range of Ref. [133]. It is believed that smaller 

in average pore size in experimental samples compared to the computational samples can be 

explain by larger material density of experimental samples, which was not specified in Ref. 

[133]. 

At sufficiently large ɡ , e.g., ɡ τυȟ there is a substantial number of CNT 

segments in the relaxed samples, which are oriented perpendicularly to the axis of the fiber 

(Figure 3.3). In this case, the number of CNT segments in a bundle has a peak at one and exhibits 

monotonous decrease with increasing number of CNT segments in a bundle (Figure 3.2(d)). 

Although such samples can include bundles as thick as those in samples generated with    

ɡ ρυ, the distribution demonstrates a strong depletion of bundles with more than 30 

CNTs in a cross-section and, correspondingly the average bundle size decreases from 25 at        

ɡ ρυ to 15 at ɡ τυ (Figure 3.5).  
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Figure 3.3. The bundle thickness distributions calculated for computational samples of CNT 

fibers shown in Figure 3.2 and obtained at various maximum angles of initial inclination of 

CNTs ɡ  equal to σ (a), ρυ (b), σπ (c), and τυ (d). The bundle thickness is expressed 

in the local number of CNTs present in a bundle cross section, and each bin covers a thickness 

increment by 1 CNT segment.  

The larger ộὔỚ in the case of the fiber sample can be attributed to the additional freedom 

of individual CNTs that are not tethered to a substrate and are free to slide with respect to others, 

as well as to smaller density and increased duration of the high-temperature stage used in the 
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generation of fiber samples. Preliminary simulations performed for thin CNT films [93,91] 

demonstrated that all these factors favor an increase in the average bundle size in the continuous 

CNT networks. 

 

Figure 3.4. Probability density function of the local angle between the CNT centerline and axis 

of the fiber calculated for computational samples of CNT fibers shown in Figure 3.2 and 

obtained at various maximum initial inclination angles of CNT ɡ  equal to σ (circles, red), 

ρυ (nablas, green), σπ (squares, blue), and τυ (triangles, magenta). 

In Ref. [134], it was found that fibers composed of SWCNTs with diameters 1 -2 nm 

consists of bundles of 10 ï 30 nm in diameter.  In order to translate the thickness of a bundle in 

terms of the number of segments in the bundle cross section ὔ  given in Figure 3.3 into the 

diameter Ὀ of an ñequivalentò cylindrical bundle, one can assume that every CNT in the cross 

section of  a bundle occupies area of hexagon with the radius of the inscribed circle Ὑ  ,Ⱦς‏

where Ὑ πȢφχψυ nm is the radius of (10,10) SWCNTs and ‏ πȢσρτ nm is the equilibrium 
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gap between nanotubes. Then Ὀ ςὙ ‏ φὔȾ“Ѝσ ρȢφχ ὔ nm. This equation 

results in Ὀ χȢυ nm at ὔ ςπ which is close to the typical average value ộὔỚ in the samples 

shown in Figure 3.5 and in Ὀ ρρȢψ nm at ὔ υπ, which corresponds to a substantial 

fraction of bundles in all generated fiber samples. Thus, the range of bundle sizes specific for in 

silico generated samples agrees with the range of bundle size measure in experimental samples, 

but bundles in the computational fiber samples tend to be systematically thinner than in Ref. 

[134]. This can be explained by much higher density of experimental fibers in Ref. [134] where 

the pore size was estimated in the range from ~1.5 nm to ~30 nm. 

The network structures of CNT fibers exhibit almost linear relationships between the 

major structural parameters, including HOF, average bundle size ộὔỚ, and average tortuosity 

ộ†Ớ, on the maximum angle of initial inclination ɡ , if ɡ  is larger than about 15̄ (Figure 

3.5). At ɡ ρυ, the computational samples exhibit weak, if any, dependence of HOF, 

ộὔỚ, and ộ†Ớ on ɡ .  It is interesting to note that the decrease of HOF in the course of the 

relaxation of the initial samples composed of straight and dispersed CNTs (open diamonds in 

Figure 3.5) is almost the same, 10 - 17%, for samples generated with different values of ɡ . 

This observation allows one to easily chose the required value of ɡ  in the initial sample in 

order to match the HOF of an in silico generated fiber sample to the experimental sample with 

known HOF.  The existence of the linear relationships between the structural parameters and 

ɡ  at ɡ ρῡ  makes it possible to pick an appropriate value of ɡ  in the sample 

generation procedure in order to obtain samples with desired values of HOF or ộὔỚ. The 

relationship between ộὔỚ and HOF, however, is not unique and can be further adjusted by 

varying other parameters of the in silico sample preparation procedure, such as the duration 

and/or annealing temperature (temperature of the high-temperature stage of sample generation).  
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By simultaneously varying several parameters of the sample preparation procedure, one can 

achieve fine control over the degree of anisotropy characterized by the HOF and the degree of 

connectivity of nanotubes characterized by the averaged bundle size, to match those of a 

particular experimental sample. 

 

Figure 3.5. Herman orientation function (HOF, diamonds), average bundle size (ộὔỚ, circles), 

and average tortuosity of nanotubes (ộ†Ớ, squares) versus maximum angle of initial inclination 

of CNT, ɡ , used in the generation of relaxed CNT fibers composed of (10,10) CNTs of 

400 nm length each at material density 0.01 gcm-3. The vertical error bars show the mean 

square deviation of the average tortuosity and bundle size. 

The approach to generation of CNT fiber samples utilized in the present work based on 

the initially distributed straight and non-aligned nanotubes has severe restrictions on the material 

density, because of large excluded volume of high-aspect ratio nanotubes. In particular, it is 

found that it is not possible to generate cubic samples of 1 µm3 in volume composed of 400-nm-

long CNTs with the material density larger than ~0.1 gcm-3. The larger material densities can be 



71 
 

achieved, however, by gradual reducing the sample volume in the course of self-organization of 

initially dispersed CNTs into a network. Using this approach, it was possible to obtain relaxed 

fiber samples with density up to 0.6 gcm-3. Such super aligned fiber structures will be considered 

in detail elsewhere. 

3.2 CNT Films 

The multi-step approach to generate pristine in silico CNT films are somewhat similar to 

the approach that is followed to generate CNT fibers. At first, a CNT sample with straight and 

dispersed nanotubes at a given material density with the periodic boundary conditions in the in-

plane directions are generated by acceptance-rejection method (Figure 3.6(a)). Then a dynamic 

simulation of spontaneous self-assembly of CNTs into a quasi-equilibrium network composed of 

pristine nanotubes is performed for 1 ns at an elevated mesoscopic temperature of 10000 K to 

increase mobility of individual nanotubes and promote rapid formation of bundles with a 

formation of a continuous network of nanotubes. At this self-assembling stage, the volume of the 

film is constrained in the out-of-plane direction by two pistons that exert short-range repulsive 

forces on neighboring CNTs. The initial self-assembly is followed by an additional relaxation at 

a mesoscopic temperature of 300 K for 0.1 ns, when the overall bundle structure only marginally 

changes, but the arrangement of individual CNTs in thick bundles becomes close to the 

hexagonal one (Figure 3.6(b)). After this, CLs are added into the quasi-equilibrated sample 

randomly with homogenous distribution (Figure 3.6(c)), and then the sample is relaxed in 

thermostat at a temperature of 300 K and barostat at zero pressure before the onset of 

deformation (Figure 3.6(d)).    
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Figure 3.6. Sketch illustrating the in silico preparation of cross-linked CNT films with 

continuous networks of bundles of nanotubes and subsequent mechnaical loading: The initial 

sample consisting of straight and dispersed nanotubes (a) is subjected to a dynamic simulations 

at constant mesoscopic temperature and sample volume leading to spontaneous self-assembly 
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of CNTs into a network of bundles.  The relaxed sample with a network of bundles (b) is 

modified by randomly distributed CLs and relaxed again to remove local stresses induced by 

the disparity between the equilibrium CL length and gaps between nanotubes.  The relaxed 

cross-linked sample (c) is subjected to in-plane stretching or compression, which can result, 

e.g., in inhomogeneous compression of the film (d).  In panel (c), the individual CLs are 

shown as red spheres.  The individual snapshots in panel (a)-(d) are obtained in actual 

simulations and shown at different degrees of magnification. The distribution of CLs in (c) 

corresponds to the CL density ὲ πȢπυ nm-1. 

3.2.1 In silico generation and characterization of (10,10) CNT films 

Figure 3.7 shows the top views of quasi-equilibrium free standing in silico film samples 

composed of (10,10) SWCNTs with four different material densities ”  0.05, 0.1, 0.2,           

and 0.4 gcm-3, that are produced applying the method described in the beginning section 3.2. It is 

observed that the distribution of bundle size ὔ , which is defined as the number of CNT 

segments in a bundle cross-section, increases with increasing material density ” (Figure 3.8).   

For a given ὔ , an equivalent diameter of a circular bundle can be calculated as  

Ὀ ςὙ Ὤ‏ φὔȾ“Ѝσ
Ⱦ

. The average bundle diameter ộὈỚ of film samples with 

material densities ” πȢπυȟπȢρȟπȢςȟπȢτ gcm-3 are 6.7, 8, 10.5 and 11.4 nm, respectively. These 

values are in good agreement with the experimentally measured values of 4 nm and 16 nm in a 

buckypaper composed of SWCNTs [136]. 

Once a quasi-equilibrium pristine film sample is generated, then CLs are added into the 

sample randomly with homogenous distribution using acceptance-rejection method until a 

desired density of CLs is reached inside the sample.  
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 Figure 3.7. Top views of CNT film samples: (a), sample C0, ” πȢπυ gcm-3; (b), sample B0, 

” πȢρ gcm-3; (c), sample A0 , ” πȢς gcm-3; and (d), sample D0,  ” πȢτ gcm-3. The major 

parameters of the samples can be found in Table 3.1. The sample structures are obtained 

during 1.1 ns of relaxation before distribution of the CLs.  The CNT segments are colored 

according to their local bundle-thickness, ὔ . In panels (a) and (b), the whole samples are 

shown. In panels (c) and (d), only top 40 nm of the samples is visualized.  
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Figure 3.8. Probability density function of the local bundle thickness ὔ  for the four samples 

B0 (” πȢπυ gcm-3, cyan curve), C0 (” πȢρ gcm-3, blue curve), A0 (” πȢς gcm-3, green 

curve), and D0 (” πȢτ gcm-3, red curve) shown in Figure 3.7. 

At first, a random point on a CNT surface associated with a mesoscopic node is found, and then 

it is considered as the one end of a potential CL ά. Then the neighbors list of the considered 

node is identified and checked if any neighboring mesoscopic node can accommodate the other 

end of the CL, while ensuring the initial CL length ὶ  is close to the equilibrium inter-tube 

distance ‏Ὤ between pristine nanotubes. If such a CL is found, it is accepted, otherwise it is 

rejected. Hence, a discrete CL ά is associated with two mesoscopic nodes, and the length of the 

CL ὶ is given by the position vectors of the two nodes and relative position of the CL ends on 

the nanotube segments. This acceptance and rejection process is repeated until a desired number 

of CLs ὔ ὔὒὲ Ⱦς, where ὒ is the nanotube length and ὲ  is the linear density of CLs, 

is generated. For (10,10) SWCNTs, the S-S GBM has an equilibrium length ὶ ςȢωπτ Å and 
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for (26,0) SWCNT the equilibrium length is ὶ ςȢχω Å [98]. In both cases, the equilibrium 

length of CLs is smaller than the equilibrium interȤtube distance ‏Ὤ σȢττ Å. Because of this, 

the generated CLs are in pre-strained form inside the sample. Therefore, further relaxation of the 

pre-strained cross-linked film sample is performed to produce an equilibrated sample for 

mechanical deformation.  

 

Figure 3.9. Magnified top view of a part of the cross-linked CNT film (sample ! ,               

” πȢς gcm-3, ὲ πȢπρυ nm-1) after relaxation. The CL ends are shown by red dots. 

 

The relaxation of the free-standing films changes the material density in less than 5 %. 

One of such a relaxed cross-linked film samples !  with material density ” πȢς gcm-3, CNT 

length ὒ  ςππ nm, lateral size ὒ υππ nm, thickness Ὄ ρππ nm and linear CL density 

ὲ πȢρυ nm-1 is shown in Figure 3.9. Magnified view of part this sample is shown in Figure 

3.9, where the CL ends as are shown red spheres. The CL ends connect nanotubes in a bundle as 
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well as it connects different bundles and nanotubes. The major parameters of generated film 

samples composed of (10,10) CNTs are summarized in Table 3.1. 

 

 

Table 3.1 Parameters of CNT film samples (lateral size ὒ, thickness Ὄ, material density ”, 

linear CL density ὲ , volumetric CL density ὲ ȟ , number of CNTs ὔ , number of CLs 

ὔ ,
 considered in simulations. All samples consist of (10,10) CNTs of 200 nm length each. 

Sample ὒ (nm) Ὄ (nm) ” (gcm-3) ὲ  (nm-1) ὲ ȟ (nm-3) ὔ  ὔ  

A0 500 100 0.2 0.15 0.0046 7829 117435 

A1 500 100 0.2 0.01 0.0003 7829 7829 

A2 500 100 0.2 0.03 0.0009 7829 23487 

A3 500 100 0.2 0.1 0.0031 7829 78290 

A4 500 100 0.2 0.3 0.0093 7829 234870 

A5 500 100 0.2 0.5 0.0154 7829 391450 

B0 500 400 0.05 0.15 0.0012 7708 115620 

C0 500 400 0.1 0.15 0.0023 15415 231225 

D0 500 40 0.4 0.15 0.0092 5795 86925 

 

3.2.2 In silico generation and characterization of cross-linked (26,0) CNT films 

The method described in section 3.2.1 is used to generate the CNT film samples 

composed of (26, 0) zigzag CNTs of constant length ὒ varying from 200 nm to 1000 nm at an 

initial material density ” of 0.1 gcm-3 with a lateral size of 2.5 µm  ςȢυ µm and film 

thicknesses of 40 nm. The chosen material density is within the typical range of density, from 

~0.05 gcm-3 to ~0.6 gcm-3, reported in multiple experimental studies of CNT films and 
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buckypaper, e.g., Refs. [29, 33, 52]. The thickness of 40 nm is within the range of thickness from 

10 nm to 100 nm for the ultrathin CNT films synthesized and studied, e.g., in Ref. [137] and 

[138]. The structures of continuous networks generated in samples with the constant CNT length 

of 200 nm, 400 nm, and 1000 nm are shown in Figure 3.10.  The networks consist of 

interconnected bundles that include from a few nanotubes to a few tens of nanotubes.  Visually, 

the obtained network structures resemble the structures of thin CNT films and buckypaper 

revealed in the experimental SEM and TEM images [139,140,141,142]. At the same time, the 

film structures in Figure 3.10 are significantly different from the samples of buckypaper in silico 

generated in Refs. [62] and [63].  

The relaxed structures of the in silico generated CNT films are somewhat different 

depending on the CNT length.  The average bundle size is one of the major structural properties 

of the CNT network, as the bundle thickness affects the number of interconnects or junctions 

between bundles and determines the degree of the network connectivity.  It was experimentally 

shown that the variation of the bundle size correlates with the variation of the mechanical 

properties of films composed of SWCNTs [143].  

To characterize the bundles sizes in the in silico generated CNT films, the number of 

nanotubes ὔ  in the bundle cross sections corresponding to each mesoscopic element is 

determine and then the probability density functions (PDFs) of ὔ  are calculated.  These PFDs 

are shown in Figure 3.11.  With an increasing CNT length, the thickness of nanotube bundles 

ὔ , in average, slowly increases, from 9.48 at ὒ ςππ nm to 11.8 at ὒ ρπππ nm (Table 

3.2). 
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Figure 3.10.  Top views of CNT films with continuous networks of bundles composed of CNTs 

of various lengths: ὒ ςππ nm (sample CN200, a), ὒ τππ nm (sample CN400, b), and 

ὒ ρπππ nm (sample CN1000, c).  Each panel shows the full sample in the horizontal 

direction and only a quarter of the whole sample in the vertical direction.  The individual 

nanotubes are colored according to the local bundle size ὔ  and the color table for ὔ  shown in 

panel (a). 

 






























































































































