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ABSTRACT

Biological systems often exhibit both stochasticity in chemical reactions and spatial
diffusion of molecules, making their modeling inherently complex. The Reaction-Diffusion
Master Equation (RDME) provides a stochastic framework to describe such systems by
partitioning space into compartments and considering well-mixed species within each.
Compared to the Chemical Master Equation (CME), the RDME introduces a significantly
larger state space due to the inclusion of jump processes between compartments. The
Stochastic Simulation Algorithm (SSA) is commonly used for CME analysis, but is
computationally intensive for large-scale systems, which grow worse in RDME problems.
Given this complexity, efficient numerical methods are crucial for analyzing and predicting
the dynamics of the systems. In this dissertation, we explore biological models using the
RDME formulation and leverage tensor-based techniques to manage the large state space
efficiently. Tensors, as multidimensional arrays, offer powerful mechanisms for processing
and analyzing data in complex biological systems, making them well-suited for RDME
applications. To address the computational challenges associated with simulating RDME
trajectories over time with the SSA, we implement a parallelized approach using OpenMP
with FORTRAN, distributing computations across multiple processors to enhance
efficiency. Building on tensor-based methods and high-performance computing, our study
aims to significantly accelerate RDME simulations while maintaining accuracy. Advanced
numerical techniques enable more effective modeling of stochastic reaction-diffusion

systems, providing deeper insights into the dynamics of biological processes.
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CHAPTER 1 INTRODUCTION

Biological systems at the cellular level involve random interactions among species that
have small copy numbers. This fact has been well-established in the area of molecular cell
biology through both experimental investigations and mathematical modeling. The spatial
environment within biological cells is highly intricate and consists of geometrically complex
structures. The chemical master equation (CME) [33,48,75] is a mathematical framework
used to describe the stochastic behavior of chemical reactions in a well-mixed system. It
provides a way to model the time evolution of the probability distribution of the number of
molecules of each species in a system, taking into account both the discrete nature of
molecules and the stochasticity of their interactions.

In recent years, there has been considerable attention given to the development of
effective computational techniques for performing discrete stochastic simulation of
well-mixed biochemical systems [34]. The stochastic simulation algorithm (SSA) [25,31,32]
is a computational method employed to obtain sample realizations guided by the chemical
kinetics that underpin the CME. The SSA is a powerful tool for simulating complex
biochemical networks, as it can take into account the stochasticity of the system and can
generate statistically meaningful results. We refer to [43] for a demonstration of an
implementation to the Michaelis-Menten system. Despite being useful, the SSA algorithm
is time consuming since it is based on realizations of the states over time. Acceleration
techniques such as tau-leaping have been introduced to make this algorithm faster [11,54].
The finite state projection algorithm (FSP) [20,27,37,57] is another way of tackling the
CME where it involves solving a set of differential equations that describe the change in

the probability distribution over time. The equations are based on the transition rates



between states in the system and the current probability distribution. The algorithm can
be used to compute the probability of reaching a specific state or a set of states within a
given time interval.

Unlike traditional chemical reaction models that assume that reactions occur
instantaneously and uniformly throughout the system, cellular environments are not
uniform in space, and spatial heterogeneity is a common feature. In numerous biochemical
systems, the spatial heterogeneity of species cannot be disregarded, rendering the systems
not well-stirred. This may be due to the slow transport of molecules through the solvent
compared to typical reaction times or the strong localization of some reactions.
Experimental data from various sources [22,23,56], demonstrate the significance of
considering both the stochastic characteristics and spatial distribution of a system to
explain its behavior. Several mathematical methods, which are different but
interrelated [3,24,69], have recently been employed to describe stochastic reaction-diffusion
systems in biological cells [61,68]. Here, the assumption is that molecules in stochastic
reaction-diffusion systems behave as points that undergo continuous Brownian motion in
space. Whenever two molecules come within a defined reaction radius, bimolecular
chemical reactions occur instantly. This modeling approach is referred to as spatially
continuous diffusion-limited reaction (SCDLR), which was originally proposed by
Smoluchowski [66]. In contrast to these methods, when we treat the diffusion at a
molecular level as a special set of reactions in the CME, we arrive at the reaction-diffusion
master equation (RDME) [5,28,29,41,42,46,47,64,65, 74].

RDME is a mathematical framework used to describe the dynamics of stochastic
chemical reaction systems that also involve diffusion processes. The equation describes the
time-dependent probability distribution function (PDF) of the system state, similar to the
CME, but with a significantly higher dimensionality. In RDME, the space is divided into
compartments. Each compartment is considered to be well-mixed and reactions within a

particular compartment are considered to be consistent with the homogeneous case. Also,



molecules can get diffusive transfers between adjacent compartments. The state of the
system at any given time is defined by the number of molecules of each species in each
compartment. Mathematically, the RDME is the forward Kolmogorov equation for a
continuous-time jump Markov process. To tackle the RDME one feasible way is to generate
samples from the RDME and collect statistics in a Monte Carlo fashion. The works

in [8,67] illustrate some examples of the SSA applied to reaction-diffusion systems in one
space dimension. The next reaction method (NRM) [30] is a version of the SSA that is
known for its efficiency. A software called MesoRD [39] offers a specialized implementation
of NRM, which is designed for diffusive systems and known as the next sub-volume method
(NSM) [24]. The aim of the binomial tau-leap spatial stochastic simulation algorithm [55]
is to enhance its performance by merging the concepts of consolidating diffusive transfers
and utilizing the priority queue structure from the NSM. In certain situations, it may be
feasible to consider diffusion in a deterministic manner, thereby minimizing the need to
monitor fast diffusive transfers to a great extent. The reactions are handled by SSA in
those situations. This approach is exemplified by the hybrid multi-scale kinetic Monte
Carlo method [76] and the Gillespie multi-particle method [63]. The corresponding
macroscopic equation for the concentrations of the species is the reaction-diffusion equation
(RDE) which is a partial differential equation (PDE). This equation is employed in diverse
applications and is valid for large numbers of molecules when stochastic effects can be
neglected.

Below is the outline of the dissertation,

e Chapter 2 incorporates the different types of chemical reactions happen in biological
models. The derivation of CME is shown with a case study. In addition, when

diffusion is added as a jump process, that leads to the RDME.

e Chapter 3 is devoted to a study of a particular Metapopulation model in which the
RDME framework has been integrated. Numerical techniques like the SSA and FSP

is used to analyze the marginal probability distributions.



e Chapter 4 details the tensor terminologies and different operations with tensors.

Application of tensors in RDME is shown using a biological model.

e Chapter 5 provides the concepts of different types of parallel computing. The parallel
SSA algorithm is employed using supercomputer to accelerate numerical simulation

run-times.

e Finally, Chapter 6 summarizes the findings of the dissertation and provides potential

for future direction.



CHAPTER 2 CHEMICAL REACTION SYSTEMS INCORPORATING DIFFUSION AS
A JUMP PROCESS

2.1 Chemical Reactions

Chemical reactions are essential to a wide range of natural and biological processes,
taking place at both macroscopic and microscopic levels. These reactions entail the
conversion of substances via the reorganization of atomic or molecular structures, resulting
in the creation of novel chemical species. In a system where molecules are uniformly
distributed, reaction dynamics are often described using deterministic models based on the
law of mass action, which assumes that reaction rates are proportional to the
concentrations of reactants. However, such models become less accurate in situations where
molecular interactions are influenced by spatial constraints or when the number of reacting
molecules is small enough that random fluctuations play a significant role.

In real-world systems, chemical reactions rarely occur in isolation. Instead, they engage
inside intricate networks where several interactions occur concurrently, influencing one
another in ways that can lead to emergent behaviors such as oscillatory dynamics, feedback
loops, or self-organizing patterns. These interrelated reactions are fundamental to
numerous biological and environmental systems, necessitating mathematical models that

incorporate reaction kinetics alongside with stochastic fluctuations.

2.2 Types of Reactions

Reactions can proceed in a single direction, leading to a complete transformation of
reactants into products, or they can be reversible, meaning that the products can

recombine to regenerate the original reactants. Some chemical reactions involve only a



single species, while others require interactions between multiple distinct species. Consider
A, B, C be three different species. The arrow stands to indicate a reaction where reactants
are placed on the left-hand side and the products appear on the right-hand side. Below are

some of the most common types of reactions.

2.2.1 Isomerization

A — B.

In isomerization, a molecule changes its structural arrangement without altering its
molecular formula and transform into another molecule. Isomerization plays a crucial role

in biological pathways, such as glucose metabolism.

2.2.2 Dimerization

2A — B.

When two identical molecules chemically bond to form a dimer then the process is
called dimerization. Dimerization can occur spontaneously or be facilitated by external

factors such as catalysts, pressure, or temperature.

2.2.3 Synthesis

A+B—C.

A reaction where two different molecules combine to form a more complex product. This

type of reaction is essential in organic chemistry, material science, and biological processes.

2.2.4 Decomposition

C - A+ B.



In decomposition, a complex compound breaks down into different simpler substances.

This reaction is the opposite of Synthesis.

2.2.5 Degradation

A — .

This represents the removal or disappearance of a species from a system. This can occur
through decay or consumption by another reactant. Enzymes often facilitate degradation

in biological systems, while chemical or physical agents drive it in industrial applications.

2.2.6 Production

o — A.

Production is a process where new molecule is introduced into a system. This is also
called as birth reaction. In stochastic models, birth reactions are often used to describe

population growth, where new individuals appear at a given rate.

2.3 Randomness in Chemical Reaction

Continuous modeling of a chemical reaction system allows us to depict the concentration
of a species across time. Real chemical reactions, on the other hand, have discrete molecule
interactions whereby populations vary by entire integer quantities instead of fractions.
Deterministic modeling explains, from present and past conditions, how a system develops.
Under this method, preceding conditions cause changes in molecular populations that
produce smooth graphical depictions of species concentrations across time. This approach,
however, presupposes constant changes and might result in erroneous interpretations such
modeling fractional molecules, so it does not entirely reflect the reality of chemical

reactions. Stochastic modeling, on the other hand, acknowledges randomness and the



impossibility of constantly exactly predicting future states. Here the next state of the
system depends just on its current state, generating varying graphical representations that
reflect the natural unpredictability seen in actual chemical reactions.

Randomness plays a crucial role in chemical reactions, as molecular interactions are
inherently probabilistic. At microscopic scales, reactions occur due to random collisions
between molecules, influenced by factors such as temperature, concentration, and diffusion.
This unpredictability makes stochastic modeling essential for accurately capturing reaction
dynamics, especially in systems with low molecular counts where fluctuations significantly
impact behavior. Unlike deterministic models, which assume smooth concentration
changes, stochastic approaches account for the discrete and probabilistic nature of chemical
processes, leading to more realistic predictions. Embracing randomness allows for a deeper
understanding of reaction mechanisms, variability in biological systems, and the emergence

of complex behaviors in nature.

2.4 Stochastic Simulation of Degradation

Let us consider the single chemical reaction,

S 50, (2.1)

where c is the rate constant of the reaction and S is the chemical species that is
degrading. we denote the number of molecules of S at time ¢ as S(¢). dt is an
infinitesimally small time step and ¢ dt gives the probability that a randomly chosen
molecule of S degraded during the time interval [t,¢ + dt). In particular, The probability
that exactly one reaction (2.1) occurs during the time interval [t, ¢ + d¢) is equal to
S(t)c dt. Our aim is to compute the number of molecules S(t) for times ¢ > 0. For that
purpose we need to generate random numbers uniformly distributed in the interval (0, 1).

We choose a small time step At and using the following two steps of stochastic simulation,



we compute the number of molecules S(t) at times ¢t = iAt, i =1,2,3,...
1. Generate a random number 7 uniformly distributed in the interval (0, 1).

2. If r < S(t)cAt, then put S(t + At) = S(t) — 1; otherwise, S(t + At) = S(¢). Then

continue with step 1 for time ¢t + At.

o=}
=

first realization
second realization
third realization

=
=]
]

—
o

14

12

10

number of molecules Sit)

1] 5 10 15 20 25 30
time

Figure 2.1: Three realizations of SSA for degradation.

Choosing ¢ = 0.1, 5(0) = 20 and At = 0.005, we repeat the stochastic simulation three
times and we plot three realizations of SSA. In the figure 2.1, we notice that the

realizations are different each time we run the algorithm and that is obvious for any SSA.

2.5 Stochastic Simulation of Production and Degradation

Consider a system of two chemical reactions

S50, 038 (2.2)



The first reaction in (2.2) describes the degradation of chemical S with the rate
constant ¢; and the second reaction represents the creation of chemical S with the rate
constant c¢o. Here ¢; dt gives the probability that a randomly chosen molecule of .S
degraded during the time interval [t,¢ + dt) and ¢y dt gives the probability that a randomly
chosen molecule of S produced during the time interval [t,¢ + dt). Since we have two
reactions here, our goal is to find what reaction will occur next as well as the time. We find
7 such that ¢ + 7 is the time when the next reaction occurs given that S(t) is the molecules

present at time ¢t. The stochastic simulation steps for this reaction scheme are,

1. Generate two random numbers 71, o uniformly distributed in (0, 1).
2. Compute ag = S(t)c; + co.

3. Compute the time when the next chemical reaction takes place as t + 7 where

1 1
7T=—In [—] . (2.3)
4. Compute the number of molecules at time ¢ + 7 by

S(t)—Fl, ifr2<02/a0
S(t+71) =

S(t)—l, ifTQZCQ/CLO

10



20

0 10 20 30 40 50
time

Figure 2.2: Five realizations of SSA for production and degradation.

We present five realization of SSA in figure 2.2 for S(0) = 0,¢; = 0.1 and ¢, = 1. We see
that, after an initial transient, the number of molecules S(t) are following a trend which is

actually the fluctuation around the mean value.

2.6 Diffusion

Diffusion is the process whereby particles, molecules, or other entities disperse from an
area of higher concentration to an area of lower concentration. It is the random migration
of molecules arising from motion due to thermal energy [7]. This is a key transport process
found in diverse physical, chemical, and biological systems. Diffusion is mathematically
characterized by Fick’s equations, which connect particle flux to the concentration
gradient, or by stochastic processes like Brownian motion. In continuous systems, diffusion
is regulated by the diffusion equation, a partial differential equation that describes the
temporal dispersion of a substance. In discrete or stochastic contexts, diffusion can be

represented as a jump process, wherein particles shift between discrete states with specified

11



probabilities. Diffusion is essential in various natural and artificial processes, such as gas
exchange in biological systems, heat transmission, chemical reactions, and the distribution

of compounds in fluids and porous media.

2.7 Compartment-Based Diffusion

Consider the following chemical reactions,
d d d
S8 2532 ... 2 Sk (2.4)
d d d

where

d
Si = S’H—l means that Sz $ Si+1 and Si-l—l $ Sz
d

We see the reactions (2.4) are diffusive jumps. Consider the computational domain
[0, L]. We choose L =1 and split the domain into K = 40 compartments of length
h=L/K =1/40 = .025. We label the number of molecules of chemical species S in the i-th

compartment [(i — 1)h,ih) by S;,i = 1,..., K. The compartment-based SSA has six steps.

1. Generate two random numbers 7y, o uniformly distributed in (0, 1).

2. Compute propensity functions of reactions by a; = S;(t)d for i = 1,2, ..., K.

Compute
K—1 K
a= Gt a
=1 =2

3. Compute the time when the next chemical reaction occurs as t + 7 where 7 is given

by equation (2.3).

4. If ry < Zf;l a;/ap, then find j € {1,2,..., K — 1} such that



Then compute the number of molecules at time ¢ + 7 by

Sit+7)=5;(t) — 1,
Sjr1(t +7) = S5 (t) + 1,

5. Ifry > 3" a;/ag, then find j € {2,3,..., K} such that

| (K] j—1 | (K] j
7‘22&—<Zai+ ai) and T2<G—<Zai+2ai>.
0 i=2 0 i=2

i=1 i=1

Then compute the number of molecules at time ¢ + 7 by

St +7) = 5;(t) = 1,
Si_a(t+71)=95,4(t) + 1,

Si(t+7)=Si(t), fori£ji#j—1.

6. Continue with step 1 for time ¢ + 7.

We choose d = 0.16 and consider initially there are 150 molecules in compartment 16,
150 molecules in compartment 17, and no molecules present in other compartments.
Figure 2.3 shows the number of molecules in each compartment at time ¢ = 4 by using the

compartment-based SSA.
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number of molecules

total 40 compartments

Figure 2.3: Number of molecules in 40 compartments using the compartment-based SSA.

2.8 Chemical Master Equation

The chemical master equation (CME) [33] is a fundamental framework for modeling the
stochastic behavior of chemical reaction systems at a molecular level. It describes how the
probability distribution of different molecular populations evolves over time, accounting for
the inherent randomness in reaction events. Unlike deterministic approaches, which rely on
continuous concentration changes, the CME models reactions as discrete and probabilistic
transitions between different molecular states. This makes it particularly useful for systems
with small molecule counts, where fluctuations play a crucial role in system behavior.

Consider a system involving N molecular species {51, ..., Sy}, represented by the state
vector X(t) = [X1(t),..., Xn(t)]", where each X;(t) is a non-negative integer denoting the
number of molecules of species S; at time ¢t. The state space of the system is the set of
distinct vectors that correspond to the possible configurations the system can have. As

many types of reactions occur, the system evolves from state to state through an
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underlying Markov chain. Suppose there are M reaction channels, denoted by

{Ry,..., Ry}, and assume that the system is well mixed and in thermal equilibrium. The
dynamics of the reaction channel R; is characterized by two factors: the propensity
function a;, which describes the likelihood of the reaction occurring given the current state
of the system, and the state change (stoichiometric) vector v; = [vy;, ... ,VNJ-]T, which
specifies the change in the number of molecules of each species that results from one
instance of the reaction; a;(x)dt gives the probability that, given X(¢) = x, one R; reaction
will occur in the next infinitesimal time interval [t, ¢ + dt], and v;; gives the change in X;
induced by one R; reaction. That means the components of the state change vector are
integers displaying the increase or decrease of the number of copies of each species after the
associated reaction occurs.

We can now investigate the quantity P(x,t), which we define to be the probability that
X(t) = x. Consider that the initial state vector X(0) is given. We aim to derive a
recurrence. Assuming dt is sufficiently small that at most one reaction may occur over
[t,t + dt), we will work out the probability of being in state x at time ¢ + dt knowing the
likelihood of being in any of the possible states at time t. The first step is to realize that to
be in state x at time ¢ + dt there are only two scenarios for time ¢; either the system was
already in state x at time ¢ and no reaction happened over [t,t+ dt), or for some 1 < 7 < M
the system was in state x — v; at time ¢ and the j the reaction took place over [¢,t + dt),
thereby bringing the system into state x. We need to use the law of total probability, a
classic result from probability theory. Suppose A is the event of interest and suppose that
the events Ey, By, Es, . .., Ey, Eayq are disjoint (no more than one can happen) and

exhaustive (one of them must happen). Then the law of total probability states that

M+1

P(4)= Y P(A|E)P(E). (2.5)

=0
Here, P (A | Ej) is such that the probability that A happens, given that E; happens. In

our case, A is the event that the system is in state x at time t 4+ dt. We assume Ej be the
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event that the system is in state x at time ¢, let £j for 1 < j < M be the event that the
system is in state x — v; at time ¢, and let E)y/ 4 be the event that the system is in any
other state at time ¢. Now, for 1 < j < M, P (A | E;) is simply the probability of the j the
reaction firing over [t,t + dt). Drawing from the definition of the propensity functions this

implies

P(A‘E]):Clj@(—l/])dt, 1§]§M (26)

Similarly, P (A | Ep) is the probability of no reaction happening over [t,t + dt). This

must equal 1 minus the probability of any reaction firing, hence

P(A|E)=1-) a;(x) (2.7)

Jj=1

Consequently,

P(A| Eyia) =0, (2.8)

because E);,1 contains all the states that are more than one reaction away from x.

Using (2.6), (2.7), and (2.8) in (2.5), along with the definition of P(x,t), we find that

P(x,t+dt) = (1 - q (x)dt) P(x,t)+ Y aj(x—v;)dtP (x —v;,1). (2.9)

This equation can be rearranged to

P(x,t+dt) — M
It ]Z:; aj (x—v;)P(x—v;,t) —a;j(x)P(x,1)). (2.10)

Letting dt — 0 we observe that the left-hand side of this equation becomes a time

derivative, producing the CME
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M
dP t)
x, la; (x — v;) P (x — v;,t) — a; (x) P (x,1)]. (2.11)
7j=1
Equation (2.11) may be written in an equivalent matrix—vector form by enumerating all
the states. If there are n possible states, x1,...,X,, the CME takes the form of a system of

linear ordinary differential equations (ODEs),

P(t)=M-P(), (2.12)

where M = [m;;] is occupied by the propensities and represents the infinitesimal
generator of the corresponding Markov chain. The probability vector P = [py, ..., p,|7 is
such that each component p; = P (x;,t) = Prob(x (t) = x;), the probability of being at

state x; at time ¢, for i = 1,...,n. Given an initial P(0) the solution of (2.12) at time ¢ is:

P (t) = exp (tM) P (0), (2.13)

where the exponential of a bounded operator is defined by a Taylor series.

2.9 Michaelis-Menten Enzyme Kinetics

One of the classic example to demonstrate the utilization of CME is the
Michaelis-Menten model. Maud Leonora Menten, one of the first women in Canada to earn
a medical doctorate, later obtained a PhD in biochemistry and made significant
contributions to pathology. She worked with eminent biologist and biographer Leonor
Michaelis at the University of Berlin. Together, they produced a revolutionary study on
enzyme kinetics in 1913 proving that, at a given concentration, every enzyme has a unique
substrate and reaction rate. Now known as the Michaelis-Menten constant [15,16], this
idea set the groundwork for contemporary enzyme kinetics. But Henri and Brown [9, 10],

who investigated enzyme activity in sugar combinations, initially devised the original
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equation. Their mathematical approach made enzyme processes more comprehensively
understandable. Before moving on to more complicated systems, stochastic simulations are
studied from a basic model.

The Michaelis-Menten model has four species and three reactions. The species are
defined as S = Substrate, £ = Enzyme, E'S = Enzyme-Substrate Complex, and P =
Product. In this system, an enzyme converts all of its substrates into a product. The state
of the system is the vector listing the population of each of the species, x =[S, E, ES, P],
in this particular order.

Table 2.1: Reactions and propensities of Michaelis-Menten model.

Reaction Propensity
S+ELES ¢4 xSxE
ES 2 S+FE ¢ xES
ES 2 P+FE ¢ xES

(1,0,1,0) (1,1,0,1) (0,0,1,1)
94
g3 >
X3 ) 1T %
Js5
91 9z e
(2,1,0,0) (0,1,0,2)

Figure 2.4: Transitions to all possible states of Michaelis-Menten model with initial state
2,1,0,0].

For experimental purpose we choose the initial state vector [S, E, ES, P] to be [2,1,0,0].
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Figure 2.4 tracks all the possible chemical reactions that can happen and their resulting

states, x;, where i = 1,...,5. Here aq, as, as are the propensity functions for the 3 reactions.
g1 = a1 (x1) =ay(S,E,ES, P) =c; X S X E corresponding to «; = (2,1,0,0)
g2 = az (x2) = as(S, E, ES, P) = ¢c5 X ES corresponding to 2 = (1,0, 1,0)

( ) =
( )=
= a3(S, B, ES, P) = ¢3 x ES corresponding to @2 = (1,0, 1,0)
( )=
( )=
( )=

g1 = ay (x3) = a1(S, E,ES, P) = c¢; X S x E corresponding to 3 = (1,1,0,1)
g5 = as (x4) = az(S, E, ES, P) = ¢c5 X ES corresponding to x, = (0,0, 1,1)
g6 = a3 (xy) = a3(S, E, ES, P) = c3 x ES corresponding to y = (0,0,1,1)

Integrating CME in this scenario, we get a matrix M which includes all the possible

propensities.

T 0 0o 0

g —(g2+g3) 0 0 0
M=10 g3 —94 gs 0
0 0 g+ —(95+gs) O

0 0 0 g 0]

We use (2.13) to find the probabilities. Choosing t = 10 we get the results shown in

figure 2.5.
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Figure 2.5: Probabilities of all possible states of Michaelis-Menten model with ¢ = 10.

2.10 Reaction-Diffusion Master Equation

Assume the domain 2 is partitioned into compartments (voxels). We label the
compartments with V, k =1,..., K. Molecules within each compartment can react with
one another within that compartment, and they can also diffuse across the boundaries and
move to neighboring compartments. Both the reaction and diffusion processes are
considered as random processes. Let, X; ;(¢) be the number of molecules of species S; in
compartment V) at time ¢. Then each species in the domain is given by the subvector
Xi(t) = [Xia(t),.... Xik(t)],i=1,...,N. That means X; is the subvector which
represents the species 1 in all compartments, X, represents species 2, and so on. Thus the
state vector of the system is X = [Xy,..., Xy]. The diffusion propensity function d; ;; and
the state change vector p, ; characterize the dynamics of the diffusion of species S; from
compartment V to V;. The vector p, ; has a length of K" with —1 in the kth position, 1 in

the jth position, and 0 elsewhere. Given, X (t) = x the diffusion master equation (DME)
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can be written by

dth N KK
ZZZ 1,5,k _’J’k,j)P(Xla--‘aXi_I-lrkJ,-..,XN,t)

o e (2.14)
—d, jx (x;) P (x,1)].

The diffusion propensity function d; ;i (x;) = D/I?, for k = j £ 1, where D is the
diffusion rate and [ is the characteristic length of the compartment. If D is the transition
matrix describing the diffusion of molecules, the equivalent matrix—vector form can be

written by

P(t)=D P (). (2.15)

Combining equations (2.12) and (2.15) we get the matrix-vector form of the

Reaction-Diffusion Master Equation,

P(t)=(M+D)-P(t). (2.16)

Equation (2.16) is a system of linear constant coefficient ODEs and gives us more
possible states than the CME, and so its corresponding (M + D) is substantially extended
to represent species in compartments. Overall, the RDME captures both the reaction and

diffusion hence it has a much higher dimensionality.

2.11 Birth-Death Process

The birth-death process [17,50] is a fundamental stochastic model in molecular biology,
used to model the dynamic behavior of biological systems where entities are created (birth)
and removed (death) over time. It is particularly useful in modeling population dynamics,

biochemical reactions, queuing systems, and epidemiological processes. We work with a
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well-studied birth-death process, which can be seen as a simplified model of the production
and degradation of a single molecular species [73]. Consider the model for the production
and degradation of a specific protein A. Protein molecules can be independently degraded

at a constant rate c¢; and be produced at a constant rate c;. The reaction scheme is given by

A0, (2.17)
0= A (2.18)

HOH -

Birth-Death

0loJ6

Birth-Death

Diffusion

Cell 1 Cell 2

Figure 2.6: Hlustration of RDME in birth-death model.

We consider two neighboring cells (i.e. compartments) where protein molecules can
move back and forth. We label the cells as Cell 1 and Cell 2. Thus, the system can be
represented as a reaction-diffusion process in which reactions (2.17) and (2.18) occur
independently inside both cells, while molecules can move between Cell 1 and Cell 2. We
model the scheme with RDME consisting of two reactions with two compartments
illustrated in figure 2.6. Let A; be the number of protein molecules in cell 1, Ay the number

of protein molecules in cell 2. The reactions R; through R4 in table 2.2 reflect (2.17)
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and (2.18) inside both cells, while R5 through Rg represent movement between cells.

Table 2.2: Reactions, propensities and state change vectors of birth-death model.

Reaction Propensity State change vector
Ryi: A0 c X Ay [—1,0]
Ry: 05 A Co [1,0]
Ry: Ay =5 () e X Ay [0, —1]
Ry 03 Ay Cy 0, 1]
Rs: A; S A, d x A [—1,1]
Re: Ay A d x Ay 1, —1]

Consider that initially, there are 2 protein molecules in cell 1, and 3 protein molecules in
cell 2. The initial state vector is [2,3]7, and we set the reaction parameters ¢; = .10 and
co = .20, and the diffusion parameters D = 1.0 and [ = 10, resulting
d = D/I> =1.0/100 = .01. The marginal probability distribution of number of molecules in

each compartment after time ¢t = 50 is shown in the figure 2.7.

0.9 1 09
0.8 1 08}
0.7 1 0.7r
06| 1 08|
0.5 1 05¢
04f 1 04F
0.3
0.2 1
M| .
0 1 2 3 4 5 7 0 1 2 3 4 5 86
Compartment 1 Compartment 2

Figure 2.7: Marginal probabilities of the molecules of birth-death model after ¢t = 50.
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2.12 Spatiotemporal Chemical Master Equation

2.12.1 Metastable Compartments

A metastable compartment refers to a region or state within a system where molecules
or particles can temporarily reside before transitioning to a more stable state or being
involved in a reaction. This temporary existence occurs due to energy barriers between
different states of the system. Despite not being the most energetically favorable state,
molecules can linger in this state for a period before moving to a lower energy state. These
metastable states can significantly influence the kinetics and dynamics of chemical
reactions by affecting reaction pathways, reaction rates, and overall system behavior. For
example, in a reaction network, certain intermediate species may be metastable—they are
not the initial reactants nor the final products, but they are transiently formed during the

course of the reaction before ultimately transforming into stable end products.
2.12.2 Particle Based Reaction-Diffusion

Particle-based reaction-diffusion dynamics (PBRD) is a computational approach used to
simulate the spatiotemporal behavior of particles undergoing diffusion and chemical
reactions within a given environment. In PBRD simulations, individual particles,
representing molecules or other entities of interest, are tracked as they move and interact
with each other based on predefined rules governing diffusion and reaction kinetics. At its
core, PBRD involves two main processes: diffusion and reaction. Diffusion refers to the
random movement of particles due to thermal energy, which can lead to the spreading or
dispersal of substances throughout the system. Reaction involves the transformation of
particles when they encounter each other, leading to chemical reactions and the creation or

destruction of different molecular species.
2.12.3 ST-CME

The spatiotemporal chemical master equation (ST-CME) is a mathematical framework

used to model the dynamics of chemical reactions occurring in spatially extended systems
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over time. It extends the traditional chemical master equation, which describes the
temporal evolution of the probabilities of different molecular species in a well-mixed
system, to include spatial dependencies. In many biological and chemical systems, spatial
heterogeneity plays a crucial role in determining system behavior. The ST-CME accounts
for spatial variations in concentrations, diffusion, and reaction rates, allowing for a more
accurate description of reaction kinetics in spatially extended systems. Consider N!(¢) be
the number of particles of species [ in compartment r at time ¢. Then

N, (t) = (N}(t),...,NJ(t)) denotes the states of present species in compartment r. All the
E' is a matrix whose elements are all zero except the entry (r,1) which is one. Let A,
denote the jump rate for each individual particle of species [. Then the total probability
per unit of time for a jump of species [ from compartment r to s at time ¢ is given by

A _N'(t). For each of the reactions Ry, suppose v}, = (1/,1, N I/If) describe the change in
the number of copies of all species induced by this reaction. Reaction Ry occurring in the
rth compartment refers to the transition IN,(¢) — N, (t) + v. In order to specify where
the reaction takes place, the vector v, is multiplied by a column vector e, with the value 1
at entry r and zeros elsewhere. This gives a matrix e,v; whose rth row is equal to vy
while all other rows contain zeros. With these settings, let P(n,t) be the probability that

the process is in state n at time ¢ given an initial state N (0) = ng. The ST-CME is then

given by,
M L
L) S S S (N (1) P (L L) — Nl Pl 1)
r=1 s#r =1
M K
+ Z Z (af (n — e,vy) P (n — ey, t) — af(n)P(n,t))
r=1 k=1

2.12.4 Binding and Unbinding

An eukaryotic cell is a cell that possesses a membrane-bound nucleus and other

membrane-bound organelles. They are characterized by their complex internal structure
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and compartmentalization, which allows for specialized functions to occur within different

organelles.

Nucleus

Cytoplasm

Cell

Figure 2.8: Eukaryotic cell (image from genome.gov).

Consider a very general system consisting of three species A, B, and C with the binding
and unbinding reactions given by,

A+ B—C,
C—A+ B.

We assume that the binding reaction takes place only in the cytoplasm while unbinding
is restricted to the nucleus. This separation of reactions, combined with the metastability
of diffusion due to a reduced permeability of the nuclear membrane, obviously keeps the
process from being well-mixed in total space. Consider, there are 5 A-particles uniformly
distributed in the nucleus and 5 B-particles uniformly distributed in the cytoplasm. The

average evolution of the population over time is shown in figure 2.9, 2.10, and 2.11.
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Figure 2.9: Evolution of species A (image adapted from [74]).
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Figure 2.10: Evolution of species B (image adapted from [74]).
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Figure 2.11: Evolution of species C (image adapted from [74]).
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CHAPTER 3 A STUDY OF A METAPOPULATION MODEL USING THE
STOCHASTIC REACTION-DIFFUSION MASTER EQUATION

This chapter is based on work published in Springer book, SDSC 2023. Here, we
formulate a metapopulation model using the RDME. Our study employs the FSP
technique to the metapopulation model. Although the RDME model is similar with the
CME, it is computationally more expensive since the state space becomes substantially
larger. We have applied the SSA algorithm to analyze the marginal distribution of the

species involved.

3.1 Stochastic Simulation Algorithm of Gillespie

The ”"curse of dimensionality” obstructs finding an analytical solution to the CME for
larger systems. This arises because the number of possible states increases exponentially as
the number of molecular species and reactions increases. To overcome this limitation,
Gillespie’s SSA [31] is widely used as a numerical method to simulate the time evolution of
chemical reaction networks. This method is based on the principles of the CME and
generates a stochastic trajectory of the network by simulating individual reactions one by
one. SSA selects the next reaction and time interval by calculating the propensity
functions of all possible reactions based on the current state of the system, generating a
random number to determine the time until the next reaction occurs, and selecting the
next reaction based on probabilities of each reaction occurring. The algorithm updates the
system state according to the reaction stoichiometry and repeats the process.

The SSA produces a pair of random numbers, namely r; and ry, during every individual

step. Note that 71 and 9 both belong to U(0, 1), which is the set of uniformly distributed
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random numbers in the interval (0,1). The time for the next reaction to occur is given by

t + 7, where 7 is given by

7= aioln (r—ll) . (3.1)

It is now important to know which reaction will occur next. The index A of the next

reaction is given by the smallest integer which satisfies the following inequality,

A
Z a; > Ta20q, (32)
j=1
where,
M
ap (x) =Y a;(x). (3.3)
j=1

The states of the system are updated by X (t + 7) = X (t) 4+ v,. Subsequently, the
simulation proceeds to the time of the next reaction. By generating a large number of
stochastic trajectories, the SSA method can provide an accurate approximation of the
behavior of the reaction network over time, even in cases where an analytical solution is

not feasible due to the curse of dimensionality.

3.2 Finite State Projection

Instead of simulating an ensemble of trajectories using SSA, the FSP method [57]
directly computes an analytical approximation to the solution of the CME. This is
achieved by creating a computationally manageable projection of the full state space and
calculating the time evolution of the probability mass function within this projection space.
The FSP technique uses a truncated state space to solve the CME and estimate the
probability vector (PV) of the populations in a chemical reaction system. Let

T ={1,...,k}, then the transition matrix of (2.12) is replaced by My where
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MT *
M = e R™™,

* *

Here, k = |T'| is the cardinality of 7" and My is a k X k submatrix of the true operator
M. The finite state projection is then formed by the states indexed by 7T'. For an initial
truncated PV denoted by P (t = 0), the FSP finds the PV at any time Pr (¢), by the

following,

Pr(t) = Mg P (t). (3.4)

Equation (3.4) is a system of linear ODEs and the solution is given by

Pr (t) = exp (Mrt) Pr (0). (3.5)

Observe that, the subscript T' characterizes the truncation just mentioned. In addition,
the initial distribution is truncated in the same way. M needs not merely be a principal
submatrix. Instead, assume that 7" is an arbitrary subset of {1,...,n} and for clarity of

presentation My is defined with the same size as the matrix M = [m;;]| using

m; lfl,jET
(MT)Z‘]‘:
0 ifi¢gTorj¢T

Similarly, P is defined from P = (py, ... ,pn)T using

(PT)i =
0 otherwise
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3.3 Metapopulation Model

Metapopulation models [1,4,14], which are used to study populations that are divided
into subpopulations connected by migration, often employ reaction-diffusion models to
describe spatial dynamics [13]. In a reaction-diffusion metapopulation model, there is a
diffusion term and a reaction term. The diffusion term captures the movement of
individual between neighboring subpopulations, while the reaction term describes birth and
death rates within each subpopulation. The reaction-diffusion model has many
applications, such as predicting how changes in habitat quality or connectivity may affect a
species’ distribution and abundance, studying disease spread, and assessing the persistence
of rare or endangered species [6,26]. By taking into account both diffusion and reaction
terms, the model can better capture complex interactions between local population
dynamics and spatial dispersal.

In a metapopulation model using the RDME, each subpopulation’s population is
modeled as a stochastic process with birth, death, and migration events occurring
randomly. The model includes diffusion of individuals between subpopulations and
reactions within each subpopulation, such as birth and death rates. The RDME takes into
account the stochasticity of these events, allowing for more accurate predictions of
population dynamics compared to deterministic models.

For the purpose of experimentally demonstrating a proof-of-concept in this study, we

consider a basic reaction scheme conserving the number of particles

B a, (3.6)
a+ -2 28. (3.7)

This system has been widely used both in physics and mathematical epidemiology. For
its interpretation with the lenses of our metapopulation model, it would be that « particles

represent normal particles (healthy individuals) and § particles represent active particles
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(infected individuals) intermingling from area to area. This scheme is also known as the
SIS model [2]. We consider two neighboring areas (i.e., compartments) where both the
healthy and infected individuals can move back and forth. We label the areas as Area 1
and Area 2. Hence the scheme can be represented by a reaction-diffusion process where the
reactions (3.6) and (3.7) can take places inside both areas separately and the individuals

can move back and forth between Area 1 and Area 2. An illustration is shown in figure 3.1

Ld
VVAYA

Alpha / Healthy

Alpha / Healthy

Reactions inside

A%

Beta / Infected

Reactions inside

AN

Beta / Infected

Diffusion

Areal Area 2

Figure 3.1: Illustration of RDME in metapopulation model.

3.4 Integrating RDME into Metapopulation Model

The process involved in the metapopulation model is a random process and can be
modeled by the RDME consisting of two reactions with two compartments [62]. Let oy be
the number of healthy individuals in area 1, 5; the number of infected individuals in area
1, as the number of infected healthy in area 2, 55 the number of infected individuals in
area 2. The reactions Ry through Ry in table 3.1 reflect (3.6) and (3.7) inside both areas,

while R5 through Rg represent diffusion between areas.
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Table 3.1: Reactions, propensities and state change vectors of metapopulation model.

Reaction Propensity State change vector
Ri: B3 o c1 X By [1,-1,0,0]
Ryt B4 =520 o x i X ay [—1,1,0,0]
Ry Bo <5 1 X Bo 0,0,1,—1]
Ryt Bot o 20y 3 x B2 X 0,0,—1,1]
Rs: a1 % as d X aq [—1,0,1,0]
Rs: BBy d x [0,—1,0,1]
Ryt as S oy d X oo [1,0,—1,0]
Rs: B By d x By 0,1,0,—1]

To allow visualizing our prototype, we assume that initially, there are 2 healthy
individuals and 1 infected individual in area 1. Similarly, in area 2 there are 1 healthy and
2 infected individuals. The initial state vector is [2,1,1,2]7, and we set the reaction
parameters ¢; = .30 and ¢, = 1.0, and the diffusion parameters D = 1.0 and [ = 10. The
RDME gives us all the possible states we can get when those individuals react and diffuse

randomly. Even such a simple initial state generates 84 possible states.
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nz = 480

Figure 3.2: Visualization of the sparsity pattern of the transition matrix in RDME.

Figure 3.2 shows the sparsity pattern of the transition matrix involved in the RDME
formulation where the transition matrix covers both reaction and diffusion process. In the
CME, the transition matrix would have only been responsible for the reactions. In the
RDME the matrix we have is a 84 x 84 matrix, where the dots in the figure 3.2 represent
the 490 non-zero elements of the transition matrix and the other parts without dots
indicate zeros. As noted earlier, this example is a proof-of-concept with a resulting figure
that a reader can easily visualize. More realistic models lead to substantially larger sizes.
Indeed, for a problem with N species S; that each can attain 0 to n; — 1 copies, the CME
matrix can already be of size Hfil n; X Hfil n;, so that if N = 10 and n; =~ 10 the size

would be a huge 10'° x 10! for the CME and even more than that for the RDME.
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3.5 Numerical Results

We solve the RDME using the FSP equation (3.5) by truncating the state space to 70,
to approximate the probability of the states. We are particularly interested to get the
marginal probability of the individuals. By definition, the marginal probability of an event
is the likelihood of an event happening regardless of the outcome of the other events.
Assuming t = 10, we approximate the marginal probability distribution of the healthy and

infected individuals in two areas. The results are shown in figure 3.3.
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Figure 3.3: Marginal probability distribution of the number of healthy and infected
individuals in two areas using FSP at time ¢ = 10.

Another algorithm of analyzing the model is using the SSA. Contrary to the FSP, the
SSA generates realizations. The computational time of this algorithm depends on the
number of realizations taken into account. Here we have taken 100 realizations to find the

marginal probability distribution of the individuals, with the result shown in figure 3.4.
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Figure 3.4: Marginal probability distribution of the number of healthy and infected
individuals in two areas using SSA at time t = 10.

3.6 Discussion and Conclusion

We have employed the RDME formulation in a metapopulation model that encompasses
both reaction and diffusion processes and we have used FSP and SSA to find the marginal
probability distribution. The FSP works with a truncated state space instead of
considering all the possible states. And when the copy numbers are low the SSA-results
can be subject to statistical noise. These are the reasons for the differences between the
results shown in figure 3.3 and figure 3.4. The RDME approach is suitable for analyzing
the model, given its ability to relate the model, even with the challenge of the ”curse of
dimensionality”. The curse of dimensionality refers to the fact that as the dimensionality of

the model increases, the number of possible states grows exponentially, making it
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increasingly difficult to calculate the probabilities of future states. In addition,
implementing the FSP in the RDME or using the SSA algorithm to approximate the
probability of future states can prove to be computationally expensive. In cases where the
metapopulation model is more complex and involves an exceedingly vast state space, the
computational time required to solve it using either of these methods becomes prohibitively
high. As such, the main objective of our future work is to overcome these challenges and
find a more efficient way to solve the RDME for advanced metapopulation models. To
achieve this goal, we envision the use of tensor train decomposition techniques [59]. The
basic idea is to represent a high-dimensional tensor as a sequence of smaller tensors that
are multiplied together. This sequence of smaller tensors is called the tensor train. Each
tensor in the sequence has a fixed size and is connected to the neighboring tensors by a set
of indices. Applications of tensors already exist in the context of the CME [21,49], and we
similarly envision that they could provide an alternative approach to calculate the RDME
solution that can significantly reduce computational time while still maintaining accuracy,
thereby enabling us to meaningfully analyze and model metapopulation systems and gain
insights into their dynamics and behavior. Overall, a successful implementation of the
tensor train decomposition technique in the context of the RDME formulation for
metapopulation modeling could pave the way for more efficient and accurate modeling of
complex systems. This, in turn, could have significant applications in various fields such as
ecology, biology, and epidemiology. By improving our understanding of these systems, we
can better predict and mitigate the spread of diseases, preserve ecological systems, and

ensure the long-term sustainability of biological populations.
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CHAPTER 4 AN APPLICATION OF TENSORS IN THE STOCHASTIC
REACTION-DIFFUSION MASTER EQUATION

Tensors, fundamentally, are extensions of vectors, and matrices, with the ability to
represent and manipulate data in multiple dimensions. Tensor methods, also known as
tensor approaches, encompass the utilization of tensors for the purpose of problem-solving,
data analysis, and the extraction of significant patterns from datasets with many
dimensions. The concept of tensors and their decompositions was first introduced in the
year 1927 [45]. Tensors find utility in several machine learning applications, such as facial
recognition, analysis of musical scores, and identification of cliques within social
networks [60,70]. An overview of tensor techniques for large-scale numerical computations
is given in [36,38], geared towards a scientific computing audience.

In this chapter, we addressed RDME using tensor methods. We recall the RDME
framework in a metapopulation model. Despite having similarities to the CME, the RDME
model requires more computing power because of the significantly wider state space. To
obtain the marginal distribution of the pertinent species, we apply the tensor technique.

We’ve also used the FSP method with the metapopulation model for comparison purpose.

4.1 Matrix Products

Defined here are additional operations on matrices not as well known as addition and

multiplication that will be required in the upcoming sections.
4.1.1 Hadamard Product

Consider two matrices A and B. The Hadamard product is denoted A x B and
represents the element-wise product. We can only find the Hadamard product when the

size of two matrices are same.
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4.1.2 Kronecker Product

The Kronecker product of two matrices A( size I x J) and B (size K x L) is expressed
by A ® B and the resulting matrix is of size (/K) x (JL). Mathematically, the Kronecker

product is shown below,

CLHB CL12B Ce CL1JB
A®B _ ang a22B (IQJB
CL[lB a]QB a]JB

4.1.3 Khatri-Rao Product
This is another useful matrix operation which incorporates the Kronecker product. The

Khatri-Rao product of two matrices A( size I x J) and B( size K x J) is denoted by A® B

and the resulting matrix is of size (1K) x (J).

AQB: a1®bl a2®b2...aJ®bJ

4.2 Tensor Notations and Definitions

4.2.1 Tensor

A tensor is a multidimensional array. Mathematically, an N-way or N th-order tensor of
size I} x Iy x -+ x Iy, denoted by X € RI1x[2xxIN ig 3 set of real numbers
X (i1,49,- -+ ,iy), where iy = 1 : I, for s = 1 : N. Scalars are represented using lowercase
letters, while vectors, which are first-order tensors, are indicated by bold lowercase letters.
Matrices, corresponding to second-order tensors, are denoted by bold capital letters. For
tensors of third order or higher, bold Euler script letters are used. Figure 4.1 represents the

visualization of tensors with respect to their orders.
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Figure 4.1: Visualization of different tensors (image from packtpub.com).

4.2.2 Subtensor

Consider a N-way tensor, X € RIivE2x*In  Given L = (L, Ly, -+ - , Ly),
R=(Ry,Rs,-- ,Ry),suchthat 1l <L<R<Iie,1<L,<R;<I;,s=1,...,N.
With mode sizes J, = Ry — Ly + 1, € R/1>2xXIn defined by

y(j17.]27 7]N):X(.71+L1_17.72+L2_17 7]N+LN_1)J

is called a subtensor of X, labeled by ) = X(L : R).
When L; = R;, for some s = 1: N, we have J; = 1 and the subtensor ) = X(L : R)

can be interpreted as a (N — 1)-th way tensor, Y € R/ xJsm1xJsr1xXIn with

Yty s Js—1sJst1s- - IN) =
X(i+Li—1,... jea+Lea—1,Lejsy1+ Lepr =1, jn+ Ly — 1)
4.2.3 Fiber
Let (iy,d9,-- ,in) € (1: 1) x (1:Iy) X --- x (1: Iy). For each n =1 : N, the subtensor
Y =X(L:R) where L, = R, =i, for all s #n, and L, =1, R, = I, is defined by a
mode-n fiber of X, and can be interpreted as a vector, Y = (y;) € R with

Yj = Tiyein_rjing1in» 10r J = 1:1,. We can also find mode-n fiber as a vector resulting
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from X by fixing all indices except n. Figure 4.2 illustrates mode-1, mode-2, and mode-3

fibers of a three way tensor.
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() Mode-1 (column) fibers: x4  (b) Mode-2 (row) fibers: %, (c) Mode-3 (tube) fibers: x,;.

Figure 4.2: Different fibers of a 3-mode tensor.

4.2.4 Slice

For each m,n =1: N,m < n, the subtensor Y = X(L : R) where L, = R, = i, for all

s#myn,and L,, = L, =1, R,, = I,,, R, = I, is called a slice of X, and can be interpreted

as a matrix, Y = (yjk) € RIm*In wwith Yik = iy 15ima1in_1Kkingy1-in > for j =1: ]m,
k =1:1,. By fixing all other indices except two, slices of a tensor can be regarded as a

matrix arising from X. Figure 4.3 illustrates three different slices of a 3 way tensor.
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Figure 4.3: Different slices of a 3-mode tensor.

4.2.5 n-rank of a Tensor

The n-rank of X, represented as R,, = rank,(X) is the dimension of the vector space
spanned by the mode-n fibers of X'. Another approach to consider the n-rank of a tensor is

the dimension of the vector space spanned by the mode- n unfolding of X.

4.2.6 The reshape and vec Operations on Tensors

Consider the mapping col (:; I, -+, In): (1: ) x -+ x (1:Iy) = (1: L1 -...- Iy)
defined by

COl(’il,"' ,?:N;[l,"' ,IN):’Ll+(22—1)11+(23—1)]1Ig-i-—|—(ZN—1)11]2IN_l

(4.1)
It can be shown that, for each k € (1: 1y -...- Iy),col (i1,...,in;I1, -+, In) = k if and
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only if

iN:(k—l)diV(Il'IQ'...'[N_l), (42)

and

COl(il,"' 77;N—1;Ily"' ;IN—I) = (]{Z— 1) mod (.[1 'IQ .. 'IN—I) + 1. (43)

Therefore, for each fixed (I1,--- ,Iy) € NV the relations (4.1), (4.2), and (4.3) can be
used to produce the mapping col: (1: ;) x ---x (1:Iy)— (1:1;-...-Iy) and its inverse
col (1L - Iy) = (1: L) x -+ x (1: Iy).

Using these mapping, the vec operator transforms a tensor X € R/1*2X*IN into the

vector x = vec(X) € RIIv defined by

xp =X (col ™ (ks Iy, -+, In)), fork=1:11-... Iy.

and the reshape operator transforms a vector x € R/~ into the tensor

X = reshape(x) € RI**/2X %I~ " defined by

X(’il,' .- ,iN> = Zeol(ir, in;I1,In)> for (il, s ,iN) - (1 : Il> X+ X (1 : IN) .

Since the set of all column vectors of X, is equal to the set of all mode-n fibers of X,

using the definition of tensor rank,

R, = rank,(X) = rank (X,,) < I,.

4.3 Tensor Decomposition

Tensor decomposition is a mathematical method employed to decompose tensors into

more elementary components, thereby uncovering concealed structures and patterns. It
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extends matrix factorization to higher dimensions and is extensively utilized in
computational biology, machine learning, signal processing, and data mining. We discuss
some of the common tensor decompositions [19,21, 35, 36,40,48,49,51-53,58,59] in the

upcoming subsections.
4.3.1 Higher Order Singular Value Decomposition (HOSVD)

Singular Value Decomposition (SVD) is a fundamental matrix factorization method that
represents any matrix as the product of two orthogonal matrices plus a diagonal matrix of
singular values, encapsulating the inherent geometric characteristics of the data. Higher
Order Singular Value Decomposition (HOSVD) generalizes this concept to
multi-dimensional arrays, or tensors, by decomposing them into a core tensor and a

collection of orthogonal matrices corresponding to each mode. Here, we present some

properties of HOSVD [19],

Theorem 4.3.1.1. Every tensor X € RIVXIN can be written as
X = g XlA(l) X2A(2)... XNA(N)7

where

1. A = ( Agn) Ag”) Agn) ) is an orthogonal matrix of order (I,, X I,).

2. G € RIvXIn of which the subtensors G, —q, attained by fizing the nth indez to «,
have the properties of
(i) ordering:

1Gin=tllp 2 Gin=2llp = -+ 2 [Gin=ra |l » = 0, (4.4)

for all possible values of n.
(i) all-orthogonality : For all possible values of n,a and 3, two subtensors G; —, and

Gi,—p are orthogonal subject to o # [3 :
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(Gin=a,Gin=p) =0 for a # p.
9 G =X x AT x JAQT .. W AMNT,

The vector Ag") is an n-mode singular vector and the Frobenius-norms ||G;, ||,

n)

symbolized by ai( , are n-mode singular values of X.

Theorem 4.3.1.2. (i) Let r,, be equal to the highest index for which ||G;, —, || > 0
in (4.4). We have

R, = rank,(X) = r,.

2 2
g R 1 R N

(i) |13 = 2 (o) = = 2 (o) = lig13-

11) By discarding the lowest n-mode singular values o\ ,0(7) R ,U(n) for given

I4+1:971 42 Rn

values of I',1 < n < N, define a tensor ), i.e., set the corresponding parts of G equal to

zero. Then we have

R ) 2 e 2\ 2 Bn A 2
X =Yir< 3 (o) + 3 (o) 4k D (0)

i1=[{+1 7;2:Ié+1 Z'NZI;V-‘rl
4.3.2 CANDECOMP/PARAFAC (CP) Decomposition

A CP decomposition of X € R >IN ig given by [52],

X=Tx, AD x, A® ... xy AN = HA(I),A(Q),--- 7A(N)H : (4.5)

where is the identity tensor Z has ones along the superdiagonal and zeros elsewhere,
AW e RE =1 ... N, and R € N.

According to [53], (4.5) can be written element-wise as

R
X (i, i, yin) = > AW (i, r) AP (iy,r) - AM (i, 7).

r=1
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Moreover, another way of rewriting (4.5) is via the outer product

R
X:Zafnl)oaf?)o---oagv).

r=1

4.3.3 Tensor Train (TT) Decomposition

A TT decomposition of X € RI*2X*In jg of the form [59],

X (i1, yin) =G (i1) - ... - Gn (in) -

The three way tensors G, € R™-1*InX"n are called TT cores. ”"Boundary conditions”
ro = rny = 1 are imposed, and TT ranks are defined as (ry, -+ ,7n_1).

In the index form, the decomposition is written as

X (i1, iz, ,in_1,1iN) = Z Gi (i1, k1) Ga (Kyydg, ko) - - - Gn (An—1,in) . (4.6)
k1,k2, kn—2,kN—1
The pattern of (4.6) can be conceptualized as a ”train,” where each core is represented
as a ”carriage.” The initial and terminal carriages are matrices, while those in between are

order-3 tensors. Adjacent carriages are linked by a singular contraction.

4.4 Transient Matrix in Kronecker Product Form

The CME matrix M is sparse under any order relation imposed on the state space, and
it is natural to use the lexicographic order on the state space X as a subset of N, the set of
nonnegative natural numbers. If we impose the lexicographic order on a state space X in
the form of a window of lower bound (lb(l), . ,lb(N)) and upper bound (ub(l), o ,ub(N)),
i.e., X consists of states x = (x1, - - ,a:N)T such that ) < z, < ub® Vs =1,..., N, then
the transition rate matrix can be decomposed into a sum of Kronecker products [40,49]

M = (@ilsgj) . I) M. (4.7)

M
k=1

47



Each term in the sum corresponds to a chemical reaction; Sfj) is a ‘shift-diagonal’
matrix corresponding to the change in species s when reaction k& happens; I is the identity
matrix; and My, is the diagonal matrix that stores the values of the propensity function a;.
Precisely, let I, = ub® — [b® + 1 be the window size for species S, n = I, -...- Iy be the
total number of states in X, and denote v, = (1/,9), e ,VIEN)>T. The identity matrix I is

then of order n, S,(:) € RIs*Is is given by

0 - 1
1 shifted up ‘V,is) rows if uﬁ <0,
0
Sy =
0
1 shifted down {* rows if v > 0,
1 0
\
and
Mk = (Oék (X1> y Ok (X2> N 67 (Xn)) ) (48)
where x1,Xg, -+ , X, are states of X in the increasing lexicographic order. Furthermore,

by assuming that the propensity functions are separable, i.e.,

ak(x>:a](el)<x1)‘...‘al(€N)<xN)7 k:l)-..7M7
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()

where o’ > 0 are scalar functions, (4.8) can be rewritten as
My = L o, (49)
where

o = (of ()l (W + 1), ol (W), s =1, N,
The lower bounds in [72] is b} = 0 and ub®® = I, — 1. Therefore,
o) = (0.0’ W), -0’ 1) s=10 N,

Under these assumptions, the transition matrix can be represented by simple matrices of

small sizes,

M = iw: <®§f:18§j) - I) (@ﬁil a,(:)> . (4.10)

k=1

A central aspect of our research is that both the transition operator M and the
probability distribution P can be kept as multidimensional arrays (or tensors) that allow

us to use tensor decompositions to resolve storage issues.

4.5 Study Findings using a Metapopulation Model

We assume that initially, there are 2 healthy individuals and 1 infected individuals in
area 1. In area 2 there are 1 healthy and 2 infected individuals. The initial state vector is
[2,1,1,2], and we set the reaction parameters ¢; = .30 and ¢; = 1.0, and the diffusion
parameters D = 1.0 and [ = 10. The RDME gives us all the possible states we can get

when those individuals react and diffuse randomly. When we analyze this model without
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considering areas and diffusion, the stoichiometric matrix is given by,

0110
S =

1 10 2
The first and second row of the matrix stand for the reactions (3.6) and (3.7)
respectively. On the other hand, when we consider the scheme in two areas where diffusion

also involved, the stoichiometric matrix becomes,

01 00100O0
11000200
0001O0O0T1O0
S:()0110002
1 00000O0T10
01 0000O0O0T1
0010100O0O0
0001O01O0O0

In this matrix the first two rows indicate the reactions (3.6) and (3.7) inside area 1.
Third and fourth rows are responsible for the same reactions respectively in area 2.
Diffusions are characterized by the last four rows. Starting with such a simple initial state
2,1,1,2], we get total 84 possible states. We solve the RDME using the FSP
equation (3.5) by truncating the state space to 70, to approximate the probability of the
states. The marginal probability of each person is of special relevance to us. Assuming
t = 10, we approximate the marginal probability distribution of the healthy and infected
individuals in two areas. The results are shown in figure 4.4. We use tensors to the
metapopulation model. The main concept is to express a high-dimensional tensor as an
ordered product of smaller tensors. The tensor train is the name given to this series of

smaller tensors. The sequence’s tensors are all fixed in size and are joined to one another
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Figure 4.4: Marginal probability distribution of the number of healthy and infected
individuals in two areas of a metapopulation model using FSP at time ¢t = 10.
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by a set of indices. The marginal probability distribution of the individuals are found by
using the code in [21]. Figure 4.5 shows the marginal probability distribution of the
healthy and infected individuals in two areas using the tensor technique. Figure 4.6
illustrates the accuracy of the implementation of tensors by showing the near alignment of

the marginal distributions obtained using two alternative approaches.
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Figure 4.5: Marginal probability distribution of the number of healthy and infected
individuals in two areas of a metapopulation model using tensors at time ¢ = 10.

4.6 Discussion and Conclusion

We have applied the RDME formulation in a metapopulation model that includes both
reaction and diffusion processes and we have utilized FSP and tensors to obtain the
marginal probability distribution. Rather than taking into account all possible states, the

FSP operates with a reduced state space. On the other hand, we convert the transition
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matrix into sequence of tensors and that motivates us to use tensor decomposition. Past
research has shown that tensors scale very well to tackle multidimensional CME problems,
suggesting promising prospects for their application in RDME as we demonstrated in this
case study. While the computational performance of the tensor and FSP methods is
comparable, the tensor approach offers distinct advantages. It excels in managing
high-dimensional problems by efficiently representing extensive state spaces with minimized
memory requirements, making it particularly effective in scenarios where FSP becomes
computationally expensive or infeasible. Additional benefits include its compatibility with
modern numerical and parallel computing frameworks. Its potential extends to systems
involving interactions among multiple variables, such as systems biology, chemical reaction
networks, and multi-agent systems, highlighting its significance for future research

endeavors.
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CHAPTER 5 PARALLEL IMPLEMENTATION OF THE STOCHASTIC
REACTION-DIFFUSION MASTER EQUATION

This chapter is based on work accepted in Springer book, BICOB-2025. In this chapter,
we utilize the RDME framework in several biological models, integrating reaction and
diffusion processes, and simulate stochastic trajectories via the SSA algorithm. Due to the
substantial computational expense of executing the SSA within the RDME framework, we
utilize parallel computing to minimize simulation duration. This chapter delves into the
principles and practices of parallelism in RDME models, beginning with its definition and
key types, followed by an examination of the role of high-performance computing resources
like the Alabama Supercomputer. Practical methods for implementing parallelism and an
analysis of its impact on computational efficiency is also explored, highlighting how
parallelism continues to shape the future of scientific discovery. These findings highlight
the significance of parallel computing in enhancing large-scale biological simulations,

prompting additional investigation into sophisticated computational methodologies.

5.1 History of Parallel Computing

The conceptual foundation of parallelism can be traced back to the 1950s and 1960s,
when pioneering computer systems like the IBM Stretch and Burroughs D825 introduced
early forms of multiprocessing. These systems demonstrated the potential of using multiple
processors to share workloads, paving the way for more advanced parallel architectures.
Around the same time, Seymour Cray’s work on vector computing, particularly in the
CDC 6600, introduced the concept of executing multiple operations simultaneously on a
single processor, a technique that became instrumental in scientific computing.

By the 1980s, parallel computing entered a new era with the development of massively
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parallel processors (MPP) and supercomputers like the Connection Machine and Cray-2.
These systems integrated thousands of processors and demonstrated the scalability of
parallelism for solving large-scale problems, including weather simulations, molecular
dynamics, and fluid dynamics. During this period, distributed computing also began to
emerge, with frameworks designed to harness the power of multiple machines working in
concert. Task parallelism, where different tasks are distributed across processors, and data
parallelism, where the same operation is applied to different pieces of data, became
fundamental paradigms.

The 1990s and 2000s saw parallel computing move beyond high-performance systems
into more accessible hardware with the rise of multicore processors and general-purpose
GPUs (graphics processing units). These innovations brought parallelism into everyday
computing, enabling researchers, engineers, and developers to leverage parallel
architectures for a wider range of applications. At the same time, software frameworks like
MPI (Message Passing Interface) and OpenMP (Open Multi-Processing) standardized the
implementation of parallelism across platforms, making it easier to develop scalable

solutions.

5.2 What is Parallel Computing

Parallel computing is a computational paradigm that allows multiple tasks to be
executed simultaneously, leveraging the capabilities of modern processors to achieve
significant improvements in speed and efficiency. Unlike sequential computing, where tasks
are performed one after another on a single processor, parallel computing divides a problem
into smaller tasks and assigns them to different processors or computational units to
execute concurrently.

The primary goal of parallel computing is to reduce the time required to solve complex
problems by taking advantage of the inherent parallelism in many real-world tasks. For

example, in SSA, large number of simulations can be computed independently before
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combining the results. Similarly, in image processing, each pixel or a block of pixels can be
processed in parallel to enhance speed. Parallel computing relies on three main concepts:

Decomposition Breaking down a large problem into smaller, independent tasks that
can be solved concurrently.

Coordination Ensuring proper synchronization and communication between tasks,
especially when they depend on shared data.

Scalability Ensuring that the performance gains from parallelization increase as more
processors or computational units are added.

Modern parallel computing systems are built around hardware architectures that
support concurrent execution, such as multi-core CPUs, GPUs, and distributed computing
clusters. Software frameworks and programming models, like OpenMP for shared memory
systems and MPI for distributed systems, provide the tools to implement parallel

algorithms effectively.

5.3 Types of Parallel Computing

Parallel computing encompasses several types, each tailored to specific hardware
architectures and problem requirements. These types differ in how tasks are distributed
and executed across computational units, and their selection depends on the problem’s
nature, system resources, and desired performance outcomes. The primary types of parallel
computing are:

Task Parallelism Task parallelism involves distributing different tasks or functions
across multiple processors, with each processor executing a unique task independently.
This type is suitable for problems where tasks are heterogeneous and loosely coupled, such
as rendering different parts of a scene in computer graphics or processing different stages of
a pipeline in data processing.

Data Parallelism In data parallelism, the same operation is applied to different chunks

of data simultaneously. For example, in matrix multiplication or image filtering, each
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processor handles a subset of the data, performing identical computations in parallel. Data
parallelism is widely used in GPU computing, where thousands of cores process large
datasets concurrently.

Shared Memory Parallelism Shared memory parallelism uses a single memory space
accessible by all processors. Processors communicate by reading and writing to shared
variables. Frameworks like OpenMP are commonly used to implement this type of
parallelism on multi-core CPUs. It is suitable for small to medium-sized problems where
memory access contention is manageable.

Distributed Memory Parallelism In distributed memory parallelism, each processor
has its own private memory, and communication between processors occurs via
message-passing protocols like MPI. This type is highly scalable and is used in large
computing clusters for simulations, weather modeling, and other high-performance
computing applications.

Hybrid Parallelism Hybrid parallelism combines multiple types of parallelism, such as
using MPI for distributed computing and OpenMP for shared memory within each node.
This approach maximizes the utilization of modern supercomputers that include multi-core
CPUs and GPUs.

In this chapter, We will concentrate on shared memory, which will be implemented

through the use of OpenMP.

5.4 OpenMP

OpenMP, which stands for Open Multi-Processing, is a shared-memory parallel
computing model that provides compiler directives, library routines, and environment
variables for managing parallel execution. The ”Open” in OpenMP signifies that the
standard is publicly accessible, allowing widespread adoption across various domains,
including scientific computing, engineering simulations, and high-performance computing

applications. Parallelism in OpenMP is categorized into two types: coarse-grained and
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fine-grained. In coarse-grained parallelism, the computational domain is divided into
multiple subdomains, each assigned to different processors, reducing inter-processor
communication overhead but requiring careful load balancing. In contrast, fine-grained
parallelism distributes iterations of do-loops across multiple processors, where each
processor executes a subset of the iterations, leading to better utilization of available
threads for iterative workloads. Our implementation focuses on fine-grained parallelism,
ensuring that do-loop iterations are efficiently assigned to different threads, thereby
maximizing computational throughput and minimizing idle processor time.

The directive sentinel !SOMP is utilized to compile OpenMP programs. The exclamation

7 '77

point is employed to ensure that a standard compiler recognizes the line as a comment.
An OpenMP compiler interprets the line as a directive, activating parallel capabilities. To
delineate a parallel zone in OpenMP, we utilize the subsequent directive pair.

ISOMP PARALLEL

write code here

ISOMP END PARALLEL

The code segment between two parallel directives executes concurrently, whereas the
code sections before and succeeding this parallel region execute sequentially. Each core or
thread is assigned a designated set of computational duties. The master thread remains
inactive until all other threads in the parallel region have finished executing. The program
resumes executing the sequential code following the parallel block only after this
synchronization step. This synchronization guarantees that all threads have completed

their designated responsibilities prior to the program’s continuation. Figure 5.1 depicts a

serial application partitioned into three threads that execute concurrently.
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Figure 5.1: Parallel demonstration.

Parallel regions can be nested as well, as demonstrated by the following example of a
nested directive pair.
I$OMP PARALLEL
'SOMP PARALLEL
write code here
'SOMP END PARALLEL
ISOMP END PARALLEL
The first parallel directive splits the serial code into multiple threads. Likewise, the
inner parallel directive further divides its own threads into additional threads. Figure 5.2

demonstrates how a serial program is divided into two levels of nested threads.
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Figure 5.2: Nested parallel demonstration.

Iterations of a do-loop can be assigned to different threads for parallel execution. To

achieve this, we define a parallel region around the do-loop using the following directive

pair.

I3SOMP DO
doi=1, 2000
write code here
end do

I$OMP END DO

This sample consists of 2000 independent iterations distributed across 4 threads, with

each thread executing 500 iterations. Figure 5.3 depicts this process.
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Figure 5.3: Parallel do demonstration.

5.5 Alabama Supercomputer Center (ASC)

5.5.1 About ASC

The Alabama Supercomputer Authority (ASA), established by the Alabama Legislature
in 1989, plays a pivotal role in advancing technology-driven scientific research and
development across the state. ASA administers and operates the Alabama Supercomputer
Center (ASC), providing high-performance computing (HPC) services at no cost to faculty,
staff, and enrolled students of public schools, colleges, and universities in Alabama. The
ASC supports a wide range of research disciplines, including computational biology,
engineering simulations, climate modeling, artificial intelligence, and data-intensive
applications, enabling researchers to process complex computations more efficiently. ASC is
a high-performance computing cluster, comprising multiple individual computers
functioning as a single entity. Each individual computer within the cluster is referred to as
a node. The computers within each cluster operate at varying speeds; clusters equipped

with newer, faster technology will outperform those with older, slower systems. The ASC
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facilitates the rapid execution of extensive programs in parallel. Users have access to
numerous core processors and several terabytes of memory for data storage required by
programs.

5.5.2 Accessing the ASC

Begin by launching a command Prompt (Windows OS) or terminal (Linux) window.
You need to use the “ssh” command to access the ASC. start by entering:

ssh username@asax.asc.edu

as illustrated in the figure 5.4. The username section must be your personal HPC

username. Upon execution, the terminal will request you for your password.

[mustafijur@MacBook-Air ~ % ssh ualmmre@il@asax.asc.edu
(ualmmr@@l@asax.asc.edu) Password: [J

Figure 5.4: Accessing the ASC using terminal window.

You will subsequently receive a dual-factor authentication prompt shown in figure 5.5. It

is advisable to utilize the “DUO Push” approach, as it is the most secure option available.

mustafijur@MacBook-Air ~ % ssh ualmmr@@l@asax.asc.edu
(ualmmreel@asax.asc.edu) Password:
(ualmmre@iPasax.asc.edu) Duo two-factor login for ualmmreel

Enter a passcode or select one of the following options:
1. Duo Push to XXX-XXX-582@

2. Phone call to XXX-XXX-5820@
3. SMS passcodes to XXX-XXX-5820

Passcode or option (1-3): [

Figure 5.5: Two step authentication before login.

After that you will be greeted by the following banner which indicates that you have

successfully logged in and ready to use the ASC.
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Success. Logging you in...
Last failed login: Sun Feb 16 20:17:00 CST 2025 from 68.62.153.227 on ssh:notty
There was 1 failed login attempt since the last successful login.

The HPC systems are NOT certified for HIPAA, ITAR, 8@00-171, DoD classified,
GDPR, or most other government-defined security standards.

The HPC documentation website is https://hpcdocs.asc.edu/ If you have any
questions please contact hpcPasc.edu or call the helpdesk at 256-971-7448
or 800-338-8320 if you are outside of Huntsville. We can often give the
fastest assistance if we receive an email with the directory and job number.

ualmmre@lPasaxlogin2:

Figure 5.6: Information upon successful login.

5.5.3 Necessary Linux Commands

The HPC supercomputer system is a strictly Linux-based system, necessitating
proficiency in terminal navigation inside the Linux environment. Below is a list of essential

Linux commands for HPC users.

e Is - Used to check the contents of the present working directory. The command Is-a
will additionally display hidden files, while Is-1 provides detailed information for each

file, including permissions, size, and ownership.
e mkdir - Used to create a new subdirectory within the present working directory.
e mv - Used to move files from one location to another.
e cp - Used to copy and paste files from one location to another.
e rm - Used to remove / delete files and directories.
e vi- A text editor used to create, write, and change various text files including scripts
e grep - Used to filter text based on a specific word or phrase.
e awk - Used to filter data into rows and columns.
e echo - Used to print text to the terminal.

e tr - Used to remove unwanted characters from text.
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e gstat - Used to check the status of active jobs.

e jobinfo - Used to see the detailed information about a specific job, such as memory

use and parallel efficiency.

e qdel - Used to delete queued jobs.

5.5.4 Submitting Job into Queue

Access the directory where your files are stored. Shell script files encompass all the
commands required to execute a code. This file must be saved as openmp.sh, where .sh
indicating a shell script file. To execute a script, input the following command.

chmod +x openmp.sh

run_script openmp.sh

A sequence of prompts will be displayed shown in figure 5.7

[ualmmr@@lPasaxlogin2:code> run_script openmp.sh

This runs a script in the current directory via the queue system
This script lets the job use multiple processors on the same node.
Report problems and post questions to the HPC staff (hpcPasc.edu)

Choose a batch job queue:

wall Time

express

small 60:00:00

medium 150:00:00

large 360:00:00

bigmem 360:00:00 130-50@0gb 1-
benchmark 24:00:00 1400gb 1-192

Enter Queue Name (default <cr>: small)fl|

Figure 5.7: Selecting desired parallel environment for the job.

you need to choose the following information,

e Queue size (based on the memory, number of cores, time to be used).

e Number of processors (cores/threads).
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e Time limit for the job.

Memory limit for the job.

Name of the job.

The cluster of high performance computers you want to use.

Upon selecting the desired features, your task will begin and will be assigned an 1D
number, enabling you to cancel the task or get additional information regarding it as

shown in the figure below.

The script file is: openmp.sh

The time limit is 150:00:00 HH:MM:SS.

The memory limit is: 16gb

The job will start running after: 202502162021.34
Job Name: openmpshSCRIPT

Queue: —-q medium

Constraints:

Queue submit command:
gsub —-q medium -j oe -N openmpshSCRIPT -a 202502162021.34 -r n -M mrahman24@crim
son.ua.edu -1 walltime=150:00:00 -1 select=ncpus=16:mpiprocs=16:mem=16000mb

236240.asax-pbsl
ualmmre@iPasaxlogin2:code> [i

Figure 5.8: Submitted job details.

5.6 Parallel Stochastic Simulation Algorithm

The parallel stochastic simulation method is a modification of the SSA. Let TSims be
the total number of independent simulations to be executed concurrently. The algorithm is

given by the following.
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Algorithm 1 Parallel SSA
Initial State: X(tg) = xo, Final Time: t¢

= to;

ISOMP PARALLEL q=1, TSims ¢ < t;
x = X(t)

Evaluate oj(z) and ag(x);

Generate two random numbers 1,79 from U(0,1)
j = min{j, 3% _y aj(x) > raao(z)};
T:=1In(l/r1)/ap(z);

T :=min{T,ty —t};

t:=1t+T;

Check for negative values
X(t+71):=a+v,

Xg(ty) = (Xalty),- -, Xn(ty))

ISOMP END PARALLEL

5.7 Speed-Up and Parallel Efficiency

When measuring the effects of parallel implementation, we focus on two terms; speed-up

and parallel efficiency. We use the Amdahl’s law [44]:

timeq
time (ti e )
! Parallel Efficiency = me
time, [

Speed-Up =

where time,, is the computational time using p cores and p = 1,2, 4,8, 16.
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5.8 Numerical Results

5.8.1 Metapopulation Model

For experimental purpose, we assume that initially, there are 100 healthy individuals
and 90 infected individuals in area 1. Similarly, in area 2 there are 90 healthy and 100
infected individuals. The initial state vector is [100, 90,90, 100]7, and we set the reaction
parameters ¢; = .80 and ¢y = .30, and the diffusion parameters D = 1.0 and [ = 10,

resulting d = D/I* = 1.0/100 = .01.

Table 5.1: Computational time with different number of cores for parallel stochastic
simulation of metapopulation model.

1,000, 000, 000 runs

1 Core:  42.46 sec
2 Cores:  20.27 sec
4 Cores:  10.29 sec
8 Cores:  5.93 sec

16 Cores: 2.04 sec

We use FORTRAN and OpenMP to implement the SSA algorithm for the
metapopulation model employing the RDME. We use a do-loop of 1,000, 000, 000
iterations. The Alabama Super Computer (ASC), a cluster of high performance
supercomputers, is used to simulate the trajectories. Table 5.1 shows the computational
time for computing 1,000, 000, 000 individual simulations of the SSA algorithm and
figure 5.9 shows the trend. We are able to analyze the speed-up and the parallel efficiency
of the SSA algorithm. Figure 5.10 and 5.11 shows the analysis of the parallel

implementation.
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Figure 5.9: Decreasing computational time with different number of cores for parallel
stochastic simulation of metapopulation model.
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Figure 5.10: Computational speed-up of parallel implementation in metapopulation model.
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Figure 5.11: Parallel efficiency in metapopulation model.

5.8.2 Birth-Death Process

Consider that initially, there are 100 protein molecules in cell 1, and 100 protein
molecules in cell 2. The initial state vector is [100,100]”, and we set the reaction
parameters ¢; = .60 and ¢y = .20, and the diffusion parameters D = 1.0 and [ = 10,

resulting d = D/I% = 1.0/100 = .01.

70



Table 5.2: Computational time with different number of cores for parallel stochastic
simulation of birth-death model.

1,000, 000, 000 runs

1 Core:  39.66 sec
2 Cores:  18.62 sec
4 Cores:  9.04 sec
8 Cores:  4.64 sec
16 Cores: 3.08 sec

We employ parallel processing for the birth-death model using RDME. We use a do-loop
of 1,000,000, 000 iterations. Table 5.2 shows the computational time for computing
1,000, 000, 000 individual simulations of the SSA algorithm and figure 5.12 shows the
trend. The speed-up and the parallel efficiency of the SSA algorithm are shown in

figure 5.13 and 5.14.
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Figure 5.12: Decreasing computational time with different number of cores for parallel
stochastic simulation of birth-death model.
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5.8.3 Schogl Model

The Schogl model [71] is a reaction system used in theoretical chemistry and statistical
physics to describe bistability in autocatalytic chemical reactions. Named after Friedrich
Schogl, this model captures the essential dynamics of a system that can switch between
two stable states depending on initial conditions. It consists of a single chemical species
undergoing autocatalytic production and depletion through a set of reaction steps. The
Schogl model is widely studied in stochastic processes, serving as a fundamental example of

noise-driven transitions in chemical and biological systems. The reactions are given by,

A+42X 23X, (5.1)
3X 2 A+ 2X, (5.2)
B2 X, (5.3)
X - B. (5.4)

We consider two neighboring compartments where the species can jump back and forth.
We label the compartments as Compartment 1 and Compartment 2. Thus, the system can
be represented as a reaction-diffusion process in which reactions (5.1) through (5.4) occur
independently inside both compartments, while molecules can move between Compartment
1 and Compartment 2. We model the scheme with RDME consisting of four reactions with
two compartments. Let A; be the number of molecules of A in compartment 1, A the
number of molecules of A in compartment 2. Similarly, X; be the number of molecules of
X in compartment 1, X5 the number of molecules of X in compartment 2. And finally, B
be the number of molecules of B in compartment 1, By the number of molecules of B in
compartment 2. The reactions Ry through Ry in table 5.3 reflect (5.1) through (5.4) inside

both compartments, while Ry through R4 represent jump between compartments.
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Table 5.3: Reactions, propensities and state change vectors of Schogl model.

Reaction

State change vector

Rli A1+2X1 C—1>3X1
RQZ 3X1 0—2)A1—|—2X1

Rgi B1 c_3> X1
R42 X1 C—4> Bl

R53 AQ -+ 2X2 C—1> 3X2
Rgi 3X2 C—2> A2 + 2X2

Ry By 3 X,
Rs: Xo 5 B,
Ry A% A,
Rio: X135 X,
Ru: B % B,
Ria: Ay S A,
Rz Xo 5 X,
Ru: B, % B

Propensity

o X Ay x Xy x (X;—1)
o X X1 x (X1 —1) x (X7 —2)
c3 X By

cq X X4

1 X Ay x Xy x (Xy—1)

o X Xo X (Xy—1) X

c3 X By
cq X Xo
dx A;
dx X
d x B
d x As
d x X,
d X By

(X2 —2)

[~1,-1,0,0,0,0]
[1,1,0,0,0,0]

[0,1,-1,0,0,0]
[0, — 1,1,000]
0,0,0,—1,—1,0]
[000,1,1,0]
[0000,1, ~1
[0,0,0,0, —

[100,1,00
[0,—1,0,0,1,0
0,0,-1,0,0,1
[1,0,0,—1,0,0
0,1,0,0, —

[

]
A
]
]
]
]
0]
0,0,1,0,0, 1]

We assume that initially, there are 100 molecules of A, 50 molecules of X, and 200

molecules of B in compartment 1. Similarly, in compartment 2 there are 80 molecules of A,

40 molecules of X, and 150 molecules of B. The initial state vector is

(100, 50, 200, 80, 40, 150]7, and we set the reaction parameters c¢; = .10, ¢y = 2.0, c3 = .10

and ¢4 = 1.0, and the diffusion parameters D = 1.0 and [ = 10, resulting

d= D/I> =1.0/100 = .01. All the state change vectors in table 5.3 form the stoichiometric

matrix of the RDME framework.
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We employ parallel processing for the Schogl model using RDME. We use a do-loop of
1,000, 000, 000 iterations. Table 5.4 shows the computational time for computing
1,000, 000, 000 individual simulations of the SSA algorithm and figure 5.15 shows the
trend. The speed-up and the parallel efficiency of the SSA algorithm are shown in
figure 5.16 and 5.17.
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Table 5.4: Computational time with different number of cores for parallel stochastic
simulation of Schégl model.

1,000, 000, 000 runs

1 Core:  74.79 sec
2 Cores:  39.02 sec
4 Cores:  19.64 sec
8 Cores:  13.21 sec

16 Cores: 5.10 sec
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Figure 5.15: Decreasing computational time with different number of cores for parallel
stochastic simulation of Schogl model.
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Figure 5.16: Computational speed-up of parallel implementation in Schégl model.
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Figure 5.17: Parallel efficiency in Schogl model.
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5.8.4 SIR Model

The SIR epidemic model [12,18,77] captures the dynamics between three groups: S
(Susceptible), I (Infected), and R (Recovered). This model has a wide range of
applications, such as modeling the transmission of infectious diseases like influenza, tracking
the spread of wildfires, analyzing the spread of infections within cellular systems, and even
studying how information or rumors propagate through social networks. A susceptible
individual becomes infected after interacting with an infected individual. Over time,
infected individuals transition into a recovered individuals. However, recovered individuals
can become infected again by first reverting to the susceptible state and then encountering
an infected individual. Additionally, individuals in all three states-susceptible, infected,

and recovered-can naturally die over time. The reactions of SIR model are given by,

S+ 1221 (5.5)
I - R, (5.6)
R-%5 8, (5.7)
S 0, (5.8)
1250, (5.9)
R 25 0. (5.10)

We assume two adjacent areas in which the population can migrate freely. We designate
the areas as Area 1 and Area 2. The system can be characterized as a reaction-diffusion
process wherein reactions (5.5) to (5.10) can take place independently inside both areas.
Also, individuals are permitted to jump between Area 1 and Area 2. We represent the
system using a RDME framework comprising six reactions over two areas. Let, S; and S,

represent the number of susceptible individual in Area 1 and Area 2 respectively. Iy, I,
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Ry, and R, have been labeled as a similar way. The first 12 reactions in table 5.5

correspond to equations (5.5) through (5.10) inside both areas, and the last 6 reactions

stand for the migration between areas.

Table 5.5: Reactions, propensities, and state change vectors of SIR model.

Reaction Propensity State change vector
S+ 1 20 ey xSy x I [—-1,-1,0,0,0,0]
I & Ry co X Iy [0,—1,1,0,0,0]
R 28 cs X Ry [1,, 1,0,0,0]
0 ¢y X S [—1,0,0,0,0,0]
I =0 cs x I [0,—-1,0,0,0,0]
Ry %% () cg X Ry [0,0, 1000]
Sy + I = 21, c1 X Sy X I [000 —1,0]
I, 2 R, co X I [0000 ,]
Ry, & S, c3 X Ry [000,1,0 —1]
Sy 5 0 s X Ss [0,0,0,—1,0,0]
I, &0 cs X Iy [0000 1,0]
Ry % () ¢ X Ry [0,0,0,0,0, 1]
Sp % S, d x S [~1,0,0,1,0,0]
L%, dx I, [0,—1,0,0,1,0]
R % R, dx Ry 0,0,—1,0,0,1]
So % S, d x Sy [1,0,0, 100]
L% d x I 0,1,0,0,—1,0]
Ry S Ry d x Ry [00,1,00 —1]

We assume that initially, there are 200 susceptible individuals, 100 infected individuals,

and 0 recovered individuals in Area 1. Similarly, in Area 2, there are 190 susceptible, 80

infected, and 0 recovered individuals. The initial state vector is [200, 100, 0, 190, 80, 0]7. We

set the reaction parameters ¢; =

003, co = .02, c3 = .007, ¢4 = .002, ¢5 = .05 and ¢g = .002,

and the diffusion parameters D = 1.0 and [ = 10, resulting d = D/I?> = 1.0/100 = .01.

We employ parallel processing for the SIR model using RDME. We use a do-loop of

1,000, 000, 000 iterations. Table 5.6 shows the computational time for computing



1,000, 000, 000 individual simulations of the SSA algorithm and figure 5.18 shows the
trend. The speed-up and the parallel efficiency of the SSA algorithm are shown in

figure 5.19 and 5.20.

Table 5.6: Computational time with different number of cores for parallel stochastic
simulation of SIR model.

1,000, 000, 000 runs

1 Core:  87.24 sec
2 Cores:  40.02 sec
4 Cores:  17.84 sec
8 Cores:  11.46 sec
16 Cores: 6.27 sec

o
=

Time (seconds)
.
=

[
[

1 2 4 8 16
Number of Cores

Figure 5.18: Decreasing computational time with different number of cores for parallel
stochastic simulation of SIR model.

80



19 || —@®— Perfect Speed-up
18 ||—— 1,000,000,000 Runs

- N WO N

1 2 4 8 16
Number of Cores

Figure 5.19: Computational speed-up of parallel implementation in SIR model.
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Figure 5.20: Parallel efficiency in SIR model.
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5.9 Discussion and Conclusion

We have employed the RDME formulation in several systems biology models that
encompass both reaction and diffusion processes. We used the SSA algorithm to simulate
stochastic trajectories. Implementing the SSA in the RDME is computationally expensive.
We use parallel processing to reduce the computational time of simulating the biological
systems. Tables 5.1, 5.2, 5.4, and 5.6 demonstrate that computing time reduces with the
utilization of additional cores when working with different biological models. In figure 5.10,
the speed-up for the metapopulation model is superlinear with 2, 4, and 16 cores, but
sublinear with 8 cores. This signifies that the efficiency exceeds 1 for 2, 4, and 16 cores,
while it drops below 1 for 8 cores. The observed superlinear speed-up indicates the number
of cores to enhance computing efficiency. Similarly, figure 5.13 depicts the speed-up for the
birth-death model. Superlinear performance is attained with 2, 4, and 8 cores,
demonstrating efficiencies greater than 1, but shifts to sublinear speed-up with 16 cores,
indicating a decline in efficiency below 1. The Schogl model’s speed-up is superlinear with
16 cores, as illustrated in figure 5.16, but sublinear with 2, 4, and 8 cores. This indicates
that the efficacy of 16 cores exceeds 1, while it falls below 1 for 2, 4, and 8 cores. And
lastly, the speed-up for the SIR model is superlinear with 2 and 4 cores, but sublinear with
8 and 16 cores shown in figure 5.19. These findings underscore the significance of parallel
computing in addressing the computational requirements of systems biology models that
incorporate stochastic reaction-diffusion processes. Future study will focus on using
parallel computing approaches to more intricate biological systems. The emphasis will be
on enhancing efficiency through advanced parallelization strategies or hybrid computing

approaches to better handle large-scale biological simulations.

82



CHAPTER 6 CONCLUSION

In this dissertation, we have integrated the Reaction-Diffusion Master Equation
(RDME) to some biological models. We focus on developing and analyzing computational
techniques for solving the RDME efficiently, addressing the challenges posed by “the curse
of dimensionality” and the run-time associated with stochastic simulations. By leveraging
the Finite State Projection (FSP) method, the Stochastic Simulation Algorithm (SSA),
and tensor-based approaches, we have proposed strategies to mitigate these computational
challenges and enhance the scalability of RDME applications.

In chapter 3 which is devoted to a study of metapopulation model, we employed the
RDME formulation to capture both reaction and jump processes. Using FSP and SSA, we
determined the marginal probability distribution, with FSP reducing the state space by
truncation and SSA introducing statistical noise at low copy numbers. Despite their
effectiveness, these methods suffer from high computational costs, particularly as the
system’s dimensionality increases. To address this, we proposed the use of tensor train
decomposition techniques. By decomposing high-dimensional tensors into a sequence of
smaller tensors, we can significantly reduce computational time while maintaining
accuracy. This approach has the potential to provide efficient analysis of large-scale
systems, with applications extending to ecology, biology, and epidemiology.

Building upon our initial findings, we extended the RDME formulation using tensors.
Our results indicate that tensors scale well for tackling multidimensional RDME problems.
Compared to FSP, the tensor approach demonstrates advantages in managing
high-dimensional problems by efficiently representing extensive state spaces with reduced

memory requirements. Additionally, its compatibility with modern numerical and parallel
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computing frameworks positions it as a promising tool for future research in systems
biology and chemical reaction networks. These findings underscore the significance of
tensor-based methods in advancing stochastic modeling methodologies.

Lastly, we explored the computational efficiency of RDME simulations in systems
biology models by employing SSA alongside parallel computing strategies. Given the high
computational demands of SSA in RDME, we implemented parallel processing to
accelerate stochastic trajectory simulations. Our results demonstrate that computational
efficiency improves with additional processing cores, with superlinear speed-ups observed at
certain configurations due to factors such as improved cache efficiency and reduced memory
contention. However, as the number of cores increases, synchronization overhead and
memory bandwidth saturation lead to sublinear speed-up, emphasizing the need for
optimized parallelization strategies. These insights highlight the importance of parallel
computing in addressing the computational requirements of large-scale biological
simulations.

Overall, this dissertation contributes to the advancement of stochastic reaction-diffusion
modeling by proposing innovative computational techniques that improve the efficiency
and scalability of RDME applications. By integrating tensor decomposition, state space
reduction methods, and parallel computing strategies, we have laid the foundation for
future research aimed at optimizing RDME computations. Future work will focus on
further refining parallelization techniques, potentially integrating hybrid computing
approaches to enhance the efficiency of simulating complex biological systems. In addition,
to predict the state space, a potential use of machine learning algorithms will be another

research direction.
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