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ABSTRACT

Given a space of homogeneous type (X, i, d), we prove strong-type weighted norm
inequalities for the Hardy-Littlewood maximal operator over the variable exponent Lebesgue
spaces LP(). We prove that the variable Muckenhoupt condition Ay is necessary and
sufficient for the strong type inequality if p(-) satisfies log-Hélder continuity conditions and
1 < p_ <py <oo. Our results generalize to spaces of homogeneous type the analogous

results in Euclidean space proved in [14].
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SECTION 1

INTRODUCTION

This paper is concerned with extending established results in the theory of variable
exponent Lebesgue spaces to the setting of spaces of homogeneous type. In recent
decades—largely as a result of [29]—interest has arisen over the natural extension of the
classical Lebesgue spaces LP in which the exponent p is itself a function of the underlying
space; see [10, 19] for extensive discussions on such spaces. In particular, the development of
a variable exponent Calderon-Zygmund theory has been the subject of much research,
especially since Cruz-Uribe, Fiorenza, and Neugebauer [12], building on the work of Diening
[18], proved that the Hardy-Littlewood maximal operator is bounded on LP") for p(-)
satisfying a continuity condition weaker than Holder continuity.

Just as with the development of classical Calderén-Zygmund theory, many results in the
theory of variable exponent spaces have only been proved to hold over R™ or in metric spaces
(see [23] for the latter). In the 1970s, this restriction was removed by Coiffman and Weiss,
who in [7] introduced spaces of homogeneous type, which they later developed in [8] as the
natural spaces onto which Calderén-Zygmund theory could be generalized. A logical step for
variable exponent theory, then, is to perform the same generalization for LP¢). Such a
program has been underway since the maximal operator was shown to be bounded over R".
Early results include |20, 21, 26, 31]; for a more detailed history, see [1].

Spaces of homogeneous type have a topological structure weaker than metric spaces:

namely, that of a quasi-metric space.



Definition 1.1. Given a set X and a function d : X x X — [0,00), we say (X,d) is a

quasti-metric space if
1. d(z,y) =0 if and only if x = y.
2. d(z,y) =d(y,z) for all z,y € X.

3. There exists a constant Ay > 1 for which d(z,y) < Ao(d(z,2) + d(z,y)) for all

x,y,z € X.

The constant Ay is referred to as the quasi-metric constant. Some authors (e.g. [27]) also
loosen condition (2) to symmetry up to a constant, d(z,y) < Kd(y,x). An important
property of quasi-metric spaces is that d-balls need not be open; however, Macias and
Segovia [30] showed that there is always an equivalent quasi-metric whose balls are all open.
Analysis can be done on quasi-metric spaces without additional structure—see [2]—but

typically measures on quasi-metric measure spaces are taken to be at least doubling.

Definition 1.2. A measure p on a space X is said to be doubling if there exists a constant

Cy > 1 such that, for any x € X and r > 0,

0 < u(B(z,2r)) < C,u(B(z,r)) < o0,

where B(x,r) ={y € X : d(x,y) <r} is the ball of radius r centered at x. The constant C,

1s called the doubling constant.

The assumption that balls have positive, finite measure avoids trivial measures, and also
ensures that p is o-finite. We are now led naturally to the well-known setting of spaces of

homogeneous type.

Definition 1.3. A Space of Homogeneous Type is a triple (X, d, ) where X is a
non-empty set, d is a quasi-metric on X, and p is a doubling reqular measure on the

o-algebra generated by d-balls and open sets.



Hereafter, we will let (X, d, 1) be a fixed space of homogeneous type, and often denote it
simply by X.

We now introduce some basic notions of the variable exponent spaces LP¢)(X).

Definition 1.4. Define P(X) to be the set of measurable functions p(-) : X — [1,00]. The
elements of P(X) are called exponent functions. Given an exponent function and a set
E C X, we define

p—(F) = essinf p(x) p+(E) = esssup p(z).
zeE zelE

In particular we denote p_(X) =p_ and p.(X) = p4.

When considering the conjugate exponent function p/(-) defined by p/(z) = ;%)xll’ to

avoid the ambiguity inherent to notation like “p/,” we will always write (p’) to denote the
essential supremum of p'(-), etc.
Definition 1.5. Given an exponent p(-) € P(X), define

o Xoo={z e X : p(x) =00}

e Xi={xeX :pl)=1}

e X.={reX :1<p(r) <o}

Intuitively, given an exponent p(-) € P(X), we would like to define LP()(X) as the

collection of all functions on X satisfying

/ |17 dp < oo
X

To properly formulate this, we require an analog to the constant exponent p-norm. It is

well-known that the following modular function provides such an analog.

Definition 1.6. The space LPV)(X) is the set of measurable functions f on X for which the

modular

oo (f) = /X W@ Wl
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satisfies pp)(f/\) < 00 for some A > 0.

Often we write LPC) for LP()(X); similarly, when the exponent is clear from context, we
will simply write p,.) = p. It is easy to show that this modular induces the following

Luxembourg norm on LP(),

Proposition 1.7. The function ||-|| : LP*)(X) — R given by

Hf]|L,,<4>(X) =inf{A > 0:p(f/N) <1}

is a norm on LPO)(X).

That LP©) is Banach with respect to ||-|| .pe(x) is proved in [10]. When the underlying
space is clear from context, we write |||| o) = ||||p¢)- In the case that p(-) is constant,
p(-) = p, it is easy to show that ||-||,() reduces to the usual norm in LP.

For most purposes, the set P(X) of possible exponent functions is far too broad to prove
meaningful results. Indeed, even piecewise-constant exponents lose many of the properties of
classical L” spaces (see [10]), such as the boundedness of the maximal operator. In the study
of variable exponent theory, it has become clear that in many cases a sufficient condition on

the exponent is log-Holder continuity.

Definition 1.8. We say that an exponent p(-) € P(X) is locally Log-Hélder continuous,

p(+) € LHy, if there exists a constant Cy such that for any x,y € X with d(z,y) < 1/2,

—CO
Ip(z) — p(y)| < log(d(z, 1))

We say that p(-) is Log-Hélder continuous at infinity, p(-) € LH.,, with respect to a

base point xq € X if there exist constants Cuy and ps such that for every x € X,

O
log(e + d(z, z0))

[P() = Poo| <



We call Cy the LHo constant of p(-) and Cw the LH, constant of p(-). If

p(-) € LH= LHyN LH,,, we say that p(-) is globally Log-Hélder continuous.

Note that p(-) € LH implies that p, < 0o, a condition that is crucial to most of the
results in this paper. Note also that the above definition appears to depend on the choice of
base point zy. In fact, such a choice is irrelevant, as shown by the following lemma, which

was proved in [1].

Lemma 1.9. Choose xg,yo € X. If p(-) € LH,, with respect to xo, then p € LH., with

respect to yg.

Whenever x is not chosen explicitly, we assume that X has a fixed, arbitrarily chosen
base point .

We are interested in weighted norm inequalities on LP(). For classical Lebesgue spaces,
much of the theory of such inequalities is due to Muckenhoupt (see e.g. [32]). The following

definition clarifies some standard notation.

Definition 1.10. A weight is a locally integrable function w : X — [0, o] with

0 < w(zx) < oo almost everywhere. Given a weight w, we define its associated measure by
dw(z) = w(x)du(z). The weighted average integral of a function f over a set E C X with
w(E) > 0 is denoted

][Ef(:c) dw = ﬁ/}zf(x)w(x) dp.

If w =1, we replace dw with du.

We denote by M the uncentered Hardy-Littlewood maximal operator; that is,

Mf(x) = Sup][ f(y)dp.

B>z

For classical Lebesgue spaces LP(R™), Muckenhoupt proved in [32] that a sufficient and

necessary condition for strong-type (p, p) weighted norm inequalities, p > 1, was that for



every ball B,

]{Bw(m) dx (]iw(x)lp’ dx)p_l < (< oo

This is the famous Muckenhoupt A, condition. In [14] the A, condition is recast into an
equivalent form which may be generalized to variable exponent spaces; we now quote this

generalization.

Definition 1.11. Given an exponent p(-) € P(X), we say w € Ay if there exists a

constant K such that for any ball B,

lwxsllpo v xsllye < Ku(B).

The infimum over all such K is called the Ap) constant and is denoted [w]a4,, .

Remark 1.12. If we adopt the usual convention that

if w e Ay, then |wxg|lp) = oo implies that ||[w™xg|ly) =0, and thus that w™! is the
zero element in LP'C) | contrary to w being finite almost everywhere. Thus w € LPY) and if

py < 00 we can say that w is locally p(-)-integrable.

In the case that p(-) is constant, p(-) = p € (1,00), the A,y condition for w is equivalent
to Mucknhoupt’s A, condition for w”. The sufficiency and necessity of the A,.) condition for
strong-type wieghted norm inequalities of the maximal operator in R™ was first proved in [9]
and simultaneously [14]. The following theorem, which is our main result, generalizes this to

the case of spaces of homogeneous type.

Theorem 1.13. Given p(-) € LH with 1 < p_ < p, < 0o and a weight w,

1M Fwllpey < Cllfwlln
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if and only if w € Ap,.

The remainder of this paper is devoted to proving Theorem 1.13. In Sections 2, 3, and 4,
we will collect several elementary results about LP() spaces, the Ap(y condition, and dyadic
grids, respectively, on spaces of homogeneous type. In Section 5 we will prove the necessity
of the A,y condition, and in Section 6 we will prove its sufficiency.

By analogy with weak- and strong-type inequalities in classical L” spaces, Theorem 1.13

naturally suggests the following weak-type inequality, which remains an open problem.

Conjecture 1.14. Given p(-) € LH with p; < oo and a weight w,

HtX{:JcEX:Mf(m)>t}pr(') < CwaHp(')

if and only if w € Ap(,.

We will prove the reverse direction of Conjecture 1.14—that is, the necessity of the Ay
condition for the weak-type inequality—in section 5. Moreover, if p_ > 1 then the conjecture
follows from Theorem 1.13. Conjecture 1.14 is claimed to be true in the R" case in [14], but
the proof contains a gap: if p_ = 1 then (p); = 0o, and so Lemmas 3.3-6 (which are
analogous to Lemmas 3.3 and 3.4 in this paper) may not be applied to w™' € A, (,, as is

done several times throughout their proof.



SECTION 2

VARIABLE LEBESGUE SPACES

This section is a collection of elementary results regarding variable Lebesgue spaces on
spaces of homogeneous type. We begin with two lemmas concerning spaces of homogeneous
type which will be used to prove many of the results in this paper. The first is well-known,
and we omit the proof. The second characterizes finite spaces of homogeneous type and is

proved in [4, Lemma 1.9].

Lemma 2.1 (Lower Mass Bound). There exists a positive constant C' = C(X) such that for
alz e X,0<r <R, andy € B(z, R),

Lemma 2.2. A space of homogeneous type X has u(X) < oo if and only if n(X) = B(zx,r)

for some x € X and r > 0.

The remainder of the lemmas in this section are facts which are well-known in the R”
case but whose proofs are often omitted when considering spaces of homogeneous type. For

completeness, we provide here proofs or references where the lemma is proved in this setting.

Lemma 2.3. Given p(-) € P(X) with py < oo, || fllyc) < Cy if and only if

/X @)@ dy < Co. 2.1)

Moreover, if one constant is equal to 1, we may take both to be.

8



Proof. Assume first that (2.1) holds. Since p; < 0o, we have that || f||z=(x.) = 0. Given

Cy <1, we have p(f/1) <1 and hence we may take C; = 1. If Cy > 1, then we may divide

A

Now Ca/") is bounded by C; = C,/"~, for which p(f/C;) < 1 and so I fllpey < Ch.

to obtain
p(z)

dp < 1.

f(z)
CUPe

Conversely, given || f||,.) < C1, then by the definition of the norm we get that

=y
X

and so that (2.1) holds. If C7 = 1, then for any € > 0, there exists A\ € [1,1 + €) such that

f()

p(x)
1
dy > —— p(x) g
Sk u_@HﬂmAum| "

p(z)

f(=) dp <1,

Ae

o) = [

X

Since the integrand is dominated by |f(z)[P®), taking € = 1/n and applying the Dominated

Convergence Theorem, we get that

/X!f(fv)!dué L

and so Cy may be taken to be 1. n

Lemma 2.4. Given p(-) € P(X) with p, < oo,

é@%ﬂwa:L

In particular, if || f|l,) = 1, then

/WMMW—L
X



Proof. Note that
_ o
() “f”p(')

Y

It

so we may assume that || f||,) = 1. From Lemma 2.3, || f||,() = 1 implies that p(f) <1, so it

suffices to show that p(f) > 1. To do so, observe that since || f|,) = 1, for any A < 1,

L<p(f/A) /X X du <+ -p(f)
If we take the limit A — 1, we get that p(f) > 1, as desired. O

Lemma 2.5. Let p(-) € P(X) be such that py < oco. If || fllyc) < 1, then
1155, < [ 1F@Pan < 1512,

On the other hand, if || f||,y > 1, then
1155, < [ 1F@Pau < 1512

Proof. By Lemma 2.4, if || f||,) < 1, then

_ | f(z)] )p(x) d —p+ p(z) g
1= [ (H ) <AL [15@rd

Rearranging gives the left of the first inequality. The other three inequalities are proved in

the same way. O]

Lemma 2.6. If p(-) € P(X) is such that py < oo, bounded functions with support contained
in B,(xo) for some r and x¢ (bounded support) are dense in LPU). Moreover, any

nonnegative f € LPY) is the limit of an increasing sequence of such functions.

Proof. All bounded functions of bounded support are in LP(), because they are bounded by

constant functions on finite-measure domains and p, < co. To prove that such functions are

10



dense, choose f € LP() and let € > 0. By decomposing f as

f@) = fi(z) = f-(2),

with both fi, f_ > 0, it suffices to consider the case f(x) > 0. Since || f||,) < oo, there

exists A > 0 for which p(f/A) < 1. If A/Je = X\ > 1, then

p() p()
(S ey
X X X

If A <1, the same argument holds with p_ replacing p,. Thus p(f/e) < co. Now define

p(z)
dp < M+ < oo.

f(z)

€

M ()

A

fz)
A

(choosing some base point xy € X)

fu(r) = min{f(x), "} XB(zon)-

It is clear that f, — f pointwise. Then by the dominated convergence theorem,

p(z)

/‘fm R,

p(z)
‘ dominates the above integrand. But then for n large

since p(f/e) is finite and ‘@
enough that the above integral is less than one, ||f — f,||,) < €. It follows that the f,

converge to f in LP0) and consequently that bounded functions of bounded support are

dense. Finally, we have that f,1(z) > f.(z), so the sequence increases to f. ]

Lemma 2.7 (Monotone Convergence Theorem). Given an exponent p(-) € P(X), let
{fr}32, be a sequence of non-negative measureable functions that increase pointwise almost

everywhere to a function f € LPO). Then || fullpcy = || fllp()-

Proof. By monotonicity of the norm, since {f,}°, increases to f, fx € LP() and
| fellp) < 1 fllpey- The same reasoning implies that {|| fx|lp() o2, is increasing, and

consequently that it converges. To prove that it converges to || f||,(.), it suffices to show that

11



for any A < || f|[p¢), for all k sufficiently large, || fi|[pc) > A
Fix such a A. By definition of the norm, p(f/\) > 1. Therefore, by the monotone

convergence theorem for classical Lebesgue spaces,

p(z)
wm=[ (52) aex e

Y fk(x) #(e) -1
= lim (/X\Xoo (T dpp+ X7 frll Lo (o)

= lm p(fi/A).

It follows that for all k sufficiently large, p(fi/A) > 1 and so || fil[pc) > A O

Lemma 2.8 (Hoélder’s Inequality). Given an exponent p(-) € P(X),

/X F@)a@)] du < 4l f Lo lglo

forany f,g.

Proof. We may assume || f||,¢, [|9][7() > 0, since the inequality is trivial otherwise. Consider

separately the cases X, X7, and X,. We have

/ F@)g(e)] du < (esssup|f(fc)!> /X 9 dt = | Fllzeea gl < 110Nl

o € Xoo

A similar argument holds for X7, reversing the roles of f and g. For X,, we use Young’s

inequality:

|/ (z)g(x) 1 f(@)] p(=) 1 lg(z)] \*'®
e Wl d“g/x*p<x>(uf||p<.>) i | *p'<x>(||g||pf<.>> o

00/ r) + o/ Nlly) < - + e < 2

|~

<

]

12



If we sum these three estimates together, we get that

LLu@mmwmsaummwm+

Lemma 2.9. Given a set G C X and two exponents s(-) and r(-) such that

< Co
~ log(e + d(wo,y))

0<r(y) —s(y)

for each y € G, then for every t > 1 there exists a constant C' = C(t,Cy) such that for all

functions f,

s(y) r(y) 1
Luwrvay<c [ wroa s [ (2.

Proof. Let G' ={y € G : |f(y)| > (e + d(xo,y))""}. Then decomposing the domain of the

left integral in the inequality into G’ and G\ G’, we see that since (e + d(zo,y))" " < 1,

1
F())PWdy < / e+ d(xo,y)) *Wdy < / dy.
L v [ e+ R ewE s

If y € G', then

F@IY = [F@I U )@@ <[ F)I" (e + d(wo, )@ @)

< \f(y)]”(y)(e + d(ajo’ y))Cot/log(e+d(xo,y)) < C\f(y)]”(y).

The desired inequality follows. n

Lemma 2.10. Given a set G C X and two exponents s(-) and r(-) such that

< Co
o log(e + d(l‘o, y))

r(y) — s(y)|

13



for each y € G, then for every t > 1 there exists a constant C = C(t,Cy) such that (2.2)
holds for all functions f with |f(y)| < 1.

Proof. Define the two sets A ={y € G : r(y) > s(y)} and B =G\ A. Lemma 2.9 takes
care of A. For B, construct B'={y € B : |f(y)| > (e + d(zo,y)) "} and observe that the

B\ B’ component holds as in the previous proof. But since |f(y)| < 1,

F@) Y = | F)" D1 f () PO < | f ()@

Since C' > 1, this proves the inequality. O
The final lemma of this section is proved in |1, Lemma 3.1].

Lemma 2.11. Given an exponent p where p(-) € LH, for all balls B C X, there exists a
constant C' such that

MB)p—(B)fm(B) <C.

14



SECTION 3

THE VARIABLE MUCKENHOUPT CONDITION

In this section we develop the A,y condition in spaces of homogeneous type. Our first lemma

characterizes various properties of A, weights. For a proof, see [33, Chapter I, Theorem 15].
Lemma 3.1. Given a weight W, the following are equivalent.
e WeA,= Up21 A,.

o There exist constants € > 0 and Cy > 1 such that given any ball B and any measurable

set E C B,

u(E) W(E)\*
(B = (W(B)) |

e W is doubling (in the sense that the measure v given by dv(x) = W(x) du(zx) is

doubling) and there exist constants 6 > 0 and Cy > 1 such that given any ball B and

any measurable set E C B,

To utilize the properties described in Lemma 3.1, we will use the A, condition to

construct a weight W in A,,. To do so, we require the following lemmas.

Lemma 3.2. Given an exponent p(-) € P(X), if w € Ay, then there exists a constant C

depending on p(-) and w such that given any ball B and any measurable set E C B,

1(E) < CHwXEHpc).
1(B) lwxasllpe)

15



Proof. Fix B and E C B. By Holder’s inequality and the A,.) condition (Definition 1.11),

u(E) = /X w(z)xpw(x) xpdu

= Cllwxelle v xslly¢) < Clwxelso lwxsl,ouB).

]

Lemma 3.3. Given an exponent p(-) € LH and a weight w € Ay, there exists a constant
Cy depending on p(+), w, and X such that for all balls B,

—(B)—p+(B
HwXBHi(.)( )=p+( )S Ch.

Proof. Fix B = B(yo,r) and define By = B(zy, 1), where x, is the LH,, condition base point.

(B) < 1, so we may assume that |lwxgllpe) < 1. We

_(B)—
If lwxslpe > 1, then wxsl ™ 7
consider three cases; first, suppose r < 1 and d(zg, y9) < 24¢. By the quasi-triangle

inequality (Defenition 1.1), for any point y € B, we have that
d(zo,y) < Ao(d(yo,y) + d(xo, y0)) < Ao(r + 240) < Ao(1 + 24),

and so

B Q Ag(l + 2A0)BO = Bl-

If we apply Hélder’s inequality, the lower mass bound on By and By, and the Ay, condition,

we get

u(B) = / w(@)w(@) ™ du < Clwxslo o xs o

logQC’HIU’<BO) < Ollw w -1 3.1
,U(Bl) = H XBHP()H XB1Hp(-) ( )

< Cllwxsllpe)llw™ x5, () (240)

Here the constant depends on both X and xy. After rearranging, raising to the power

16



p—(B) — p+(B), and applying Lemma 2.11, we obtain

—(B)— B — — — —
||'LUXB||§(.)( )=p+(B) C’u(B)p*<B) p+(B)||wXBq||p’(B) p+(B) < C(1+ ||7~UXBl||p(%))p+ p-

which is a bound independent of B.
Consider now the case where r > 1 and d(xg, y9) < 2A¢r. Applying the quasi-triangle
inequality as before,

BO Q Ao(]_ + 2AOT)B = BQ.

Using Holder’s inequality and the Ap.) condition as in the previous case,

u(B) < Cllwxsllpo llw™ xallye) < Cllwxsllpollw™ xs,

< Cllwxsllpom(Ba)llwxsll,e < CllwxsllonB)lwxsll,d- (3-2)

Thus

_(B)— B — —p_
lwx 27 7P < O+ [lwxs, [0 7

Consider now the remaining case, namely when d(xg,yo) > 24 max{1,r}. Let
d = 2Ad(z0,y0) so that B, By C B(xg,d) = Bs. Arguing as we did in inequality (3.1) (if

1>r)or (3.2) (if r > 1) with B; in place of By or By, we get

(B) < Cp(Bs)l[wxsllpo lwx s, [0

In order to bring p(Bs) into the constant as in the previous cases and obtain the

corresponding inequality, we need
N(B3)p+(3)—p7(3) <C.

To see that this is the case, observe that p(+) is continuous (since it is in LHp) and so there

17



exist y1, 9, € B for which p(y;) = p_(B) and p(y;) = p, (B). And since

1
d(zo,v0) < Ao(d(zo, yx) + 1) < Aod(xo, yx) + §d($0,yo)

for k = 1,2, we have that d(xg,yx) > (240) 'd(xo, o), so the LH,, condition implies

- C
~ log(e + (24¢)d(x9,%0))

p+(B) —p—(B) < |p(y1) — Pool + [P(y2) — Pec|
Using this together with the lower mass bound,
p(Bs) < Cd® % u(By) = C(240d(0, %)) (Bo) < Cle + Aogd(wo, yo))"**,

we get that

By} P55 < [Ce + Agd(my, o)) s2Cr] /(0 o)

< (CeClo82 O log(e4Aod(x0,40))/ log(e+(240) ™ d(z0,y0)) < CeClos2 Cu

The last inequality is due to the fact that the function

_ log(e + ax)

J(w) = log(e + bx)

is bounded on x > 0 by 7 when a > b > 0. Since the above bound is independent of B,
e B)—p_(B
(B [[wxs, o))+ BB < Cllwxp 771,
If we apply Lemma 2.11 on the left and the bound just derived on the right, we obtain

_(B)— B _ _
lwxaloe 7 < O+ [fwxs, |~
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We can now prove the following lemma, which will allow us to apply Lemma 3.1 to

weights in variable exponent spaces.

Lemma 3.4. Given an exponent p(-) € LH and a weight w € Ay, we have
W() = w(.)p(-) € Ay

Proof. Fix a ball B and a measurable set £ C B. We will show that

u(B)

R

(3.3)

which by Lemma 3.1 is sufficient to show W (-) € Aw. We will prove this in three cases.

Consider first the case that ||wxg|p.) < 1. By Lemma 3.2,

wE) _ olwoxelso lwxellpe)
w(B) — ||wXB||p(-) - HwXBHZE)(B)/er(B)|‘wXB|‘;;)I’—(B)/P+(B)

If we appeal to Lemma 2.5 for the inequalities |wxg|,.) < W(E)YP+(B) and

||wXB||§()(B) > W(FE), then apply Lemma 3.3 on the remaining term, we get that

u(E)

(
1(B)

IN

¢ (%)lm |wyp|[P- B+ B~ < ¢ (%ym |

Now considering the case |[wxgl/p) < 1 < [[wxslpe), by the same lemmas as before,

1(E) <CHwXEHp(~) < [wxEllp)
w(B) = |lwxsllpe) — HwXBHZ()(B)/M(B)||wXB||11)(_.§L(B)/p+(B)
1/p+
<C WAE)

= 7 lwxsl|P-B/P+B)||wy g || 1P~ B)/p+(B)

which, given ||lwxg||p.) > 1 and py > pi(B), yields
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The third case is [[wxg|p) > 1. Let X = |lwxsllpc) > [lwxe|. Since p(-) € LHu, by Lemma

2.10 with du replaced by W (x) du, for all £ > 1, there exists a constant Cy for which

W(z) W(x) / W(z)
< ~ . .
p o ME S U e G, e o

The first integral on the right hand side is less than 1 by Lemma 2.4. We claim that the
same is true of the second term for sufficiently large ¢ independent of B. This is obvious if

W(X) < oo, since

W(z) .
/X (e + d(g, )P dp < Cemm=W(X),

which may be made arbitrarily small. If on the other hand W (X) = oo, let By, = B(zg, 2").

Then by Lemma 2.5,

W () . S W ()
f et < W E O i s

< e "W (By) + C Z 2kt 117 (By,)

k=1

< e P=W(By) + Oy 27Kr= max { o, Nty lhexcs, ”z“}
k=1

< =W (By) + C S 278 g, |71
k=1

The last inequality comes from the fact that ||wxp,|[,.) > 1 for all k sufficiently large, by

continuity of the measure dW = W (z) du and the fact that X = (J;—, By. By Lemma 3.2,

(By) 0
lwxs, o) < C—5=2lwxpllpe) < C2F108%

7]
M(Bo)

Combining these two estimates yields

Wiz _ = g O
[t S W) £ O3 ()
’ k=1

20



For t > py/log, CP+ the sum converges, and choosing ¢ sufficiently large (independent of B)
makes the right hand side less than 1. Thus the right hand side of (3.4) is bounded, and so
we may rearrange to obtain

W(B)'P= < Cllwxsp)- (3.6)

Now repeating the argument switching B with E and p(-) with p,,, we get

W(a) W(x) / W(x)
1< < —_— .
= /E o S Ct/E e T dlag, )y

As before, we can make the rightmost term less than 1/2, so that

€= = |lwyp|Ps < CW(E). (3.7)

Then by Lemma 3.2,

wE) | lwxelso W(E)\ /"~ W(E)\ "
u(B) = sl = <W<B>) SC( ) |

Lemma 3.5. Ifp(-) € LH and p_ > 1, then 1 € A,,y.

Proof. Fix a ball B. If u(B) < 1, then by Lemma 2.5,

ol < [ v = (),
B

which implies

Ixslne) < Cu(B) 72,

and by the same argument applied to p'(-),

x5l < OB+ B = Cp(B)=1/r-5),
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Thus (applying Lemma 2.11)

Ixallpollxsllyeo < Clu(B)P- 2B Er-B)y(B) < Ku(B),

which is the desired inequality. Suppose now p(B) > 1. By repeating the argument of
Lemma 3.4 with w = 1 and E = B, we obtain (3.7) for both p(-) and p/(-); multiplying the
two, we get

IxBloollxBllye) < Ku(B)/Pet1e = Ku(B).
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SECTION 4

DYADIC CUBES

Important to the proofs of many results of variable exponent spaces in R™ are the dyadic

cubes of the form

Q = [m12ik7 (ml + 1)27]6) X X [mn27k7 (mn + 1)27]6)7 my,...,My € Z.

Due to the usefulness of dyadic objects in many areas of harmonic analysis, a great deal of
effort has gone into developing similar systems in metric and quasi-metric spaces, for example

6, 24, 28|. We will use the form of Hy6ten and Kairema’s construction (|24]) presented in [3].

Theorem 4.1. There exist constants Cq > 0,dy > 1, and 0 < € < 1 depending on X, a
family D = U,cz, Dr., called the dyadic grid on X of subsets of X, called dyadic cubes,

and a collection {z.(Q)}gep of points such that:

1. For every k € Z the cubes in Dy are pairwise disjoint and X = UQGDk Q. We will refer

to the cubes in Dy, as cubes in the kth generation.

2. If Q1,Q2 € D, then either Q1 N Q2 = &, or Q1 C @2, or Q2 C Q.

3. For any Q1 € Dy, there exists at least one Qo € Dy_1, which is called a child of @1,

such that Qo C @1, and there exists exactly one Q3 € D1, which is called a parent of
Q1, such that Q1 C Q3.

4. If Qa2 is a child of Q1, then ju(Q2) > ep(Q1).
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5. For every k and Q € Dy, B(z.(Q),dr) C Q C B(z.(Q), Cydk).

We would like to have the general sense that we may freely switch back and forth
between the settings of cubes and balls. Consider, for example, the following equivalent

formulation of the Ap(.) condition.

Lemma 4.2 (The A,y condition for cubes). Given a dyadic grid D and p(-) € LH, if

w € Ay, then there exists a constant K, such that for any Q € D,

lwxallse) llw™ xelly ) < Kn(Q).

Proof. Fix ) € Dj.. Then by Theorem 4.1, the A,y condition, and the lower mass bound,

||U)XQHp(-)walXQHp’(J < ||wXB(zc(Q),Cdd’5)||p(')||w71XB(zc(Q),Cdrd’g)Hp’(')

< Ku(B((Q), Cdb)) < Cu(B(x(Q), dS)) < Cu(Q).

The constant C' is independent of k. O

In general, the argument in the proof of Lemma 4.2, in which we expand cubes to fill
balls and then apply the lower mass bound to shrink back to cubes, may be used to show
that any previously stated result is also true when balls are replaced by cubes. In particular,
Lemmas 3.1 and 3.3 hold in this way. Another object which it is convenient to recast into a

dyadic form is the maximal operator.

Definition 4.3. Given a weight o and a dyadic grid D, define the weighted dyadic

mazimal operator MP with respect to D by

MPf(z) = sup ][ ()] do
Q32 JQ
QeD

for any locally integrable function f. When o = 1, we will denote MP simply by MP.
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The weighted dyadic maximal operator satisfies the same weak- and strong-type
inequalities as the classical maximal operator. Given a fixed grid D and weight o, for each
A > 0, we define the set

XP={zec X : MPf(x)> \}.
Then the following lemma holds.

Lemma 4.4. Given a dyadic grid D on X and a weight o, the dyadic mazimal operator MP

is weak (1,1): for f € L'(o) and all A > 0,

o1
Xp) <5 [ r@lde

Further, for 1 < p < oo, MP is strong (p,p): there exists a constant C depending on p and
X such that for any f € LP(0),

| Mpsras<c [ \rapas

Proof. For each integer n, define the truncated maximal operator

M f(x) = sup ][|f )| do.

xEQEDk

Observe that for every x € X, the sequence {M Mz } increases to MP f(z). Certainly, it is

increasing and bounded; if MP f(x) < oo, then for any € > 0 there exists a cube @ for which

Mﬁuw«séuwmm

but then for any n greater than the generation of @),

fwwwsmwm
Q
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and so the sequence converges. A similar argument shows that if MP f(x) = oo, then
M? f(x) can be made greater than any integer.

Therefore, by the monotone convergence theorem, it suffices to prove the weak-type
inequality for the truncated maximal operator. To that end, fix A > 0. If M f(z) > A, then

there exists a cube (), containing x such that

][ F@)do > A,

x

and @, is of generation at most n. Without loss of generality, take (), to be the maximal of
all such cubes, and let its generation be k. Since there are countably many dyadic cubes, the
set {Q, : * € X} may be enumerated as {Q;}. If Q; N Q; # @ for some ¢ # j, then we have
some containment (); C @), (without loss of generality), and thus @); = @); by maximality, so

the cubes are pairwise disjoint. Then

1
7l e X M) > M) =20 @) <5 3 [ Ifwlde < [ 15l do
This proves the weak-type inequality.

For the strong-type inequality,

1

]{2 ) do < 1l /Q 4o = || Fllzmto) = 1/l (o-

Now fix 1 <p < oo and f € L'(0) N L™®(s). Without loss of generality, assume fo # 0.

Then MPf € LY*°(0) N L>®(c), and consequently by Tonelli’s theorem,
e 1MP £l Loo (o)
/ MP f(x)P do = / PN o ({z € X« MPf(z) > A}) dX < 0/ N2 d)\ < oo0.
X 0

0

Thus 0 < || M2 f]|r(o) < 0o. Hence, by the weak-type inequality, Tonelli’s Theorem, and
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Holder’s inequality,

/XMff(a:)pa(a:) du :p/ooo NWlo({zeX : MPf(z) > A}) dA

<p [ 0 [ If)do i
0 X

—p / (@) / N2\ do
X {0 MP f(z)>A}

<L [ @@ do

< Ol lloo) 1M £l 0.

Rearranging, we obtain that

| vpsapar<c [ if@pd.

which is the desired strong-type inequality. For general functions f € LP(X), the desired

inequality follows if we use Lemma 2.6 and the monotone convergence theorem. O]

We now prove the Calderéon-Zygmund decomposition for the maximal operator over

spaces of homogeneous type.

Lemma 4.5 (Calderon-Zygmund Decomposition). If u(X) = oo, given a weight o € A, let
D be a dyadic grid on X. If f € L}, (o) is such that ka |f(z)|o(x)du — 0 for any nested
sequence {Qr € Dy}, where each Qy, is a child of Qy+1, then for each X\ > 0, there exists a
(possibly empty) set {Q;}, called the Calderdn-Zygmund (CZ) cubes of f at height A, of
pairwise disjoint dyadic cubes and a constant Coy = Coz(D, X, 0) > 1, independent of A,

such that
x?=J@;
J

Moreover, for each 7,

A< ]é F(2)] do < Coph. (A1)
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If {Qf} are the Calderon-Zygmund cubes at height a* for k € Z and a > Ccy, define

Ef = Q¥\ XTB.,. These sets are pairwise disjoint for all j and k, and o(E}) > %U(Qf).
If (X)) < oo, then the Calderon-Zygmund cubes may be constructed for any function

f €Ly (0) and at any height X > §,. | f(y)| do = Xo, with (4.1) still holding. In this case, the

loc

sets Ef are defined only for k > log, Ao, and are pairwise disjoint with J(E]’-“) > %U(Q?’).

Proof. Suppose first (X) = oo and fix A > 0. If X7 is empty, then take {Q,} to be the
empty set. Otherwise, fix # € XP. Then x is contained in exactly one cube Q¥ of each

generation k and MP f(x) > A, so there exists at least one k for which

f|ﬂwwa>x (42)
Q

i
Since by assumption

lim |f(y)|do — 0,

k00 ) e

we may take k to be the largest integer for which (4.2) holds. Let {Q, : z € X} be the set
of all such maximal cubes. As in the proof of Lemma 4.4, this set must be countable and
pairwise disjoint. Clearly, X7 is contained in the union of these cubes. Conversely, given any

z € @, for some x, we have that

N@ﬂdzflﬂwwa>m

x

and so z € X7; consequently,
X7 =
J

We now wish to show the inequalities (4.1). The first holds by choice of @);. For the second,

the maximality of each (); ensures that its parent, @j, satisfies

fwﬂmesx
Q;
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From this fact together with Lemma 4.1 and the lower mass bound,

o(B(x:(Q,), Cdi™))
o(B((Q;), d5))

A< CdYE O,

which is the second inequality in (4.1).

Now fix a > C¢z and consider the Calderon-Zygmund cubes {Qf} at heights a* for
k € Z. For simplicity, we define X, = XaD,v Observe that X1 C X;. Consequently, given
any Qf“, the set {Q%} (constructed above) for an arbitrary x € Qf“ contains Qf“, and so
there exists j such that Q' C QF.

I claim that this implies that the sets E;“ are pairwise disjoint for all j, k. To see this,
consider two arbitrary sets Efll and Efj and suppose without loss of generality that k; < ko.
By the above argument, there exists j3 such that ij C Qf; If j3 = j1, then k; # ko and so
disjointness arises from the containment Efj C Xy, C X, ; otherwise, the disjointness of Qf
for fixed k implies that for E]]-“l1 and Efj.

Now fix Q)%; we have that

o(QF) = 0(QF N Xy1) + o (E)). (4.3)

By the properties listed above,

d(@QN X)) = Y (@

i:QerlCQk

_a,m >l s g [ 5wl < SEo@)

k+1CQk

After plugging this into (4.3) and rearranging, we obtain
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which is the desired inequality.
For pu(X) < oo, the proof is the same, with one exception. Since X is bounded, for all
cubes @ sufficiently large, @ = X. As such, choosing A > f, |f(y)| do ensures that we may

find maximal cubes as before. O
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SECTION 5

NECESSITY

In this section we will prove necessity of the A,y condition in Theorem 1.13. Actually, we
will prove necessity in Conjecture 1.14, but by monotonicity of the norm, we get that the
strong-type inequality implies the weak-type, so to prove necessity in both results it suffices
to demonstrate that any weight satisfying the latter is in Ap.).

To that end, let w be such a weight and fix a ball B C X. First, we will show that w is
p(+)-integrable on B. Supposing to the contrary, since p, < oo we have from Lemma 2.3 that
|lwxgl|p) = 0o. Fix & € B and choose any ball E with z € £ C B. If we choose [ = xg

wE)

then M f(x) > (B XB- Then for each ¢t < % the weak-type inequality implies that

tlwxsllpe < ltxeex: mp@y>nwllpe) < Cllwxellp).

Thus the right hand side must be infinite, and so by Lemma 2.3,

/ w(z)P® dp = oo,
E

Letting E shrink to x and applying the Lebesgue Differentiation Theorem (since u is Borel
regular; see [2, Theorem 1.4]), we find that w(z)?® = oo and thus w(z) = oo for almost
every z, contrary to the definition of a weight. It follows that w is locally p(-)-integrable.
Now we show that w € A,.). We first assume that |[w™"xgl|,y() < oo; later, we will see
that this is necessarily the case. By the homogeneity of both the weak-type inequality and

the A,y condition in w, we can assume that ||w™'xp|y ) = 1.
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We partition B into the sets
Fo={x € B : p(x) < oo}, Fo={re B : p(z) =0}

By the definition of the norm, for any A € (%, 1),

w_lX wlz)-1 p'(z) - -
1< Py () (TB> = / <%) du+ A 1Hw 1XF00HOO'
Fo

One of the terms on the right must be greater than % More specifically, one of the following

must be true: either |[w ™ xr |l > 3,

—1\ P (=)
fFo (sz)l) dp > 5 for any A € [Ag,1). Suppose for now it is the first.

or there exists \g € (%, 1) for which

Fix s > [[w™xr, |2} = essinf,cp_ w(z). There exists a subset £ C F,, with u(E) > 0

such that w(E) C (0, s]. Choose the function f = xg. Since p(-) is identically 1 on F,

[fwllpy = llwxellp) = w(E).

Further, we see that for all x € B,

n(E)
M f(x) > —=¢.
1(B)
Thus if we fix t < %, the weak-type inequality implies that

tlwxallpe) < tlwxg: miasallpe) < Cllfwllpe = Cw(E).

If we take the supremum over all such ¢ and rearrange, we get that

1 w(FE

(
—||wy F < (O———= < (Cs.

~—

32



Now taking the infimum over all such s, we get

lwxsllpe < Cllw™xp. e < 2C.

1
#(B)
Since ||w™ xg|lpy () = 1, this is the A,y condition on B.

We now consider the case that

—1\ P (@)
(5 e
P A 2

for all A € [\, 1). If we define Fir = {z € Fy : p/(x) < R} for R > 1, by the monotone

convergence theorem for LP() norms (Lemma 2.7) we may find R sufficiently large that

w(x)—1>p’($) 1
_— dp > —.
[ 5 ;

Further, since |[w ™ xpl|y() =1, by Lemma 2.3,

/FR (w(;'l\?l)p’(x) dy < /FR <)% V() ( (z)1>p'(x) "
(/\O)R FR( )p@;) "
< (Ao)

< 0Q.

Now define the function

o= [ (57)

Then we know from the above computations that % < G(\g) < o0 and by the dominated

convergence theorem that G is continuous on [Ag, 1]. If G(1) > £, then by Lemma 2.3, for
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any AE [A07 1)7
1
— <
3N T

>

/ w(z) 7@ dp < G\ < AP < .
Fr

Now by taking \ sufficiently close to 1, we may make A\~% < 2, so that

SAC SRS o

On the other hand, if G(1) < 3, then by continuity there is some A € (Ao, 1) such that

G()\) = %, and so by choosing this A\ we get that (5.1) holds in this case as well.

Having fixed A\, we now choose our function to be

w(x>_p/($)
f(x) = )\p’(w)fl XFg-

Then

—1\ P (@)
pp(~)(fw)=/F (w(? ) dp < 2.

Hence, by the proof of Lemma 2.3, || fw]|,(y < 2%~ (note that (p')_ < oo so long as p; > 1;
if this is not the case then p(-) is identically equal to one and the theorem reduces to the

constant exponent weak-type inequality). On the other hand, for all z € B,

M f(z) > ]{3 fla)du = ﬁ /F ) (w“j)_l)p,m dp > BM?B).

Thus for t < m, by the weak-type inequality,

C > C|lfwllpey = tloxge: M@= lloe) = tHwxsllpe,

which after taking the supremum over all such ¢ is the A,.) condition.
It remains to be shown that w € A, if |w™'xply ) = co. To that end, fix € > 0 and

define the weight w.(z) = w(z) +e. Then w;' < e < 0o and so ||w, ' xlly() < co. We
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observe that

||w6X{x€X:Mf(a:)>t} “p() S ||wX{xeX:Mf(x)>t}||p(') + 6||X{x€X:Mf(:L‘)>t}||P(‘)'

Since p(-) € LH, M satisfies the weak type inequality on LP¢)(X, ). This is a result of the
sufficiency argument (Section 6) if p_ > 1, and in general it is one case in the main result of

[16]. Consequently,

< OwaHp(') + O||€pr(')

<20 fwellp(y,

This shows that w, satisfies the weak-type inequality, and does so with a constant depending
only on the weak-type inequality constants of w and 1, both of which are independent of e.
From the argument with ||w™'x g < o0, it follows that w. € A,.). In fact, careful

inspection of the previous argument will show that

lwxallpollwe xalye < lhwexsllollwe xelly o < Ku(B)

with K depending only on p(-) and the weak-type inequality constant (in the F,, case the
dependency is only on the latter, while the Fj case involves (p')_). Since as we said before

Lincreases to

this is independent of €, we have that K is independent of €. Thus since w_
w™! pointwise, by Lemma 2.7, we get that w € A,). While this completes the proof of
necessity, it is of note that w € A, in turn implies that the assumption ||w™x gy ) < oo

must have been true originally.
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SECTION 6

SUFFICIENCY

In this section we aim to prove sufficiency in Theorem 1.13. We first assume that u(X) = oo;
the finite measure case is much simpler, as we will later show. Consider the following lemma,

which is proved in [24, 25].

Lemma 6.1. There exists a finite family {D;}Y., of dyadic grids such that

Mf(x) < C) M f(z)

for any function f and almost every x € X.

As a result of Lemma 6.1, to prove the boundedness of M it suffices to prove the
boundedness of M for an arbitrary dyadic grid D. To that end, fix an exponent p(-) with
1 <p_ <py < oo, aweight w € Ay, and a function f; without loss of generality we may
assume that f is nonnegative and that || fw||,.) = 1. It is useful to define the weights
W() = w(-)*") and o(-) = w(-)"?'0), both of which are in A, by Lemma 3.4 and hence
doubling by Lemma 3.1.

We will want to form the Calderén-Zygmund cubes of f (with respect to u). In order to
do so, we must show that ka |f(z)|dp — 0 as k — oo for any nested sequence {Qy}52, with
Qr_1 € Qi € Dy. Fix such a sequence; considering k = 1, we have as a consequence of W

being doubling that

W(Q1) < W(B(2(Q1), Cad)) < Oy ““W (B(2e(Q1), do))-
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By a similar argument, for any k,

1 < C
W(Qk) — W(B(xe(Qr), Cadf))

Combining these two estimates and applying Lemma 3.1, we get

W (B(r.(Q1). do) W(B((Qurdo) '
< O B0, Cadt)) = © (mB(xc(@k), odd'@)) |

If we rearrange and apply the lower mass bound,

W(Qr) = Cp(B(we(Qr), Cadg))’ = Cp(B(xe(Q1), Cdg))’.

As k — oo, by continuity of y and the fact that X = (J;~, B(z.(Q1), Cdf), the right side
approaches Cu(X)° = oo, and thus W(Q}) — co. By Lemma 2.8, the Ay condition, and

Lemma 2.5 respectively, for all k sufficiently large,
g f@)dp < Ol fwllyoy (@) lw™ Xau o) < Cllwxael,dy < CW Qi)™+
k
This gives us the desired limit.

6.1 The Infinite Case

Define o(z) = w(z) 7@ and decompose f as f = fi + f> where fi = fx{7,-1=1) and

J2 = [X{fo-1<1}- By sublinearity, MPf < MPf, + MPf, and by Lemma 2.5, for i = 1, 2,

/X @) PP w(@P® dp < | frwlly < 1. (6.1)
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Hence by Lemma 2.3, to prove the desired inequality it suffices to show that there exists a

constant C' depending on X, p(-), and w such that
/X MP fi (2P @ w(@P@ dy < C, i =1,2. (6.2)
We begin with the estimate of (6.2) for f;. Choose a > C¢z and for each k € Z let
Xp={re X : MPfi(z)>d"*}
Since f € Ly, and fo. f(2)dp — 0 as k — oo, MP fy is finite almost everywhere, and so

{veX : Mf(x) >0} =X\ X1,
k

up to a set of measure zero. Let {Qf} be the CZ cubes of f; at height a* with respect to p.
Then by Lemma 4.5, for all &,
X =]J@} (6.3)
J

Define the sets B} = QF\ X}, as in Lemma 4.5. Then from (6.3) we have
X\ X =B
J
We now estimate:

/ MP fi ()P Dw ()P dp = Z/ MP f1 ()P @w(z)? @ dy
X e X\ Xkt1

< gy / ) ()9
e Y X\ Xk+1

p(z)
<cy | (Qkfl(y)du> (@) dy

k
kg Y Ej
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p(z)
) C;/E’? ( W) oly) du) p(Q5) PO ()@ dp.

(6.4)

Since either fic™' > 1 or fio~! =0,

£ (w)o(y) o (y) dp < / () ()= @g () ds

@ o

= /k(fl(y)a(y)‘l)p(y)a(y) dp < /Q? )PP dp < 1.

Therefore,
p(z)
Z/ <Q fl(y)a(y)la(y)d“> (@) P ()P dyy
ki B \TQ)

(@)

p—(
= — ( /Qk(f 1(W)e(y) PO @a(y) du) /E @) P (e .

J

If we multiply and divide by O’(Q?) and apply Holder’s inequality with exponent p,(Qf) /p—,

we get

< C’; (ék (f1r(y)o(y) PO /P (y) d,u> /Hc U(Qg?)p—(Q?)M(Q;?)—p(w)w(x)p(w) du.  (6.5)

J

Assume for the moment that
| Q@ D@yt i < o). (6.6

Since p(Q) < Cu(EYF) by Lemma 4.5 and 0 € Ay by Lemma 3.4 applied to w™" € Ay (),

we have from Lemma 3.1 (applied to cubes instead of balls) that o(Q%) < Co(E}). Thus
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(6.5) is bounded by
. (é (frly)aly) - da) o(Ej) <OZ MP((fro™yr ) (@) o () dp
=¢ /X M7 ((fro™)PIPo) (2)P o (2) dp.

By Lemma 4.4 and (6.2),

We will now justify (6.6). Observe that the left-hand side is dominated by

lw= kaHp

o(QF —pla), . _p(z ©
( ) / o e s e [49) (@) P ()P . (6.7)

We will bound (6.7) by showing that, under our hypotheses, it reduces to the A, condition.

First, we show that

If [|w™ x|l > 1, then C' = 1 works, so assume otherwise. Then
J

(p)+(Q5) — 1
W) =P 0)+(@Q)) = ()-(QF)
[p'() = 1J[(p)+(QF) = 1] — () =1

_ m_ P p)+(Q5)
p(.ﬁL’) p—( j)_p/(x)—l
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and so by Lemma 3.3, we obtain (6.8). We would also like to prove the bound

& p- (@)
(%) < Co(Qh). (6.9)

T g T

If [|w™ " xgrly() > 1, then by Lemma 2.5,
J

p—(Q%) k
(LQ?)) S((T(Q?)l—l/(l?'ﬂ(@?))p(Qj):o'(Q?).

T g T

If on the other hand ||w™"xgk|ly() < 1, then by Lemma 2.5 (applied twice) and Lemma 3.3

(applied to cubes),

p—(QF)
chjk) ’ < H —1 H(p/)—(Q.I;)_l p_(Q;?)
o gl =\ Xeplyo

J

_ @) (@5)—1+()+ (@) () (@) P~ (@)
< (o xgellpy /7 )

(p/)+(Q§>1)P-(Q? )

k
)4 (@)1 p-(Q3)
/ k
< C U(Qf) (P")+(Q7)
k
p_(@by -1\ P~ (@)
kv
< C U(Q?) P—(QF)

= Co(Qh).

Applying both (6.8) and (6.9) to (6.7), we have that in order to demonstrate (6.6) it

suffices to show

/ Mo Xl (@5) (@) dp < €. (6.10)
@
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By Lemma 2.3, this is equivalent to bounding

1
C )Nt W 3= ———||w N[ 0.
@) ™ xas Ity = gyl ol et

But by Lemma 4.2 this is, as claimed, the A,y condition. Since w € Ay, (6.6) holds for

any k and j. This completes the proof of (6.2) for f.

We now proceed to show the corresponding bound for f,. Recall that 1, o, and W are all
in Ay; from now on, we will use properties of A, without reference.

We would like to fix a particular LHy, base point zo. Let {Q%} now represent the CZ
cubes of fy with respect to u. Choose a nested tower of cubes {Qro}. Since A,, weights are
doubling, we have that u(Qro), 0(Qko), and W(Qx ) all go to infinity, and as a result we
may find a cube Qg0 = Qo € Dy, such that p(Qo), 0(Qo), and W(Qy) > 1. By Lemma 1.9,

we may fix zo = x.(Qo). Let Ny = 24,Cy, where Cy is as in Theorem 4.1, and define the sets

F ={(k,j) : Qf € Qo}
G = {(k,j) : Qf Z Qo and d(wo,z.(Q)) < Nods}
A ={(k,j) : Q% € Qo and d(x, z.(Q%)) > Nodg}.

Observe that % U¥ U = Z x N, so that every CZ cube Q’“ has indices in one of the three
sets. By repeating the argument used to obtain (6.4) with fs in place of fi, we may split the

corresponding sum into three parts:

p(x)
/XM P Lo ()@ dp < 0 /E (  SW)ol)ow)” du) w(w)™ dy

k?j

=C| Y.+ >+ ) | =CUhithL+1]).

(kg)eF (ke  (kg)eHt

We will bound each of these three sums in turn, beginning with I;. Using that foo=! <1 to
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eliminate f, and then applying (6.6), we get

I < Z /Ek (ﬁkd(y) du)p(m)w(w)pmdu

(k.g)eF
Z / )2~ 5 (Q)P-(@D (@) P ()P dp
eF
k k k —p(x x
; 1+ o Qk p+(QF)—p—(QjF )/Ef U(Qf)p*(QJ),u(Qf) p( )w(x)p( )du
<C(L+0(Qo)" " Y a(@))
(k,j)eF
<CA+0(Q) ™ Y o(E)
(k,j)eF

< C(1+ a(Qu)P "0 (Qu),

which is a constant independent of Q? and f.
Now to estimate I, pick (k,j) € ¢. Note that if xC(Q;?) € Qo, then since Q;‘ Z Qo we

must have that

Qo € QF € B(.(Q%), Ao(Cy + 1)Nody).

On the other hand, if z.(Q%) & Qo 2 B(o, di), then by the definition of ¢,
dy° < d(2o, 2.(Q¥)) < Nods.
As a result, since zg € B(z.(Q}), Nodi) and z € By, Cadko), for any x € Q,
d(z, 7.(Q%)) < Ao(d(x, o) + d(zo, 2(Q%))) < Ao(Cady?® + Nodf) < Ag(Ca + 1) Nody.

It follows that Qo C B(zc(Q¥), Ao(Cq + 1)Nod§) = BY for any (k, j) € 4. Consequently, we
have that W(BY}),o(B) > 1. Note also that by doubling and Lemma 4.1, j(Q}) ~ u(B}).

By Lemma 2.3, we also have that |w™'xq,||,) > 1, and so by (3.3) and (3.7) in the third
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case of the proof of Lemma 3.4 (applied to w™! € Apy),

1/Pe
#(@) < Cu(BY)™ < C(Qo)! @gﬁ) < Cllw el < Clloxeuls,

J

It follows from this inequality and Lemma 2.8 that

]{Qk Fa(y) dpe < Cllw™ xgelly sl fowllpey o™ xgellyy < €
J

Given this, we may apply Lemma 2.10 with the exponents p(-) and p, to estimate:

p(z)
L<C Z/ ( )dﬂ) w(z)"® du

(k,j)e¥

3 [ (f, =0 Curds Y[ M

< y) du w(x)P" dp + / o (6.11
t(kg)ew o 2 (e 5 (€ F (o, )P

Arguing as we did in the proof of Lemma 3.4 to obtain inequality (3.5), we may choose ¢

sufficiently large (depending only on X, Qq, p(+), and w) so that

L w)® o 6.12
< <1 .
Z /Ek (e + d (20, )P~ = /X (e + d(zg, x))tr- = ( )

We now need only bound the first term of (6.11). But we have that

mw(x)p(w)d
S o) er

_ 1 AN (/)
= Z% (0@?) nyQ(y) (y) (y)du> <M(Q§)

(k,g)€

> i W(EY).

Now invoking (3.6) (applied to o and then W, with cubes) as well as the Ay, condition,

(6.13)

) , ) W@\ @y
U(Q?)p‘” - U(Qf)p“/pm < Cllw IXQngj?) <C <—] <oi®il

lwxgrln) w@h) -
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If we apply this estimate, Lemmas 4.4 (since by assumption p_ > 1 and we must have

Poo > p—) and 2.10, and that o(QY) < Co(EF), then we get

. o) ‘o ” o(Q)) - k
(5%;?<O(Q§>/Q§ﬁxy)(y) @Udu) (“(Qﬁi) W), (614
<y ( @ f2<y>a<y>-1a<y>du) QYW (QE) W (EY)

(k,j)e9
<C > (ﬁ kfz(y)a(y)‘IO(y)du) a(E})
(k,j)e¥ j
<02/M (for ) (@) o(x) du
(k,j)e¥
<C /X M, (fao (@)~ (z) du (6.15)
5267/£(ﬁxx)010tﬂp”0(x)du (6.16)

< / (fole)o(@)P@o () du + / : GG

e+ d(xg,x))P-

o(z)
/ fo( ) dp + / T A 2 du. (6.17)

The second term is bounded by a constant independent of Qﬁ? and f, by an argument

identical to that used to prove (6.12) with o in place of W. By (6.1), the first term is also
bounded by a constant, and thus I5 is as well.

We now estimate I3. Central to this part of the proof will be that d(z¢,x) is essentially
constant on Qf ; that is,

sup d(zg,z) < R inf d(zo, ), (6.18)
xEQ? er

for some constant R > 1 independent of k and j. In fact, we will show that (6.18) is true
with Q’“ replaced by the ball A’“ 1Bk D Qk To that end, fix (k,j) € # and choose

T € A;‘? . We have that

d(z0, ) < Aold(wo, 2c(Q)) + d(xe(QF), )]
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< Aldteo (@) + Cat] < (Ao + 3 ) dlan, (@)

Conversely,

d(x07 l’c(Q?)) < Ao[d(l‘, CL’C(Q?)) + d(l‘[b ZE)]

1 1
—_ 5 Odlg —f- Aod(l’o, l’) S Ed(l’o, l’c(Qf)) —f- Aod(l‘o, I’),

and so by rearranging terms,
d(xo,xc(Qf)) < 2A0d(xg, 7).

It follows that d(xo,z.(Q%)) ~ d(x,x). This is equivalent to (6.18).

To now estimate I3, we need to divide 7 into two subsets,
A ={(k,j) e : 0(Q)) <1}, A ={(kj) e : a(Qf) >1}.

We sum first over 4. Let x,. € A¥ be the point which (by continuity of p(-) € LHy) satisfies
+ J

p+(A%) = p(zy). Then by the LHy condition and (6.18), for all z € Q,

1+ (@%) = p@)] < i) = el + ) = pd € o
1 1 C(RAy+ 1)
< Ce {log(e + (RAp)~d(xg, x)) i log(e + d(xo,x))} = log(e + d(zo,x))

This provides the necessary condition to apply Lemma 2.9, from which (bounding the second

term with (6.12) as before) we get

p(z) p+(QF)
p(z)
> /EJ’? < o f2(y) du) w(@)" dp < G, Z /Ek ( o f2(y) du) +1.

(k7j) E'%Ol

46



By appealing to Lemma 2.11 for the inequality
(@@ < ¢

we may bound the sum on the right by

p+(QF)
i / ( @) / e U(wdu) o Q519 (@) P Dw () dp,

(k,j)esq

and since foo0~! <1, by Lemma 2.10 we may continue to estimate

=C 2 / ; <% ot fZ(y)U(y)la(y)du) o (@) (@) D w(@) dp

k
(kjyerti ”F @)
B w(x)P®)
+C Qk p+(QF) 1n(Q") p(z) du
(k%e:}fl J (e + d(xg, x))P-
- OJl + CJ2

To estimate J, we use that o(Q%) <1, then apply (6.6)—together with the fact that

0(Q¥) < Co(EF), as used in the f; argument—and subsequently (6.18), to get that

B< Y sup(etdiao,m) !ék<@% B(Q) (e dy

k
(k,j)ei TEE;

O et deo ) ol
(k.j)e TEE}

<C ) / o() dp

(k.j)e E;“ (6 + d(iCo, x))tp_
o(x)
< d
—CA@+Mm@w“

which is the same quantity as the second term in (6.17), which we argued was bounded by a

constant at the end of the estimate for I5.
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Similarly, to estimate J; we may use that ¢(Q%) < 1 and (6.6) to get that

L<C Y < Qkfz(y)a(y)la(y)du> a(Q5).

(k,j)era

Again using that U(Qf) < CU(E]]-C), we get that

<c Y ( Qkfz(y)a(y)‘la(y)do o(E})

(k,g)esq

SC/XMU(fga_l)(:v)pwa@) dj.

But this is yet another quantity that appears near the end of the I5 estimate, and thus it is
bounded by a constant. This completes the estimate for 7.

Finally, we now estimate the sum over .745. By Lemma 2.8,

/Qk F2(y) du < el fowllpllw™ xqelly ) < cllw™ xgrlly .
J

Thus we can apply Lemma 2.10 to get

p(z)
/( faly)d ) w(a)y dy
(kg)esta ™ =i

e el \
<C Z / cllw™ XQkH /fg ) dp TQ;) w(z)P® dy
J

(k,j)esta

= (o Xl N
<C > / (HwXQkH /fz dﬂ) (W) w(@)" dp

(k,j)e
™ Xanp( ) (@
(

- Z / e+ d(xg,x))P- dp

(k,j)esta

- Kl —|— KQ.
To estimate Kj, note that 1 < o(QY) < Co(E}), so o(E}) > € for some fixed constant € > 0.
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Therefore, by (6.10) and (6.18) we have that

L y o a0\
Ky <e Z sup (e + d(zg, z)) pe/Qk 0 w(z)P" du
j J

k
(k.j)erts T€E;

<C Y sup(etd(u,x) o (L)

k
(k.j)e s *€E;

o(a)
<C ey

which as we argued in J; and I, is bounded by a constant.

To estimate K7, we use (3.6) to get

" xge 125 0 (@413~ < Co(@byr=r=/ = Co(Qh).

Therefore, applying (6.10) and that o(QY) < Co(EF), we have

- sy T(QP
Ky = Z / ( Qk / faly d”) [Jw™ XQ’“H Ww(z)()d,u

(k,j)esta

<C Z ( Qk / fa(y dM) U(Q?)/QkHw_lXQ?||§/(8N(Q?)_p(m)w($)p(m)du

< ( @ / bl du) o(E")

(k,j)est

SC’/XMU(fQU_l)(x)p"OU(x) dj.

This last term is the same quantity that appeared in (6.15), which as we argued in the
estimates for J, and I, is bounded by a constant. This completes the estimate for I3, and
thus gives us the desired estimate for f,, completing our proof of the sufficiency of the A,

condition in Theorem 1.13 for the strong-type inequality.
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6.2 The Finite Case

If u(X) < oo, we may apply the same proof as in the infinite case, with some
modifications. For each ¢ = 1,2, in accordance with Lemma 4.5, we may only construct the
CZ cubes at heights greater than Ay = fX fidu. Note that with the assumption that

| fwl|[py = 1 as before, we have from Lemma 2.8 that
Ao < Ap(X) T frwllpe e ey < 4u(X) " lw™ -
By Lemma 2.3, this is bounded by a constant, since from the A, condition with B = X,
lw™ ey < Cu(X)llwll,e)-

Fix a = 2C¢z and let Q;‘? denote, as before, the CZ cubes of f; at height a*, where
k > ko = |log, Ao + 1]. These cubes cover only X, = {x € X : MPf,(x) > \o}. If, however,
we define

Xo={MPfi(z) < N} = X\ Xg,
then

X:(GXMXW)U%.

k=ko

Thus the analogous argument to (6.4) proceeds as

MDfi(x)p(r)w(x)p(r) du
X

k
k>koj ” Ei
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Since Ay is bounded by a constant, the first term depends only on X, D, and p(-). For fi,

the second term may be controlled by an argument identical to that of the infinite case.
The f5 case, on the other hand, simplifies greatly: essentially, we just choose Qo = X,

and so Iy = I3 = 0. More explicitly, since foo™! <1, if o(X) > 1, then by (6.6) and the fact

that 0(@?) < CU(E]’-“), the second term in the above expression is bounded by

If 0(X) < 1, simply exchange py with p_. This proves sufficiency for u(X) < oo.
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