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ABSTRACT

We consider sparse regression techniques as tools for classification of sentiment

within Twitter posts. Analysis of Twitter usage suffers from several unique challenges.

For example, the 140-character limit severely limits the amount of information contained

in each post; this causes most tweets to contain an extremely small subset of the dictio-

nary, presenting challenges for learning schemes based on dictionary usage. To remedy

this undersampling issue, we propose usage of penalized regression. Here, we employ lo-

gistic regularization to avoid any degeneracy caused by the sparse usage of the dictionary

in each tweet, while simultaneously learning which terms are most associated with each

sentiment. Accelerated sparse discriminant analysis is also used to combat the issues of

degeneracy and overfitting of the training data while providing dimension reduction. As

illustrative examples, we employ sparse logistic regression to classify tweets based on the

users’ perception of a connection between vaccination and autism, and we examine the

Twitter users’ sentiment of the use of autonomous cars.
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INTRODUCTION

Analysis of textual data has become an increasing popular area of research due

to its usefulness in a variety of areas such as artificial intelligence, security, and mar-

keting. Due to its worth in many industries, it is imperative that the results obtained

be accurately classified and interpreted. James et al. [11, Chapter 4] refers to classifi-

cation as "approaches for predicting qualitative responses". In this research, the aim

is to accurately classify textual data based on the sentiments within the text. There

has been research that has focused on classifying texts based on its subject matter, but

there has been few works done that focus on accurately classifying the sentiment of text

within the same subject matter [17, Section 1]. This textual analysis will be conducted

through the use of linear regression, logistic regression, and sparse regression techniques.

Some statistical approaches to classification use estimates of the probability of the test-

ing data belonging to one category over the other category as methods of classification.

In other words, the probability that an observation belongs to a particular qualitative

response is predicted. Based on this probability, the observation is classified into one

of the qualitative response categories. The separation of these categories is known as

the decision boundary. The measure of accuracy in the prediction of such classifications

can be computed by taking the error rate, defined to be the proportion of misclassified

observations within the data. In this dissertation, we consider the application of several

statistical methods of classification, including logistic regression, K-nearest neighbors,

and linear discriminant analysis.
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1.1 Logistic Regression

Logistic regression can be used to estimate the probability that the response

variable can be be classified as one of two categories based on multiple predictors [11,

Section 4.3]. This method of regression generally produces linear decision boundaries and

is performed using the maximum likelihood to estimate the model coefficients, βi. Since

logistic regression utilizes the maximum likelihood estimate the model coefficients, the

data does not have to follow Gaussian assumptions and can still perform well [11, Section

4.3]. Logistic regression will be discussed in more detail in Chapter 3.

1.2 K-Nearest Neighbors

K-nearest neighbors is an approach for classification that can be used when the

parameters of the data do not follow any assumptions, and can be very dominant when

the decision boundary is non-linear. The K-nearest neighbors approach (KNN) takes

a value positive integer K and a test observation, x0, and identifies K points in the

training data that are nearest to x0. Once the K points are identified, the conditional

probability that the test observation falls into the category of one of these points is

calculated. Bayes rule is then applied and the test observation is classified to the class

with the largest probability. In order to acquire the smallest misclassification error, or

error rate, for KNN, the choice of the integer K must be correctly chosen. Having a K

that is too small can result in overfitting of the decision boundary, and having a K that

is too large can causes the decision boundary to be less flexible and nearly linear. KNN

also does not provide us with information as to which predictors are important to our

model.

2



1.3 Linear Discriminant Analysis

Linear discriminant analysis (LDA) models the distribution of each predictor in

each of the response classes and uses Bayes’ Theorem to get estimates for the proba-

bility that each predictor belongs to a certain class or category. When the classes are

well-separated, LDA is usually the method of choice due to the instability of logistic

regression with well-separated classes. In order to use LDA, the data is assumed to

have observations that have a Gaussian distribution with a common covariance matrix

in each class [11, Section 4.5]. If the number of observations, n, is relatively small and

the distribution of the predictors is approximately normal in each class, then the LDA

model is more stable than the logistic regression model. Also, LDA is more popular

when trying to classify data into more than 2 categories. The overall goal of LDA is

to produce the smallest misclassification rate, regardless of the misclassification rate

among the response classes. However, this misclassification rate for each response can

be improved by evaluating the threshold of the model. Obtaining the best threshold will

lower the misclassification rate of each response class, but it will also increase the overall

misclassification rate of the model. LDA will be discussed in greater detail in Chapter

5.

1.4 Summary

In this paper, the methods of linear regression, logistic regression, linear dis-

criminant analysis, sparse logistic regression, and sparse discriminant analysis will be

discussed. A brief overview of each technique will be outline followed by results obtained

from various data sources. With this research, sparse regression techniques will be used

to analyze social media posts. In particular, 140-character limit Twitter posts will be

analyzed using sparse versions of logistic regression and linear discriminant analysis.

3



The analysis of these Twitter posts will be analyzed to see which methods result in a

lower misclassification rate and a balance among errors within in response class.

4



LINEAR REGRESSION

In this research, the data consists of n observations and p predictors or features.

A useful tool in statistics for predicting quantitative responses is linear regression. Linear

regression allows one to predict a quantitative response, Yi, based on certain predictor

variables, Xij. Linear regression is conducted under the assumption that there is a

linear, and possibly noisy, relationship between the predictors and the observations. In

other words, the response Yi is assumed to depend linearly on the predictor variables xij.

Mathematically, this can be written as:

Yi = β0 + β1Xi1 + β2Xi2 + ...+ βpXip + εi,

where, β0, β1, ..., βp are unknown parameters to the training model. The first term, β0,

represents the intercept term of the model or the value of Yi when all Xij’s are zero,

βj is the average effect on Yi of one unit increase in Xij while holding all of the other

predictors constant, Xij represents the interaction between the ith observation and the

jth predictor, and εi is the error term associated with the ith term of the model since the

true relationship between X and Y may not be linear. As previously stated, the data

used is comprised of p predictor variables and n observations; therefore, X is a matrix of

n× (p+ 1) dimensions with the rows being equal to the n observations and the columns

being the p predictors plus a column of all ones to correspond to the intercept coefficient

β0. The response variable, Y , is an n x 1 vector, and b, which will be a vector of the

calculated model parameters β̂i is a (p+ 1)× 1 vector.

The goal of linear regression is to estimate the coefficients of βi so that the pre-

dicted line or hyperplane is as close to the original data as possible. The training data

5



is used to calculate β0, ..., βp, which yields the following prediction equation:

Ŷi = β̂0 + β̂1Xi1 + β̂2Xi2 + ...+ β̂pXip.

Using a least squares approach will choose the parameters βi which minimizes the sum

of squared residuals. Here the residual sum on squares (RSS) is defined as

RSS = e1 + e2 + ...+ en =
n∑
i=1

(Yi − Ŷi)2 =
n∑
i=1

(Yi − β̂0 − β̂1Xi1 − β̂2Xi2 − ...− β̂pXip)
2.

The values of β̂i that minimizes RSS is given by the following two equations, known as

normal equations:
n∑
i=1

Yi = nβ̂0 + β̂1

n∑
i=1

Xip

n∑
i=1

XiYi = nβ̂0

n∑
i=1

Xi + β̂1

n∑
i=1

X2
ip

For simplicity, matrix notation will be used to express the method of solving for βi. The

normal equations are expressed in the following manner using matrix notation:

XTXb = XTY

Solving for b will result in the following:

b = (XTX)−1XTY

Once the model parameters are calculated, the accuracy of the model can be

determined by calculating the residual standard error (RSE), which approximates how

much the response will differ from the actual regression line. This error can be calculated
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in the following manner:

RSE =

√
1

n− 2
RSS =

√√√√ 1

n− 2

n∑
i=1

(Yi − Ŷi)2.

A small value for RSE denotes that the predicted model fits the data well. In other

words, if all of the predicted Yi observations were on the fitted regression line, then RSE

would have a value of 0. Another method for calculating the accuracy of the model is the

R2 statistic. This approach is sometimes used instead of RSE because RSE is measured

in units of Y , and can sometimes be misleading as to what denotes a good value of RSE.

However, the R2 statistic is a way to measure the proportion of variability in Y that can

be explained by X, and is therefore independent of the scale of Y . This R2 statistic is a

proportion of the variance explained:

R2 =
TSS −RSS

TSS
= 1− RSS

TSS

with TSS =
∑

(yi − ȳ)2. The total sum of squares (TSS) measures the total variance in

the response Y before the regression is performed. Therefore, TSS−RSS is the amount

of variability in the response Y that is explained by performing regression. This value,

TSS − RSS is the sum of the square of the difference between the predicted values of

Yi and the average fitted value of Y . Since the R2 statistic is a proportion it has values

between 0 and 1. A value closer to 1 denotes that a large proportion of variability in Y

is explained by the regression, and a value closer to 0 indicates that a small proportion

of variability in Y is explained by the regression. The challenge with determining a good

value for the R2 statistic is that a decent value depends on the application that is being

modeled.

7



2.1 Possible Complications with Linear Regression

Linear regression has several possible issues which include the relationship be-

tween the predictor and the response variable not being linear, a correlation of error

terms, non-constant variance in error terms, outliers, high leverage points, and collinear-

ity.

When applying linear regression to a data set, it is assumed that there is a linear

relationship between the response variable and its predictors. However, this is not always

the case, and the absence of this linear relationship could lead to all conclusions that were

made based on the linear regression model to be false. Non-linearity can be identified

by using residual plots. In simple linear regression, residual plots are the residuals,

ei = yi − ŷi versus the predictor, xi. In multiple regression models, the residual plot is

the residuals versus the predicted values, ŷi. When observing these residual plots, one is

looking to see if there is any type of pattern between the plotted values. The absence of

a pattern in the residual plot may indicate that the model is linear, while the presence

of a pattern may indicate that the model is not linear.

Error terms can also play a large role in causing issues with linear regression.

In particular, an assumption made about linear regression is that the error terms,

ε1, ε2, ..., εn, are all uncorrelated. This is not always true. Having a correlation among the

error terms can cause the estimated standard errors to underestimate the true standard

errors. This leads to narrower confidence intervals, which can cause one to assume that

the model is performing better than it actually is. It also needs to hold true that the error

terms of the linear model have a constant variance. In other words, it is assumed that

error terms of the model do not increase or decrease based on the value of the response.

One can identify non-constant variances by noticing a funnel shape in the residual plot.

Another element that can cause problems for linear regression is outliers. An

outlier is a point for which yi is far from the value predicted by the model. The pres-

ence of such a point can cause the computation of the confidence intervals, p-values,
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and R2 values for the model to drastically change. To recognize outliers, it is best to

plot the studentized residuals, which are computed by dividing each residual, ei, by its

estimated standard error. Possible outliers are generally those studentized residuals with

an absolute value greater than 3.

Closely related to outliers are high leverage points, which are observation with an

unusual value for xi. In contrast to outliers, the predictor value, xi for these observations

are large relative to the other observations. The leverage statistic is used to measure an

observation’s leverage. If the value of this statistic is large, then that is an indication of

an observation with high leverage. The leverage statistic can be computed as follows:

hi =
1

n
+

(xi − x̄)2

n∑
i′=1

(xi′ − x̄)2

This statistic always has a value between 1
n
and 1, and the average leverage statistic for

all observations is p+1
n
. If hi is greater than the average leverage, then it may be a high

leverage point.

An additional potential problem in linear regression is collinearity. This is when

there are two or more predictors that are related. Collinearity can make it difficult to

distinguish between the effects of the collinear predictors on the response variable. It

also causes the estimates of the model parameters to be inaccurate, which makes the

standard error for the model coefficients grow, and subsequently affects the t-statistic,

which may lead to inaccuracies with the hypothesis testing. Collinearity can be detected

by observing a correlation matrix of the predictors. Highly correlated predictors are

identified by an element in the matrix with a large absolute value. This approach does

not work if there are three or more variables that are collinear. This is referred to as

multicollinearity. Multicollinearity can be identified by computed the variance inflation

factor (VIF). The VIF is the ratio of the variance of β̂j when the full model is fitted

divided by the variance of β̂j, if fit on its own. Computing the VIF and getting a value
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of 1 indicates that there is an absence of collinearity; however, if the VIF value is greater

than 5 or 10, then there may be collinearity present. The VIF value can be calculated

using the following:

V IF (β̂j) =
1

1−R2
xj |x−j

with R2
xj |x−j being the R

2 statistic from a regression of xj onto all of the other predictors.

2.2 Regularization of Linear Regression

The potential problems can make the linear model difficult to interpret. To aid

with the interpretability of the model, one can implement regularization, which shrinks

the coefficients estimates of the model towards zero. Such shrinking of the coefficient

estimates can significantly reduce their variance. The regularization methods we consider

are ridge regression, the least absolute shrinkage and selection operator (LASSO), and

elastic net.

2.2.1 Ridge Regression

As stated earlier, the least square approach produces estimates of the model

parameters, β0, β1, ..., βp, by minimizing the following:

RSS =
n∑
i=1

(Yi − β0 −
p∑
j=1

βjXip)
2

For ridge regression, the coefficients are estimated by minimizing the following:

n∑
i=1

(Yi − β0 −
p∑
j=1

βjXip)
2 + λ

p∑
j=1

β2
j ,

where λ ≥ 0 is a tuning parameter. The goal of ridge regression is to find coefficient

estimates that fit the data well while making RSS small. In order to do this, there

is a shrinkage penalty introduced in ridge regression. The shrinkage penalty is small

when β0, β1, ..., βp are close to zero, and this causes it to have the effect of shrinking
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βj towards zero. The tuning parameter λ provides a control between RSS and the

estimates of βj. Whenever λ = 0, there is no effect on the shrinking of βj and thus the

least squares estimates are produced. As λ → ∞, the effect of the shrinkage penalty

grows, and the ridge regression coefficient estimates will approach zero. Because ridge

regression produces a different set of coefficient estimates, β̂Rj , for each λ, cross-validation,

a technique discussed later, will be used to select the best λ.

As the value of λ increases, the flexibility of the ridge regression fit decreases,

which leads to a decrease in variance but an increase in bias. Generally, when the

relationship between the response variable and the predictors are linear, the least squares

method will produce estimates with low bias and high variance [11, Section 6.2.1]. In

other words, a small change in the training data could lead to a large change in the least

squares coefficient estimates. In general, when the number of predictors, p, is almost

as large as the number of observations, n, then the estimated parameters by the least

squares method will be extremely variable. On the other hand, if p > n, then the least

squares approach does not produce a unique solution; however, ridge regression tends

to perform well by exchanging a small increase in bias for a large decrease in variance.

Therefore, ridge regression works better in scenarios where the least squares estimates

have high variance.

2.2.2 LASSO

One main issue with ridge regression is that it always includes all p predictors in

the final model instead of selecting the best subset of p predictors. This is due to the

fact that the λ
∑
B2
j penalty will shrink all of the coefficients toward zero, but none of

the coefficients will actually equal zero, unless λ = ∞. This is only a problem when it

comes to trying to interpret the model when p is quite large. However, LASSO combats

this disadvantage. The LASSO coefficients, β̂Lj , minimize

n∑
i=1

(Yi − β0 −
p∑
j=1

βjXip)
2 + λ

p∑
j=1

|βj|.
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LASSO uses an l1-norm, which forces some of the coefficient estimates to be equal to zero

when the tuning parameter is sufficiently large. Therefore, LASSO performs variable

selection, which results in models that are easier to interpret. Due to this variable

selection, LASSO yields sparse models because it results in models that have only a

subset of variables. Choosing the best λ to yield the best subset of model parameters is

often done by using cross-validation [11, Section 6.2.2].

2.2.3 Cross-Validation

Cross-validation, in particular, k-fold cross-validation is the method in which the

set of observations are randomly divided into k groups, or folds, of approximately equal

size. The first fold is treated as a validation set, and the model is fit on the remaining

k− 1 folds. The mean squared error (MSE) is then calculated on the observations of the

held-out fold. This technique is repeated k times with a different group of observations

serving as the validation set each time. The k-fold cross-validation estimate can be

computed by averaging these values:

CV(k) =
1

k

k∑
i=1

MSEi.

The ultimate goal of cross-validation for this research is to aid in selecting the appropriate

tuning parameter for ridge regression, LASSO, and elastic net, which will be defined in

the following section. In order to produce the best model with these regularization

methods, one selects the tuning parameter, λ, that results in the smallest MSE [11,

Section 5.1.3].

2.2.4 Elastic Net Penalty

The elastic net penalty, as described by Hastie in "Statistical Learning with Spar-

sity" [10, Section 4.2], is the combination of a squared l2-penalty and the l1-penalty. This

method deals well with correlated groups of variables and has the tendency to select (or
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not select) the correlated predictors together. The elastic net solves the convex problem

min
(β0,β)∈R×Rp

1

2

n∑
i=1

(yi − β0x
T
i β)2 + λ

[
1

2
(1− α)‖β‖2

2 + α‖β‖1

]

where α ∈ [0, 1] is a parameter that can be varied. The penalty applied to an individual

coefficient with no regard to the regularization weight λ > 0 is given by

1

2
(1− α)β2

j + α|βj|

If α = 1, then the penalty becomes the l1-norm or LASSO penalty, and if α = 0, then the

problem becomes the squared l2-norm or the ridge penalty. By adding some component

of the ridge penalty to the l1-penalty, the elastic net provides controls for strong within-

class correlations. For α < 1 and λ > 0, the elastic net becomes strictly convex, and

therefore, a unique solution exists regardless of the correlations in the Xj. Due to the

elastic net problem being convex in the pair (β0, β) ∈ RxRp, there are several algorithms

that can be used to solve the problem. Coordinate descent is an effective method with

updates that are extensions of those for the LASSO problem. An unpenalized intercept

is included in the model, and it can be dispensed with at the onset. The covariates xij

are centered, and the optimal intercept becomes β̂0 = ȳ = 1
n

n∑
j=1

yj. Once the optimal

intercept, β̂0, is computed the optimal vector β̂ = (β̂1, ..., β̂p) needs to be calculated. The

coordinate descent update for the jth coefficient has the form

β̂j =

Sλα(
n∑
i=1

rijxij)

n∑
i=1

x2
ij + λ(1− α)

with Sµ(z) := sign(z)(z − µ)+ being the soft-thresholding operator, and rij := yi −

β̂0−
∑
k 6=j

xijβ̂k being the partial residual. The updates are continued until convergence is

reached.
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LOGISTIC REGRESSION

Logistic regression is a common technique used to classify data with a binary

outcome, usually of 0 or 1, by modeling the probability that Yi, the response variable,

belongs to one of two categories based on the predictor or predictors, X, an n× (p+ 1)

matrix as before. For simplicity, X is a matrix of all p predictors and β is the column

vector for all model parameters in the logistic function. This logistic function is used to

carry out logistic regression and is defined as the following:

p(X) =
eβ0+X1β1+...+Xpβp

1 + eβ0+X1β1+...+Xpβp
=

eXβ

1 + eXβ
.

In this function, p(X) is the probability that a certain observation is in the specified

category of Y , and the βs represent the model parameters, as in linear regression..

Because the numerator of the logistic function is an exponential function, it will always

have a non-negative value, and the denominator is just the numerator plus one, so it will

always be a positive number. Therefore, the logistic function will always have a value

between 0 and 1 and a sigmoidal shape. After rearranging the logistic function and

taking the log of both sides, an equation with the left-hand side known as the log-odds

or logit equation is obtained:

log
p(X)

1− p(X)
= β0 +X1β1 + ...+Xpβp.

This function is known as the log-odds or logit.

The first steps to performing logistic regression is to estimate the regression co-

efficients β. These unknown coefficients are estimated using the training data and the
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maximum likelihood. In short, maximum likelihood will allow β to be calculated and

put into the logistic function, which will yield a number close to 0 or 1. The estimates

of β that maximize the likelihood function will be chosen. The likelihood function is

defined as follows:

l(β) =
n∏
i=1

p(Xi)
Yi(1− p(Xi))

1−Yi

The log-likelihood of this function is detailed below:

l(β) =
n∑
i=1

[Yi log(p(Xi) + (1− Yi) log(1− p(Xi)]

l(β) =
n∑
i=1

[Yiβ − log(1 + eXiβ)].

Once the likelihood function is maximized and the coefficients are estimated, then

the estimates are input into the logistic function, and the probability that the predictor

belongs to the response variable Y is calculated. Maximizing this log-likelihood function

is the same as minimizing the following function:

min− 1

n

n∑
i=1

[Yiβ − log(1 + eXiβ)].

The default cutoff value for assigning predicts for the logistic function is 0.5. In

other words, if p(Xi) < 0.5, then the predictor will be classified in the response class

labeled 0, and if p(Xi) ≥ 0.5, then the predictor will be said to belong to the response

class labeled as 1. However, since the data may not be perfectly balanced, the threshold

or cutoff value may need to be adjusted. For instance, most of the predictors that

belong to the response class classified as 0 may have a probability of 0.3 or less. Hence

the threshold would need to be adjusted to get the most accurate logistic model of the

data.

Another way to improve the logistic model is to apply regularization techniques
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similar to those used for linear regression. In order for this logistic model to yield sparse

results and to increase interpretability of the model, the l1 penalty (‖l1‖) is implemented

in the following manner:

min− 1

n

n∑
i=1

[Yiβ − log(1 + eXiβ)] + λ‖β‖1.
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GLMNET

Glmnet is a package in R that uses the penalized maximum likelihood to fit a

generalized linear model [7]. Glmnet is a coordinate descent method for fitting general-

ized linear models (GLM) with elastic-net (NET) regularization. This package was used

to analyze the data in this research. The regularization path from the glmnet pack-

age is computed for the LASSO and elastic net penalty. This algorithm yields sparse

data, which aids with interpreting the model, and is extremely fast. This package can

fit several models that include linear, logistic, multinomial, poisson, and Cox regression

models. The following technique is from the glmnet vignette by Hastie and Qian [8].

Glmnet solves the following negative log-likelihood problem

min
(β0,β)∈Rp+1

−
[

1

n

n∑
i=1

yi(β0 + xTi β)− log(1 + eβ0+xTi β)

]
+ λ

[
1

2
(1− α)‖β‖2

2 + α‖β‖1

]

over a grid of values of λ. The α controls the elastic net penalty in the above problem.

If α = 1, then the LASSO penalty is performed, and if α = 0, then ridge regression is

performed. The overall strength of the penalty is controlled by the tuning parameter λ.

When performing ridge regression, the ridge penalty will shrink the coefficients of

correlated predictors towards each other. LASSO, on the other hand, selects one of these

predictors and discards the others. The elastic net penalty mixes these two approaches.

For instance, assume that there are correlated predictors in a group, with α = 0.5, the

elastic net will select the groups in or out together.

Cyclical coordinate descent is used within the glmnet algorithm. This technique

optimizes the objective function over each model parameter while keeping the other

parameters fixed, and is repeated until convergence is reached. As illustrated in [7,
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Section 3], this procedure is done in the following manner. Consider the log-likelihood

of the logistic regression function:

l(β) =
n∑
i=1

[Yiβ − log(1 + eXiβ)],

which is a concave function of parameters. Forming a quadratic approximation to the

log-likelihood, which is a Taylor expansion about the current estimates β̃0, β̃, yields the

following:

lQ(β0, β) = − 1

2n

n∑
i=1

wi(zi − β0 −XT
i β)2 + C(β̃0, β̃)2,

with zi = β̃0 + XT
i β̃ + Yi−p̃(Xi

p̃(Xi)(1−p̃(Xi)) , wi = p̃(Xi)(1 − p̃(Xi)), and p̃(Xi) is calculated at

the current parameters. The Newton update is calculated by minimizing lQ. In similar

fashion, for each value of λ, an outer loop which computes the quadratic approximation

lQ about the current parameter (β̃0, β̃) is created. Next, the coordinate descent method

is used to solved the penalized weighted least-squares problem:

min
(β0,β)∈Rp+1

{
− lQ(β0, β) + λPα(β)

}
.

This produces the following nested loops: As λ gets smaller, the quadratic approximation

lQ is updated using the current parameters (β̃0, β̃), and the coordinate descent algorithm

on the penalized weighted least-squares problem is being run. It should be noted that

when p >> n, λ cannot be run all the way to zero since the saturated logistic regression fit

is undefined because the parameters must go towards ±∞ in order to yield probabilities

of 0 or 1. Therefore, the default λ sequence goes to λmin = ελmax > 0. Also, the Newton

algorithm does not always converge without step-size optimization, and this code does

not implement any checks for divergence because it would slow down the process. The

quadratic approximations are very accurate because there is a closed form expression

for starting solutions, and each subsequent solution is warm-stated from the previous
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close-by solution.

Cross-validation with the glmnet package is executed using the cv.glmnet func-

tion. Utilizing this command yields the plot of the cross-validation curve, which displays

upper and lower standard deviation curves along the λ sequence. Two selected lambdas

are displayed by two vertical dotted lines. The two lambdas shown are lambda.min,

which is the value of λ that produces the minimum mean cross-validated error, and

lambda.1se, which gives the most regularized model such that the error is within one

standard error of the minimum. Once cross-validation is done on the training data,

predictions can be made on the testing data with the λ that best suits one’s preference.
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LINEAR DISCRIMINANT ANALYSIS

Whenever one is attempting to classify data into more than one class, the method

of choice is usually Linear Discriminant Analysis (LDA). LDA can be considered using

three different approaches: Bayes’ Theorem, Fisher’s Discriminant, and optimal scoring.

Throughout this chapter, these three methods will be explored along with the regular-

ization of each method.

5.1 Bayes’ Theorem Method for Linear Discriminant Analysis

This section is derived from the Bayes’ Theorem approach for LDA in "An In-

troduction to Statistical Learning with Applications in R" [11, Section 4.4]. LDA using

the Bayes’ Theorem method models the distribution of the predictors X separately in

each of the response classes and then uses Bayes’ Theorem to turn these into estimates

for P (Y = k|X = x). Bayes’ theorem states

P (Y = k|X = x) =
πkfk(x)∑K
l=1 πlfl(x)

.

Letting pk(X) = P (Y = k|X = x) be the posterior probability that an observation

X = x belongs to the kth class, then one can input πk and fk(X) into Bayes’ theorem.

The overall prior probability that a randomly chosen observation is originally in the

kth class is denoted as πk, and is calculated by computing the fraction of the training

observations that belong to the kth class.

The number of predictors will tell how fk(x) will be calculated. If there is only

one predictor, then fk(x) will be assumed to be Gaussian and have a normal density
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function of

fk(x) =
1√

2πσk
e
− 1

2σ2
k

(x−µk)2

.

The mean and variance parameters for the kth class are represented by µk and σ2
k, re-

spectively. These estimates can be calculated by taking the average of all the training

observations from the kth class and by taking the weighted average of the sample vari-

ances for each of the K classes. Once µ̂k and σ̂2 has been estimated, then these values

along with π̂k are plugged into the LDA classifier. The LDA classifier is of the following

form:

δ̂k(x) = x
µ̂k
σ̂2
− 2̂µk

σ̂2
+ log π̂k.

The main goal of the LDA classifier is to assign an observation X = x to the class

in which δ̂k(x) has the highest value. If there is more than one predictor, then the

predictors can be denoted as X = (X1, X2, ..., Xp), and the predictors are assumed to

have a multivariate Gaussian distribution with a class-specific mean vector and a common

covariance matrix. The multivariate Gaussian density is defined as:

f(x) =
1

(2π)p/2|Σ|1/2
exp(−1

2
(x− µ)TΣ−1(x− µ)).

Just as with one predictor, the values of µ1, ..., µk, π1, ..., πk, and Σ are plugged into the

LDA classifier, and the observation X = x is assigned to the class for which δ̂k(x) is the

largest. The LDA classifier is described as the follows:

δk(x) = xTΣ−1µk −
1

2
µTkΣ−1µk + log(πk).
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5.2 Fisher’s Method of Linear Discriminant Analysis

Per the procedure from [9, Chapter 4], Fisher’s method of LDA focuses on finding

the linear combination of predictors so that the ratio of the between-class variance and

the within-class variance is maximized. This would ensure that there would be maximum

separation between the centers of the data while simultaneously minimizing the varia-

tion within each class of data linearly projected to a space spanned by the discriminant

vectors. Mathematically, this is represented by letting B denote the between-class co-

variance matrix and W denoting the within-class covariance matrix. The between-class

covariance matrix B measures the distance between the classes, and the within-class co-

variance matrix measures how far away the centers of the classes are from one another.

Fisher’s approach is to find the value of β which maximizes the following:

βTBβ

βTWβ
.

This problem is solved by computing the eigenvector that corresponds to the largest

eigenvalue of W−1B. This vector will be a linear discriminant β1. The next direction β2,

orthogonal inW to β1 is computed by solving for the value of β which maximizes βT2 Bβ2
βT2 Wβ2

,

which gives the eigenvector corresponding to the second largest eigenvalue. This process

continues until all betas have been found. There will be K − 1 nonzero eigenvectors of

W−1B. If there are 2 classes that we are trying to classify data into, then the discriminant

function can be written as S−1(x̄1−x̄2), where S−1 is the inverse covariance matrix of the

data and is multiplied by the difference between the mean vectors of the predictors for

each class. A new sample, u, is projected onto the discriminant function as uS−1(x̄1−x̄2).

This will yield a discriminant score. The new sample will be classified into Class 1 if the

sample is closer to the Class 1 mean than to the Group 2 mean in the projection:

|βT (u− x̄1)| − |βT (u− x̄2)| < 0
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The solution for LDA consists of an inverted covariance matrix, and a unique solution

only exists when the matrix is invertible. Therefore, the data must contain more observa-

tions than predictors, and the predictors must be independent. If there are more predic-

tors than observations, then regularization methods can be used with LDA. [12, Section

12.3]

5.3 Penalization for Bayes’ Theorem and Fisher’s Approach for Linear Discriminant

Analysis

Applying sparse penalization techniques to LDA will vary depending on the ap-

proach of LDA that is used. These techniques are followed from Section 8.4 in "Sta-

tistical Learning with Sparsity" [10, Section 8.4]. When performing LDA using Bayes’

Theorem, we will use the nearest centroid rule, which is defined later. In very high

dimensions, Σ will usually be of diagonal form since the predictors are assumed to be

uncorrelated. With this assumption, one gets diagonal linear discriminant analysis. Let-

ting G(x) = max{k∈1,..,K} δk(x) and σ̂2
j be the pooled within-class variance for the jth

predictor, the classification rule becomes

Ĝ(x) = arg min
l=1,...,K

{ p∑
j=1

(xj − µ̂jl)2

σ̂2
j

− log(π̂k)

}
.

This is known as the nearest centroid rule. The nearest centroid rule uses all p predictors,

but there may only be a subset of the predictors that are informative. Therefore, the

model needs to reparametrized and a sparsity-inducing penalty needs to be imposed. In

order to so, the mean vector for class k needs to be represented as µk = x̄ + αk, where

x̄ = 1
N

N∑
i=1

xi is the overall mean vector and αk ∈ Rp, k = 1, ..., K is the contrast for

class k. This satisfies the constraint
K∑
k=1

αk = 0. The l1-regularization criterion is then
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optimized:

minimizeαk∈Rp,k=1,...,K

{
1

2N

K∑
k=1

∑
i∈Ck

p∑
j=1

(xij − x̄j − αjk)2

σ̂2
j

+ λ

K∑
k=1

p∑
j=1

√
Nk

σ̂j
|αjk|

}

subject to
K∑
k=1

αjk = 0 for j = 1, ..., p and with Ck being the subset of indices i for which

gi = k and Nk = |Ck| is the total number of class-k samples. The solutions of αk amount

to simple soft-thresholding of particular class-wise contrasts as defined by Hastie et al.

The steps are as follows, as outlined in "Statistical Learning with Sparsity" [10, Section

8.4]: The contrasts are defined as djk =
x̃jk−x̄j
mkαj

, where x̃jk = 1
nk

∑
i∈Ck

xij, x̄j is he jth

component of the global mean x̄, and m2
k = 1

Nk
− 1

N
. The soft-thresholding operator is

then applied

d′jk = Sλ(djk) = sign(djk)(|djk| − λ)+

and then the transformation is reversed to yield the shrunken centroid estimates of

µ̂′jk = x̄j + mkσjd
′
jk. These shrunken centroids are used for the estimates for µjk in the

nearest centroid rule. If the contrast, d′jk, is equal to zero by the soft-thresholding for

each of the k classes, then that predictor is not a participant in the nearest centroid

rule. Hence, the nearest shrunken centroid method performs feature selection. Also,

a predictor may have djk = 0 for some classes, but not for all, and would therefore

only play a role in those classes. When utilizing Fisher’s LDA, the goal is to produce

low-dimensional projections of the data while preserving the class separation. Sparsity

using Fisher’s Linear Discriminant Analysis, as proposed by Witten and Tibshirani, is

as follows:

maximizeβ∈Rp{βTBβ −
p∑
j=1

σ̂j|βj|}

subject to βT W̃β ≤ 1, where σ̂2
j is the jth diagonal element of W , and W̃ is a positive

definite estimate for W . This yields a first sparse discriminant vector β̂1 with the level

of sparsity to be determined by the choice of λ. Further components can be found by
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first removing the current solution from B before solving Fisher’s regularization LDA.

5.4 Optimal Scoring Method for Linear Discriminant Analysis

The goal of the optimal scoring approach of LDA is to recast the problem in

terms of a multivariate linear regression, where the codes for the output classes are

chosen optimally. Let Y be an indicator matrix of n × K dimension with n being the

number of observations and K being the number of classes. The data is assumed to have

been centered with mean of zero. The entries of the indicator matrix, Y , is as follows:

yik =


1 if observation i belongs to class k

0 otherwise

[1, Section 2]. The optimal scoring approach to LDA will produce a sequence of dis-

criminant vectors and scoring vectors. Suppose that the first k-1 discriminant vectors

β1, ..., βk−1 and the scoring vectors θ1, ..., θk−1 have been computed. The kth discriminant

vector βk and the scoring vector θk is calculated by solving the following optimal scoring

problem:

(βk, θk) = arg min
βk∈Rp,θk∈RK

{
1

n
‖Y θk −Xβk‖2

2

}
s.t. θTk Y

TY θk = 1 and θTk Y
TY θj = 0 for all j = 1, 2, ..., k − 1.

Details on the deriving of this optimal scoring problem can be found in Hastie et al., 1994.

The optimal solution βk of this problem is proportional to the Fisher linear discriminant

criterion [10].

5.4.1 Regularization of Optimal Scoring Method for Linear Discriminant Analysis

Sparse discriminant vectors can be obtained by regularizing the optimal scoring

problem with the generalized elastic-net penalty. This results in the modified optimiza-
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tion problem:

(βk, θk) = arg min
βk∈Rp,θk∈RK

{
1

n
‖Y θk −Xβk‖2

2 + λ‖βk‖1

}

s.t. θTk Y
TY θk = 1 and θTk Y

TY θj = 0 for all j = 1, 2, ..., k − 1.

The l1-penalty with a nonnegative regularization weight λ and a quadratic penalty de-

fined by a positive semidefinite matrix Ω, equivalent to the elastic net penalty in the

special case that Ω = γI have been added. If the regularization weight λ on the l1-

penalty is sufficiently large, then the discriminant vectors will be sparse, and if λ = 0,

then the minimizing criterion is the same as the penalized discriminant analysis pro-

posal of Hastie et al. Despite the criterion being nonconvex, a local optimum can still be

calculated using the elastic net to solve for β. If p >> n and the predictors are not struc-

tured, then letting Ω = 0 results in the problem being solved with the soft-thresholding

algorithm for penalized matrix decomposition. If the problem has spatial or temporal

structure, then the matrix Ω can be chosen to encourage spatial or temporal smoothness

of the solution. With this case, the optimal scoring method is ideal since the quadratic

term can be absorbed into the quadratic loss. Or the matrix Ω can be a diagonal matrix,

and thus optimal scoring is convenient. Implementing an l1-penalty and an l2-penalty,

which produces the elastic net penalty results in a modified optimization problem. As

with the optimal scoring problem, the first k-1 discriminant vectors and the scoring vec-

tors have already be calculated. The calculation of the kth sparse discriminant vector βk

and scoring vector θk is done by solving the following optimal scoring problem:

(βk, θk) = arg min
βk∈Rp,θk∈RK

{
1

n
‖Y θk −Xβk‖2

2 + γβTk Ωβk + λ‖βk‖1

}

s.t. θTk Y
TY θk = 1 and θTk Y

TY θj = 0 for all j = 1, 2, ..., k − 1,
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with Y being an indicator matrix of n dimension, and γ and λ being nonnegative tun-

ing parameters. The nonconvex spherical constraints make this optimization problem

nonconvex, and therefore, a globally optimal solution using iterative methods cannot be

found. Hence, Clemmensen et al., [4] proposed that a block coordinate descent method

be used to iteratively approximate solutions. In particular, let’s assume that an estimate

(βt, θt) of (βk, θk) has been found. In order to update θt, fix β=βtk and solve the original

optimization problem for optimal scoring. This will produce the following problem:

θtk = arg min
θk∈RK

‖Y θk −Xβtk‖2
2

s.t. θTk Y
TY θk = 1 and θTk Y

TY θj = 0 for all j = 1, 2, ..., k − 1.

The above optimization problem is nonconvex and can be solved. Once θt+1 has been

updated, then βt+1 can be computed by solving the following:

βt+1
k = arg min

βk∈Rp

{
1

n
‖Y θt+1

k −Xβk‖2
2 + γβTk Ωβk + λ‖βk‖1

}
.

5.5 Advantages to Regularizing Linear Discriminant Analysis

As previously stated, utilizing the sparsity criterion for LDA allows one to develop

a more interpretable model that reduces overfitting on the training data. LDA often

suffers when the number of predictors p is far greater than the number of observations n

and when linear boundaries cannot separate the K classes [4, Section 1]. Hence, using

sparsity to identify the best subset of predictors that will accurately model the data is

one way to combat some of LDA’s issues.
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5.6 Accelerated Sparse Discriminant Analysis

Atkins et al., [1] proposed a collection of algorithms that will solve the elastic

net problem using proximal operators. These proposed algorithms require fewer com-

putational resources compared to elastic net. The following proposed algorithms will

be discussed in this section: Proximal Gradient, Accelerated Proximal Gradient, and

Alternating Direction.

5.6.1 Proximal Gradient Method

The proximal operator proxf : Rp → Rp of f , which is a given convex function

Rp → R, is defined as:

proxf (y) = arg min
x∈Rp

{
f(x) +

1

2
‖x− y‖2

}
.

This produces a point that balances the competing objectives of being near y while

simultaneously minimizing f . This technique of using the proximal operator allows

one to solve this optimization problem for the minimization of nonsmooth functions. For

further background on this use of proximal operators, see Atkins et al., 2017. Considering

βt+1
k = arg min

βk∈Rp

{
1

n
‖Y θt+1

k −Xβk‖2
2 + γβTk Ωβk + λ‖βk‖1

}
,

expanding ‖Y θt+1
k − Xβk‖2

2 and dropping the constant term will show that the above

equation is equivalent to minimizing

f(β) =
1

2
βT2(XTX + γΩ)β + (−2XTY θt+1)Tβ + λ‖β‖1

f(β) =
1

2
βTAβ + dTβ + λ‖β‖1,

with A = 2(XTX+γΩ) and d = −2XTY θt+1. Following some of the proximal operator’s

properties, f can be written as f(β) = f1(β) + f2(β), with f1(β) = 1
2
βTAβ and f2(β) =
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λ‖β‖1. The function for f(β) will have a unique minimizer given that the penalty matrix

Ω is positive definite, which makes f strongly convex. The proximal operator of the

f2(β) is

proxλ‖·‖1(y) = sign(y) max{|y| − λe, 0} =: Sλ(y).

The proximal operator Sλ = proxλ‖·‖1 is sometimes referred to as the soft thresholding

operator and sign: Rp → Rp and max: Rp×Rp → Rp are element-wise sign and maximum

mappings defined by:

[sign(y)]i = sign(yi) =


1, if yi > 0

0, if yi = 0

−1, if yi < 0

and [max(x, y)]i = max(xi, yi). The proximal gradient method can now be applied to

update βt in the following manner:

βt+1 = sign(pt) max

{
|pt| − λαte, 0

}
,

with

pt = βt − αt∇f(βt) = βt − αt(Aβt + d),

and e and 0 represents a vector comprised of all ones and a vector comprised of all zeros,

respectively.

5.6.2 Accelerated Proximal Gradient Method

Atkins et al., [1] proposes the use of momentum terms to accelerate convergence

of the iterates. This is done by modifying the fast iterative soft thresholding algorithm

(FISTA) [2, Section 4]. The goal of this technique is to accelerate the convergence of

the iterates by taking the proximal gradient step from an extrapolation of the last two

iterates. The updates for this accelerated proximal gradient method takes the following
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form:

yt+1 = xt + ωt(x
t − xt−1)

xt+1 = proxαg(y
t+1 − α∇f(yt+1)),

with ωt ∈ [0, 1) is an extrapolation parameter. A standard choice for this parameter is

t
t+3
. This modification of the proximal gradient method yields a sequence of iterates that

converge to the optimal solution at a quicker rate.

5.6.3 Alternating Direction Method of Multipliers

The Alternating Direction Method of Multipliers (ADMM) solves problems with

the following form

min
x∈Rp,y∈Rm

{
f(x) + g(y) : Ax+By = c

}
,

by utilizing an approximate dual gradient ascent, where f : Rp → R, g : Rm → R, A ∈

Rr×p, B ∈ Rr, and c ∈ Rr. By splitting the decision variable β ∈ Rp as two new variables

x, y ∈ Rp with a linear coupling constraint of x = y allows

min
β∈Rp

f(β) = min
β∈Rp

{
1

2
βT2(XTX + γΩ)β + (−2XTY θt+1)Tβ + λ‖β‖1

}

f(β) =
1

2
βTAβ + dTβ + λ‖β‖1

to be rewritten as

min
x,y∈Rp

{
1

2
xTAx− xTd+ λ‖y‖1 : x− y = 0

}
.

This rewritten form allows ADMM to be used to generate a sequence of iterates using

approximate dual gradient ascent steps. First, consider the iterates (xt, yt, zt) after t

steps of the algorithm. The update for x is given by the following

xt+1 = arg min
x∈Rp

Lµ(x, yt, zt) = arg min
x∈Rp

1

2
xT (µI + A)x− xT (d+ µyt − zt),
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where Lµ(x, y, z) represents the augmented Lagrangian and µ > 0 is a penalty parameter

controlling the emphasis on enforcing feasibility of the primal iterates x and y. The

augmented Lagrangian is

Lµ(x, y, z) =
1

2
xTAx− xTd+ λ‖y‖1 + zT (x− y) +

1

2
µ‖x− y‖2

for all x, y ∈ Rp. After the application of the the first order necessary and sufficient

conditions for optimality, xt+1 must satisfy the following:

(µI + A)xt+1 = d+ µyt − zt.

Taking the Cholesky decomposition of µI + A = BBT and solve for xt+1 by solving the

following triangular systems

BBTxt+1 = d+ µyT − zT .

With the generalized elastic net matrix Ω being diagonal, the Sherman-Morrison-Woodbury

formula can be applied to more efficiently solve the linear system. More details on this

procedure is available in Atkins et al., 2017, Section 2.1. Next y can be updated by

yt+1 = arg min
y∈Rp

Lµ(xt+1, y, zt) = arg min
y∈Rp

λ‖y‖1 +
1

2
µ‖y − xt+1 − zt

µ
‖.

Hence, yt+1 is updated as the value of the soft thresholding operator of the l1-penalty at

zt

µ
+ xt+1 :

yt+1 = Sλ(x
t+1 +

zt

µ
) = sign(xt+1 +

zt

µ
) max

{
|xt+1 +

zt

µ
| − λe, 0

}
.
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And lastly, z can be updated using the approximate dual ascent step by

zt+1 = zt + µ(xt+1 − yt+1).

Under certain strong convexity assumptions of f and g and rank assumptions on A and

B, it is known that ADMM creates a sequence of iterates that converge linearly to an

optimal solution of

min
x∈Rp,y∈Rm

{
f(x) + g(y) : Ax+By = c

}
.

All of these assumptions are satisfied through the optimization problem of

min
x,y∈Rp

{
1

2
xTAx− xTd+ λ‖y‖1 : x− y = 0

}
,

with Ω being positive definite. Thus the iterates xt, yt, zt converges to a minimizer of

f(β). Hence, xt − yt → 0 and f(xt), f(yt) converge linearly to the minimum value of

f [1, Section 2].
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RESULTS

With this research, we consider the sparse regression techniques as tools for clas-

sification of sentiment within Twitter posts.

6.1 Twitter Analysis for Autism Sentiments

As an illustrative example, we employ sparse regression techniques to classify

tweets based on the users’ perception of a connection between vaccinations and autism

spectrum disorder. In other words, we are tasked with correctly classifying whether or

not a user believes that autism spectrum disorder is caused by vaccinations based on

the content of their tweets. The data for this research consists of two sets of tweets that

were manually labeled in the following scheme: pro-vaccination (1), anti-vaccination (2),

neutral (3), unsure (4), unrelated (5), and unidentified (6) based on their content by two

different individuals [19]. Those tweets which had a label other than pro-vaccination

(1) or anti-vaccination (2) were discarded and not considered in this research. The

two sets of aforementioned data originally consisted of the same 2000 tweets, but were

reduced during the two independent manual labeling processes. The training data, which

consists of one set of tweets labeled by one individual, has 1543 observations/tweets, and

the testing data, which is the set of tweets labeled by the other individual, consists of

1827 observations/tweets. From both data sets, stop words such as: is, was, he, she, it,

the, etc, were removed along with all punctuation. Each data set was then converted

into a document term matrix using only the dictionary from the training data. The

document term matrices are comprised of rows, which are the documents or tweets, and

columns, which are the terms or predictors from all of the tweets in the training data.
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The total amount of predictors or features in both data sets is 5281. Hence, the training

data is a 1543 × 5281 data matrix, and the testing data is a 1827 × 5281 data matrix.

The approaches of analysis conducted in this research include linear regression, logistic

regression, sparse logistic regression, sparse logistic regression with an optimal threshold,

and accelerated sparse discriminant analysis.

6.1.1 Linear Regression Results

The first method performed on this data was linear regression. Because this data

has multiple predictor variables, the linear regression model had the following form

Yi = β0 + β1Xi1 + β2Xi2 + ...+ βpXip + εi

with Yi being the quantitative response with labels of 1 or 2, for pro-vaccination and

anti-vaccination sentiments, respectively, and Xi1, Xi2, ..., Xip being the terms in the

dictionary or predictors. The unknown model parameters β for the training data was

computed using the lm command in R, which fits linear models and carries out linear

regression. The linear model obtained was then used to predict the response values, Yi,

for the testing data. Once these values were predicted, they were rounded to either 1

for pro-vaccination sentiment or 2 for anti-vaccination sentiment, which were the given

labels. This rounding process was carried out in the standard rounding process, other

than the fact that all of the values below 0 were treated as having a value of 1, and

all of the values above 2 were treated as having a value of 2. The misclassification rate

for this linear model is 52.9%, which is worse than making an educated guess for the

labels of each tweet. The large misclassification rate could be contributed to by the

arbitrary labeling of 1 and 2 for the response variable. More importantly, this model

further indicates that the relationship between the predictor variable and the response

variable is not a linear relationship.
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6.1.2 Logistic Regression and Sparse Logistic Regression Results

Logistic regression was the next technique that was implemented on this textual

data. This approach seems more natural, as we are trying to accurately classify one’s

feelings about vaccinations and autism. In other words, we are attempting to categorize

the tweets into one of two categories; therefore, logistic regression seems to be a more

natural fit for this type of analysis. Once again, there are multiple predictors within this

data, so the logistic regression model will take on the following form

p(X) =
eβ0+X1β1+...+Xpβp

1 + eβ0+X1β1+...+Xpβp
=

eXβ

1 + eXβ

with X being the n x p document term matrix and βi being the unknown model pa-

rameters. The logistic regression aims to predict the probability that each predictor

belongs to a particular response class. Prior to running logistic regression in R on the

training data, the response variable Yi, which was originally 1 or 2, was relabeled to 0

and 1, respectively, since these are the usual response variables for logistic regression.

To carry out logistic regression, the glmnet function in R was used. The model was

trained on the training data, and the coefficient parameters computed were used to pre-

dict the probability that each predictor belonged to one of two classes for the testing

data. Just as described in the logistic regression section of this paper, the following

maximum likelihood problem was solved

min

{
− 1

n

n∑
i=1

[
Yiβ − log(1 + eXiβ)

]}

Due to the number of features being far larger than the number of observations, the

model produced was very degenerate, and therefore yielded a large misclassification rate

of 66.3%. This large misclassification rate is assumed to mainly be caused by overfitting

of the logistic model. Thus, the model was regularized using the l1-penalty or LASSO

and the l2-penalty or ridge regression, separately. The sparse logistic regression problem
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for both LASSO and ridge are indicated below, respectively.

min

{
− 1

n

n∑
i=1

[
Yiβ − log(1 + eXiβ)

]
+ λ‖β‖1

}

min
n∑
i=1

{
(Yi − β0 −

p∑
j=1

βjXip)
2 + λ

p∑
j=1

β2
j

}
;

100-fold cross-validation was performed using the glmnet function in R, with lambda.min

being the chosen λ, which yields the minimum cross-validation error.

As before with the standard logistic regression, the models obtained from both

ridge regression and LASSO were then used to make predictions on the testing data.

Both ridge regression and LASSO performed fairly well, but ridge uses all of the 5281

features, which makes interpreting the model more difficult. On the other hand, LASSO

had a slightly lower misclassification rate and due to its variable selection, this model

is more interpretable. The ridge regression model produced the following truth table,

which had a misclassification rate of 0.3766, and the LASSO model produced the truth

table listed below with a misclassification rate of 0.3027. It should be noted that all the

columns of the truth tables in this chapter represent the actual classifications and the

rows represent the predicted classifications.

Table 6.1: Truth Table for Ridge Regression

0 1

0 264 72

1 459 1032

Table 6.2: Truth Table for LASSO

0 1

0 246 76

1 477 1028
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Figure 6.1: Plot Cross-Validation for Ridge Regression

Figure 6.2: Plot for Cross-Validation for LASSO
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Despite having a fairly low misclassification rate for both the ridge regression and

LASSO, the regularizations cause the misclassification rate for the response classes to

be imbalanced. For the ridge regression, response class 0 has a misclassification rate of

0.6349 and response class 1 has a misclassification rate of 0.0652. LASSO produces a

misclassification rate of 0.6598 for response class 0 and a misclassification rate of 0.0688

for response class 1.

Applying the ridge regression and LASSO models back to the training data yields

in-sample results. The in-sample misclassification rate for ridge regression is 0.0032, and

the in-sample misclassification rate for LASSO is 0.0093. The truth table for both in-

sample ridge regression and LASSO are below. Ridge regression yields a misclassification

rate of 0.0093 for response class 0, and a misclassification rate of 0 for response class 1.

LASSO produces a misclassification rate of 0 for response class 0 and a misclassification

rate of 0.0784 for response class 1.

Table 6.3: Truth Table for Ridge Regression (In-Sample)

0 1

0 535 0

1 5 1003

Table 6.4: Truth Table for LASSO (In-Sample)

0 1

0 535 79

1 0 929

Since the implementation of l1-penalty uses variable selection, a feature list is

produced to select which features are most closely associated with each response class.

The feature lists with the top ten terms most associated with each sentiment are below.

As outlined above, the sparse logistic regression with the l1-penalty yields a sparse
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Table 6.5: Feature List for Pro-Vaccination Sentiment

Term Coefficient

httptco2xdyqkpf1g -3.77E+00

cnncom -3.78E+00

idiot -3.84E+00

debate -3.95E+00

mouth -3.95E+00

due -4.00E+00

antivaxx -4.05E+00

diagnosi -4.95E+00

skleffman -5.72E+00

httptcoxwg26frn -6.22E+00

Table 6.6: Feature List for Anti-Vaccination Sentiment

Term Coefficient

induc 8.14E+00

autismvaccinescauseautismdrwakefieldhttptco2o39ynuv5u 7.46E+00

amish 6.43E+00

httptco8e5ldg6m 5.76E+00

autismreally 5.39E+00

cdcwhistleblow 4.58E+00

equal 4.18E+00

illuminati 4.17E+00

byte 4.11E+00

cost 4.00E+00

model with most model parameters equal to zero. However, due to degeneracy, there are

many solutions and thus there may be a better model to improve the misclassification

rate of the testing data. The following table summarizes all of the misclassification rates

for the standard logistic regression.
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Table 6.7: Logistic Regression Results

Ridge Regression LASSO

Misclassification Rate 0.2906 0.3027

In-Sample Results

Misclassification Rate 0.0032 0.0093

6.1.3 Sparse Logistic Regression with Optimal Threshold Results

Due to the imbalance in errors among the response classes of both ridge regression

and LASSO of the logistic regression, the method of using the optimal threshold with

logistic regression was performed in hopes of balancing out the number of errors in

each class. In other words, the sparse logistic models did a poor job at accurately

identifying the observations that should have been labeled as 0, but it did a fairly good

job at identifying observations that were labeled as 1. The general idea with the optimal

threshold technique is to gain an overall lower misclassification rate, while also producing

a lower misclassification rate among each response class. The optimal threshold for

both LASSO and ridge regression was conducted using the optimalCutoff function in

R [18, Section 3.1]. The optimal threshold and misclassification rate for both the ridge

regression and LASSO penalty is displayed below.

Table 6.8: Sparse Logistic Regression with Optimal Threshold Results

Ridge Regression LASSO

Optimal Threshold Optimal Threshold

Misclassification Rate 0.1834 0.2731

Table 6.9: Truth Table for Ridge Regression with Optimal Threshold

0 1

0 499 111

1 224 993

40



Table 6.10: Truth Table for LASSO with Optimal Threshold

0 1

0 366 142

1 357 962

The in-sample results for the optimal threshold for both ridge regression and

LASSO are below.

Table 6.11: In-Sample Sparse Logistic Regression with Optimal Threshold Results

Ridge Regression LASSO

Optimal Threshold Optimal Threshold

Misclassification Rate 0.0032 0.1005

Table 6.12: Truth Table for Ridge Regression with Optimal Threshold (In-Sample)

0 1

0 537 2

1 3 1001

Table 6.13: Truth Table for LASSO with Optimal Threshold (In-Sample)

0 1

0 467 82

1 73 921

6.1.3.1 Sparse Logistic Regression with Mean Threshold Results

Since the optimalCutoff function in R utilizes the actual response variables, and

these are not always known in real-world applications, the mean of the predicted values

of the testing data was used as the threshold. This yielded the following results:

The misclassification rate for the Ridge regression using the mean as the threshold

is 0.1872, and the misclassification rate for the LASSO using the mean as the threshold
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Table 6.14: Truth Table for Ridge Regression with Mean Threshold

0 1

0 575 194

1 148 910

Table 6.15: Truth Table for LASSO with Mean Threshold

0 1

0 367 137

1 356 967

is 0.2698. These results are very comparable to the results that were produced using

the optimal threshold technique. For ridge regression, the misclassification rate for class

0 and class 1 is 0.2047 and 0.2132, respectively. The LASSO produces the following

misclassification rates for class 0 and class 1 respectively: 0.4924 and 0.1241.

Utilizing the mean of the data as the threshold also yielded the following in-sample

results:

Table 6.16: In-Sample Sparse Logistic Regression with Mean Threshold Results

Ridge Regression LASSO

Mean Threshold Mean Threshold

Misclassification Rate 0.0078 0.0752

Table 6.17: Truth Table for Ridge Regression with Mean Threshold (In-Sample)

0 1

0 540 12

1 0 991

The following table summarizes the sparse logistic regression results for both

optimal and mean thresholds.
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Table 6.18: Truth Table for LASSO with Mean Threshold (In-Sample)

0 1

0 535 111

1 5 892

Table 6.19: Sparse Logistic Regression with Threshold Results

Ridge Regression LASSO

Opt Thresh Mean Thresh Opt Thresh Mean Thresh

M.C. Rate 0.1834 0.1872 0.2731 0.2698

In-Sample Results

M.C. Rate 0.0032 0.0078 0.1005 0.0752

6.1.4 Accelerated Sparse Discriminant Analysis Results

We use the package accSDA in R to perform dimension reduction in a faster

method. The data was uploaded into R, and a cross-validation scheme utilizing both λ

and γ were performed.

To begin, the training data was split into training observations and validation

observations using 10-folds. The ASDA method was trained on this data using a range

of λs and γs. The λs chosen were 0.01, 0.001, and 0.00001, and the chosen γs were

0.001, 0.0001, and 0.000001. These values were chosen after performing a trial run using

ASDA, in which a larger range of λ and γ were used. Once running this trial run, the

values of λ and γ close to the chosen values produced the lowest misclassification rate.

The misclassification rates for each λ, γ pair was calculated, and the pair with the lowest

misclassification rate was used in the final model. The final ASDA model was then run

on the testing data to produce the following results. A misclassification rate of 0.2852

was yielded, and the following truth table was produced:

This model produces a large misclassification rate of 0.6321 for the classification

of response class 0, and therefore this model can be improved by tuning the threshold.

The misclassification rate of response class 1 is 0.0580. It can be seen that there is
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Table 6.20: Truth Table for ASDA

0 1

0 266 64

1 457 1040

an extreme imbalance of misclassification with this model. Therefore, even though the

overall misclassification rate of the model is low, the number of misclassifications within

response class 0 is very large. The goal for performing ASDA is to get results that surpass

those of the above techniques that have been used. Hence, this technique should lower

the misclassification rate of the entire data set and for each response class. Therefore, the

next logical step towards making these improvements is to apply the optimal threshold

component to this ASDA technique.

6.1.5 Accelerated Sparse Discriminant Analysis with Optimal Threshold Results

Just as with the above ASDA technique, cross validation was performed using the

same λs and γs as before. Then the optimalCutoff function in R was utilized to obtain

the optimal threshold based on the predicted scores of the training set of the training

data. The λ and γ pair that produced the least amount of total misclassifications were

chosen and used for the model along with an optimal threshold that was computed using

the predicted scores for the testing data. This final ASDA model was run on the testing

data and yielded the following results:

Table 6.21: Truth Table for ASDA with Optimal Threshold

0 1

0 450 192

1 273 912

The overall misclassification rate for this model is 0.2545, which is lower than the

above ASDA model. Response class 0 has a misclassification rate of 0.3776, and response

class 1 has a misclassification rate of 0.1739. The misclassification rates of these response
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classes are more balanced than the previous results. The in-sample results are as below.

The overall misclassification rate for this in-sample model is 0.1426 with response class 0

Table 6.22: Truth Table for ASDA with Optimal Threshold (In-Sample)

0 1

0 434 114

1 106 889

having a misclassification rate of 0.1963, and response class 1 having a misclassification

rate of 0.1137. The in-sample results outperform the out-of-sample results, as should

be the case, since the model is re-run on the training data. However, these in-sample

results have a large misclassification rate considering that the model was applied to the

data in which is was trained on. To improve these results, the choices of λ and γ will be

explored more closely in the next subsection.

6.1.5.1 Accelerated Sparse Discriminant Analysis with Mean Threshold Results

Once again since the exact labels of the data may not be known, the model was

adjusted to use the mean of the scores of the data as the threshold. The procedure was

the same as with the optimal threshold for ASDA technique except rather than using the

optimalCutoff command in R, the mean scores of the data was used. This yielded the fol-

lowing results: The overall misclassification rate for this model is 0.2616, which is slightly

Table 6.23: Truth Table for ASDA with Mean Threshold

0 1

0 477 232

1 246 872

larger than the misclassification rate with the optimal threshold utilized. Response class

0 has a misclassification rate of 0.3402, and response class 1 has a misclassification rate

of 0.2101. The in-sample results for ASDA with the mean threshold are as follows: The

overall in-sample misclassification rate for this model is 0.1925, which is also larger than
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Table 6.24: Truth Table for ASDA with Mean Threshold (In-Sample)

0 1

0 520 277

1 20 726

the rate for the ASDA model using the optimal threshold. Response class 0 and response

class 1 had misclassification rates of 0.0370 and 0.2762, respectively. Both of these rates

are also larger than those using the optimal threshold. Improvements to these models

are made in the following subsection by extending the range of the values of λ and γ in

the ASDA cross-validation scheme.

6.1.6 Accelerated Sparse Discriminant Analysis with Extended Range of λ and γ Re-

sults

Extending the range of λ and γ combined with the use of the optimal threshold

yields the results below. The values of λ are 0.01, 0.001, 0.00001, 0.0000001, 0.02, 0.002, 0.03,

0.003, and 0.04. The values of γ are 0.001, 0.0001, 0.000001, 0.02, and 0.04. The results

using these values of λ and γ are summarized as follows:

Table 6.25: Truth Table for ASDA with Optimal Threshold

0 1

0 425 189

1 289 915

The overall misclassification rate for this model is 0.2666 with response class 0

and response class 1 having misclassification rates of 0.4122 and 0.1712, respectively.

The number of misclassifications in this model are more than the number of misclassifi-

cations using the aforementioned values of γ and λ, which allots for the increase in the

misclassification rates. It can be seen that there is also an imbalance in the number of

errors for response class 0 and response class 1. The in-sample results for this model are

below:
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Table 6.26: Truth Table for ASDA with Optimal Threshold (In-Sample)

0 1

0 367 92

1 173 911

The misclassification rate for this model is 0.1717 and response class 0 has a

misclassification rate of 0.3204, and response class 1 has a misclassification rate of 0.0917.

The total number of misclassifications for this in-sample data is fairly large; however,

the the misclassification rate for response class 1 is extremely low.

6.1.6.1 Accelerated Sparse Discriminant Analysis with Mean Threshold Results

Just as with the above models, this model was modified to use the mean of

the scores of the data as the threshold. Doing so yielded the following results: The

Table 6.27: Truth Table for ASDA with Mean Threshold

0 1

0 477 232

1 246 872

misclassification rate for this model is 0.2616 with response class 0 and response class 1

having misclassification rates of 0.3402 and 0.2101, respectively. This model produced

the slightly lower misclassification rates overall and for each of the response classes than

the above model with the optimal threshold. It should also be noted that the errors

between the response classes are closer than the errors between the response classes

when using the optimal threshold. The in-sample results for this model is below. The

Table 6.28: Truth Table for ASDA with Mean Threshold (In-Sample)

0 1

0 434 114

1 106 889
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in-sample misclassification rate is 0.1925 with response class 0 and response class 1

having misclassification rates of 0.1963 and 0.1137, respectively. Although the overall

misclassification rate for this model is larger than the in-sample rate using the optimal

threshold, the misclassification rate for the response classes are more balanced.

With the extension in the range of values of λ and γ for ASDA with the optimal

and mean thresholds, utilizing the mean thresholds yielded more balanced response class

misclassifications than the optimal threshold. Also, the overall misclassification rates

when the mean scores were used as the threshold was comparable to the rates when the

optimal threshold was used.

6.1.7 Accelerated Sparse Discriminant Analysis with Ridge Regression Results

Lastly, since ridge regression produced relatively low misclassification rates for

logistic regression models, it was implemented into ASDA with the same parameters of

using the optimal threshold and the mean threshold. Applying ridge regression to ASDA

with the optimal threshold yielded the results below.

Table 6.29: Truth Table for ASDA with Ridge Regression and Optimal Threshold

0 1

0 440 181

1 283 923

The misclassification rate for this model is 0.2540, which is lower than the mis-

classification rate of the standard ASDA with the optimal threshold model. Response

class 0 and response class 1 have misclassification rates of 0.3914 and 0.1639, respec-

tively. The response class misclassification rates are slightly more imbalanced than the

standard ASDA with optimal threshold model. However, response class 1 does have a

lower rate than response class 1 of the standard ASDA with optimal threshold model.

The in-sample results for ASDA with ridge regression and optimal threshold is below.

This in-sample model has a misclassification rate of 0.1432 with response class

48



Table 6.30: Truth Table for ASDA with Ridge Regression and Optimal Threshold (In-
Sample)

0 1

0 428 109

1 112 894

0 and response class 1 having misclassification rates of 0.2071 and 0.1087, respectively.

Once again the imbalance of errors between the response classes is slightly larger, but

response class 1 has a lower misclassification rate than the standard in-sample ASDA

with optimal threshold model.

6.1.7.1 Accelerated Discriminant Analysis with Ridge Regression and Mean Threshold

Results

Following the same procedure as before, the mean of the scores was used as the

threshold for the data in place of the optimal threshold. The following results were

obtained.

Table 6.31: Truth Table for ASDA with Ridge Regression and Mean Threshold

0 1

0 478 230

1 245 874

This model produced a misclassification rate of 0.2600, which is lower than the

misclassification rate yielded by the standard ASDA with mean threshold model. Re-

sponse class 0 and response class 1 had misclassification rates of 0.3389 and 0.2083,

respectively. Both of these response class misclassification rates are also lower than

those of the standard ASDA with mean threshold model. However, the imbalance of

errors among each response class is roughly the same as that produced by the standard

ASDA model with mean threshold.

The in-sample results for the ASDA with ridge regression and mean threshold
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model are below.

Table 6.32: Truth Table for ASDA with Ridge Regression and Mean Threshold (In-
Sample)

0 1

0 521 277

1 19 726

This in-sample model yielded a misclassification rate of 0.1918 with response class

0 and response class 1 having a misclassification rate of 0.0352 and 0.2762, respectively.

Although the overall misclassification rate for this in-sample model is lower than the

misclassification rate for the standard in-sample ASDA with mean threshold model, the

response class errors are more unbalanced. In fact, this model did better at predicting

the response class 0 than it did at predicting response class 1, which has not been the

case for all of the other models.

The following tables summarize the results for ASDA with optimal and mean

thresholds and with the extended values of λ and γ. These tables also include the

in-sample results for each of the models.

Table 6.33: Accelerated Sparse Discriminant Analysis with Threshold Results

Ridge Regression LASSO

Opt Thresh Mean Thresh Opt Thresh Mean Thresh

Misclassification Rate 0.2540 0.2600 0.2545 0.2616

In-Sample Results

Misclassification Rate 0.1432 0.1918 0.1426 0.1925
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Table 6.34: Accelerated Sparse Discriminant Analysis with Threshold and 10 λs and 5
γs Results

Optimal Threshold Mean Threshold

Misclassification Rate 0.2666 0.2616

In-Sample Results

Misclassification Rate 0.1717 0.1426

6.1.8 Analysis of Autism Data with 80/20-Partition of Data Results

In this subsection, the autism data was partitioned into a training set and a

validation set. The training set consisted of 80% of the original autism training data, and

the validation set was comprised of the remaining 20% of the training data. For sparse

logistic regression, the ridge regression and LASSO were obtained with and without

an optimal threshold. For the optimal thresholds, there were two thresholds that were

used within this method with the intention of improving the model by lowering the

misclassification rates and balancing the number of misclassification within each response

class. The first threshold optimizes for the minimum misclassification error of the model,

and the second optimal threshold yields the maximum Youden’s Index. Youden’s Index

tells how well a model has performed through the use of sensitivity and specificity. The

formula for Youden’s Index is sensitivity + specificity - 1, or

Youden’s Index =
true positives

true positives + false negatives
+

true negatives
true negatives + false positives

−1.

Both of these optimal thresholds were used in both the sparse logistic regression models

and the ASDA models. In the following sub-subsections the results obtained from these

models will be presented.
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6.1.8.1 Sparse Logistic Regression with 80/20-Split Results

Sparse logistic regression using only the original training data with 80% of the

data being the training set and the remaining 20% of the data being the validation set was

conducted. This yields ridge regression and LASSO models. With these regularization

models, the implementation of the optimal threshold optimizing for both the minimum

misclassification error and the maximum of Youden’s Index was used. The results are as

follows. The sparse logistic regression results with no optimal threshold are below.

Table 6.35: Truth Table for Ridge Regression

0 1

0 27 1

1 85 196

The misclassification rate for this model is 0.2783 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.7589 and 0.0051, respectively.

Table 6.36: Truth Table for LASSO

0 1

0 79 15

1 33 182

The misclassification rate for this LASSO model is 0.1553 with response class 0

and response class 1 having a misclassification rate of 0.2946 and 0.0761, respectively.

The in-sample results for ridge regression and LASSO with no optimal threshold

are below.

Table 6.37: Truth Table for Ridge Regression (In-Sample)

0 1

0 353 0

1 75 806
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The misclassification rate for this model is 0.0608 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.1752 and 0, respectively.

Table 6.38: Truth Table for LASSO (In-Sample)

0 1

0 346 22

1 82 784

The misclassification rate for this in-sample LASSO model is 0.0843 with re-

sponse class 0 and response class 1 having a misclassification rate of 0.1916 and 0.0273,

respectively.

6.1.8.2 Sparse Logistic Regression with Optimal Threshold Results

For the optimal threshold, as stated above, two of them will be utilized. One

optimal threshold will optimize for the minimum number of misclassifications for the

entire model, and the second optimal threshold will optimize for the maximum value

of Youden’s Index. Including the optimal threshold which minimizes the number of

misclassifications yielded the following results.

Table 6.39: Truth Table for Ridge Regression with Optimal Threshold for Misclassifica-
tion

0 1

0 106 31

1 6 166

The misclassification rate for this ridge regression model is 0.1197 with response

class 0 and response class 1 having a misclassification rate of 0.0536 and 0.1574, respec-

tively.
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Table 6.40: Truth Table for LASSO with Optimal Threshold for Misclassification

0 1

0 91 17

1 21 180

The misclassification rate for this LASSO model is 0.1230 with response class 0

and response class 1 having a misclassification rate of 0.1875 and 0.0863, respectively.

The results for sparse logistic regression using the optimal threshold that maxi-

mizes Youden’s Index are below.

Table 6.41: Truth Table for Ridge Regression with Optimal Threshold for Youden’s
Index

0 1

0 106 31

1 6 166

The misclassification rate for this ridge regression model is 0.1197 with response

class 0 and response class 1 having a misclassification rate of 0.0536 and 0.1574, respec-

tively.

Table 6.42: Truth Table for LASSO with Optimal Threshold for Youden’s Index

0 1

0 91 17

1 21 180

The misclassification rate for this LASSO model is 0.1230 with response class 0

and response class 1 having a misclassification rate of 0.1875 and 0.0863, respectively.
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The in-sample results for both of these models are included below.

Table 6.43: Truth Table for Ridge Regression with Optimal Threshold for Misclassifica-
tion (In-Sample)

0 1

0 425 1

1 3 805

The in-sample misclassification rate for this model is 0.0032 with response class

0 and response class 1 having a misclassification rate of 0.0070 and 0.0012, respectively.

Table 6.44: Truth Table for LASSO with Optimal Threshold for Misclassification (In-
Sample)

0 1

0 424 59

1 4 744

The misclassification rate for this in-sample LASSO model is 0.0511 with re-

sponse class 0 and response class 1 having a misclassification rate of 0.0093 and 0.0073,

respectively.

The results for the in-sample sparse logistic regression models using the optimal

threshold that maximizes Youden’s Index is below.

Table 6.45: Truth Table for Ridge Regression with Optimal Threshold for Youden’s
Index (In-Sample)

0 1

0 426 2

1 2 804

The misclassification rate for this in-sample ridge regression model is 0.0032 with

response class 0 and response class 1 having a misclassification rate of 0.0047 and 0.0025,

respectively.
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Table 6.46: Truth Table for LASSO with Optimal Threshold for Youden’s Index (In-
Sample)

0 1

0 424 59

1 4 744

The misclassification rate for this in-sample LASSO model is 0.0511 with re-

sponse class 0 and response class 1 having a misclassification rate of 0.0093 and 0.0073,

respectively.

6.1.8.3 Sparse Logistic Regression with Mean Threshold Results

Using the mean scores of the data as the threshold for sparse logistic regression

models yielded the results below. Since the mean scores of the data are being used as

the threshold, there is no way to optimize for the smallest misclassification rate or the

maximum Youden’s Index. Thus, there is only one set of out-of-sample and in-sample

results.

Table 6.47: Truth Table for Ridge Regression with Mean Threshold

0 1

0 104 31

1 8 166

The misclassification rate for this model is 0.1262 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.0714 and 0.1574, respectively.

Table 6.48: Truth Table for LASSO with Mean Threshold

0 1

0 95 33

1 17 164

The misclassification rate for this model is 0.1618 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.1518 and 0.1675, respectively.
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The in-sample results for both of these sparse logistic models with the mean

threshold are included below.

Table 6.49: Truth Table for Ridge Regression with Mean Threshold (In-Sample)

0 1

0 426 6

1 2 800

The misclassification rate for this model is 0.0065 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.0047 and 0.0074, respectively.

Table 6.50: Truth Table for LASSO with Mean Threshold (In-Sample)

0 1

0 424 114

1 4 692

The misclassification rate for this model is 0.0956 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.0093 and 0.1414, respectively.

6.1.8.4 Accelerated Sparse Discriminant Analysis with Optimal Threshold Results

In this sub-subsection, the results of ASDA with the implementation of an optimal

threshold with 80% of the original training data being the training set and the remaining

20% of the training data being the validation set is detailed. The results for ASDA using

the optimal threshold that minimizes the number of misclassifications are below.

Table 6.51: Truth Table for ASDA with Optimal Threshold for Misclassification

0 1

0 76 21

1 25 187

The misclassification rate for this model is 0.1489 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.2475 and 0.1010, respectively.
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The results for ASDA using the optimal threshold that maximizes Youden’s Index

are below.

Table 6.52: Truth Table for ASDA with Optimal Threshold for Youden’s Index

0 1

0 90 37

1 11 171

The misclassification rate for this model is 0.1553 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.1089 and 0.1779, respectively.

The in-sample results for both of these ASDA models with optimal thresholds are

included below.

Table 6.53: Truth Table for ASDA with Optimal Threshold for Misclassification (In-
Sample)

0 1

0 381 107

1 58 688

The misclassification rate for this in-sample model is 0.1337 with response class

0 and response class 1 having a misclassification rate of 0.1321 and 0.1346, respectively.

The in-sample results for ASDA using the optimal threshold that maximizes

Youden’s Index are below.

Table 6.54: Truth Table for ASDA with Optimal Threshold for Youden’s Index (In-
Sample)

0 1

0 385 113

1 54 682

The misclassification rate for this in-sample model is 0.1353 with response class

0 and response class 1 having a misclassification rate of 0.1230 and 0.1421, respectively.
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6.1.8.5 Accelerated Discriminant Analysis with Mean Threshold Results

The results of ASDA with the implementation of the mean scores of the data as

the optimal threshold with 80% of the original training data being the training set and

the remaining 20% of the training data being the validation set is detailed. As before,

there were two optimal thresholds that were used within this ASDA method. Since the

mean scores of the data are being used as the threshold, there is no way to optimize for

the smallest misclassification rate or the maximum Youden’s Index. Thus, there is only

one set of out-of-sample and in-sample results.

Table 6.55: Truth Table for ASDA with Mean Threshold

0 1

0 93 64

1 8 144

The misclassification rate for this ASDA model is 0.2330 with response class 0

and response class 1 having a misclassification rate of 0.0259 and 0.3077, respectively.

The in-sample results for this ADSA with mean threshold model is included below.

Table 6.56: Truth Table for ASDA with Mean Threshold (In-Sample)

0 1

0 429 212

1 10 583

The misclassification rate for this model is 0.1799 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.0081 and 0.2667, respectively.

6.1.8.6 Accelerated Discriminant Analysis with Extended Range of λ and γ Results

Extending the range of λ and γ to match the range of those used above and

performing ASDA yielded the results below. The results from the ASDA model that

optimizes the threshold for misclassification are below.
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Table 6.57: Truth Table for ASDA with Optimal Threshold for Misclassification

0 1

0 68 16

1 38 187

The misclassification rate for this model is 0.1748 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.3585 and 0.0788, respectively.

The results from the ASDA model that optimizes the threshold for the maximum

Youden’s Index are below.

Table 6.58: Truth Table for ASDA with Optimal Threshold for Youden’s Index

0 1

0 98 55

1 8 148

The misclassification rate for this model is 0.2039 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.0755 and 0.2709, respectively.

The in-sample results for both of these ASDA with optimal thresholds models are

below.

Table 6.59: Truth Table for ASDA with Optimal Threshold for Misclassification (In-
Sample)

0 1

0 379 111

1 55 689

The in-sample misclassification rate is 0.1345 with response class 0 and response

class 1 having a misclassification rate of 0.0446 and 0.1388, respectively.

The misclassification rate for this model is 0.1345 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.0446 and 0.1388, respectively.
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Table 6.60: Truth Table for ASDA with Optimal Threshold for Youden’s Index (In-
Sample)

0 1

0 379 111

1 55 689

6.1.8.7 Accelerated Sparse Discriminant Analysis with Mean Threshold Results

Utilizing the mean scores of the data as the threshold yielded the results below.

Just as before, since the mean scores of the data is being used as the threshold, then there

is no way to optimize for minimum misclassification or maximize for Youden’s Index.

Table 6.61: Truth Table for ASDA with Mean Threshold

0 1

0 98 60

1 8 143

The misclassification rate for this model is 0.2201 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.0755 and 0.2956, respectively.

The in-sample results for the ASDA model with the mean serving as the threshold

are below.

Table 6.62: Truth Table for ASDA with Mean Threshold (In-Sample)

0 1

0 421 213

1 13 587

The misclassification rate for this model is 0.1831 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.0105 and 0.2663, respectively.
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6.1.8.8 Accelerated Discriminant Analysis with Ridge Regression and Optimal Thresh-

old Results

ASDA with ridge regression was also conducted on the autism sentiment data

with the two optimal thresholds (one for minimizing the misclassifications and one for

maximizing Youden’s Index) along with the mean scores of the data as a threshold. The

results for each are as follows.

Utilizing ASDA with ridge regression with an optimal threshold that minimizes

the number of misclassifications yielded the results below.

Table 6.63: Truth Table for ASDA with Ridge Regression and Optimal Threshold for
Misclassification

0 1

0 83 27

1 20 179

The misclassification rate for this model is 0.1521 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.1942 and 0.1311, respectively.

Utilizing ASDA with ridge regression with an optimal threshold that maximizes

Youden’s Index yielded the results below.

Table 6.64: Truth Table for ASDA with Ridge Regression and Optimal Threshold for
Youden’s Index

0 1

0 99 54

1 4 152

The misclassification rate for this model is 0.1877 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.0388 and 0.2621, respectively.

The in-sample results for each of these models are below. Optimizing the threshold

for the minimum misclassifications yielded the following in-sample results.
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Table 6.65: Truth Table for ASDA with Ridge Regression and Optimal Threshold for
Misclassification (In-Sample)

0 1

0 346 84

1 91 713

The in-sample misclassification rate for this model is 0.1418 with response class

0 and response class 1 having a misclassification rate of 0.2082 and 0.1054, respectively.

Utilizing ASDA with ridge regression with an optimal threshold that maximizes Youden’s

Index yielded the in-sample results below.

Table 6.66: Truth Table for ASDA with Ridge Regression and Optimal Threshold for
Youden’s Index (In-Sample)

0 1

0 405 154

1 32 643

This in-sample model has a misclassification rate of 0.1507 with response class 0

and response class 1 having a misclassification rate of 0.0732 and 0.1942, respectively.

6.1.8.9 Accelerated Discriminant Analysis with Ridge Regression and Mean Threshold

Results

The results of ASDA with ridge regression and using the mean scores of the data

as the threshold are below.
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Table 6.67: Truth Table for ASDA with Ridge Regression and Mean Threshold

0 1

0 100 63

1 3 143

The misclassification rate for this model is 0.2136 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.0291 and 0.3058, respectively.

The in-sample for ASDA with ridge regression using the mean scores as the thresh-

old results are below.

Table 6.68: Truth Table for ASDA with Ridge Regression and Mean Threshold (In-
Sample)

0 1

0 419 213

1 18 584

The in-sample misclassification rate is 0.1872 with response class 0 and response

class 1 having a misclassification rate of 0.0412 and 0.2673, respectively.

6.2 Twitter Analysis for Autonomous Car Sentiments

The final illustrative example used in the research was the analysis of Twitter

posts dealing with the sentiment of autonomous cars. In this data, users expressed their

opinions as to whether or not they agreed with having autonomous cars in operation.

The data originally consisted of 7156 tweets or observations which were manually labeled

on a scale of 1 to 5 with 1 having an anti-autonomous car sentiment and 5 having a pro-

autonomous car sentiment. Each observation labeled as "not relevant" or with a label

of 2, 3, or 4 were discarded in this research. This left the data set to contain 567

observations with 2084 predictor variables or features. This data was also partitioned

with 80% of the data being used as the training set, and the remaining 20% of the data
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being used as the validation set. Following the same procedure as the previous two

analyses, the stop words and all punctuation was removed from the data. Then both the

training set and the validation set were converted into document term matrices using

the dictionary from both the training and validation sets. Once again the rows in the

document term matrices represent the observations or tweets, and the columns represent

the terms or predictor variables. Thus, the training set is a data matrix of 453 × 2084,

and the validation set is a data matrix of 114× 2084. Sparse logistic regression with an

optimal and mean threshold and accelerated discriminant analysis were conducted on

this data.

6.2.1 Sparse Logistic Regression Results

Conducting the same procedures as used with the above analyses on the autism

data and the global warming data, sparse logistic regression with 100-fold cross-validation

was performed to obtain a ridge regression and LASSO model. This data has already

been partitioned so that 80% of the training data is used as the training set, and the

remaining 20% of the training data is used as the validation set. The results of these

models are below.

Table 6.69: Truth Table for Ridge Regression

0 1

0 0 0

1 18 96

This ridge regression model has a misclassification rate of 0.1579 with response

class 0 and response class 1 misclassification rate having a misclassification rate of 1 and

0, respectively.

This LASSO model has a misclassification rate of 0.1579 with response class 0

and response class 1 misclassification rate having a misclassification rate of 1 and 0,

respectively.
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Table 6.70: Truth Table for LASSO

0 1

0 0 0

1 18 96

The in-sample results for these ridge regression and LASSO models are below.

Table 6.71: Truth Table for Ridge Regression (In-Sample)

0 1

0 11 0

1 80 362

This in-sample ridge regression model has a misclassification rate of 0.1766 with

response class 0 and response class 1 misclassification rate having a misclassification rate

of 0.8791 and 0, respectively.

Table 6.72: Truth Table for LASSO (In-Sample)

0 1

0 14 0

1 77 362

This in-sample LASSO model has a misclassification rate of 0.1700 with response

class 0 and response class 1 misclassification rate having a misclassification rate of 0.8462

and 0, respectively.

6.2.2 Sparse Logistic Regression with Optimal Threshold Results

Just as with the autism sentiment data set, sparse logistic regression with two

optimal thresholds, one for minimizing the number of misclassifications, and the other

for maximizing Youden’s Index, were conducted. The results are below. The threshold

that minimizes the number of misclassifications in the model yielded the results that

follow.
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Table 6.73: Truth Table for Ridge Regression with Optimal Threshold for Misclassifica-
tion

0 1

0 7 4

1 11 92

The misclassification rate for this model is 0.1316 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.6111 and 0.0417, respectively.

Table 6.74: Truth Table for LASSO with Optimal Threshold for Misclassification

0 1

0 8 4

1 10 92

The misclassification rate for this model is 0.1228 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.5556 and 0.0417, respectively.

The results for sparse logistic regression using the optimal threshold that maxi-

mizes Youden’s Index is below.

Table 6.75: Truth Table for Ridge Regression with Optimal Threshold for Youden’s
Index

0 1

0 12 10

1 6 86

The misclassification rate for this model is 0.1404 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.3333 and 0.1042, respectively.
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Table 6.76: Truth Table for LASSO with Optimal Threshold for Youden’s Index

0 1

0 8 4

1 10 92

The misclassification rate for this model is 0.1228 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.5556 and 0.0417, respectively.

The in-sample results for both of these models are included below. The results

for the threshold used to minimize the number of misclassifications is below.

Table 6.77: Truth Table for Ridge Regression with Optimal Threshold for Misclassifica-
tion (In-Sample)

0 1

0 90 0

1 1 362

The misclassification rate for this model is 0.0022 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.0110 and 0, respectively.

Table 6.78: Truth Table for LASSO with Optimal Threshold for Misclassification (In-
Sample)

0 1

0 63 7

1 28 355

The misclassification rate for this model is 0.0773 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.3077 and 0.0193, respectively.
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The results for the in-sample sparse logistic regression using the optimal threshold

that maximizes Youden’s Index is below.

Table 6.79: Truth Table for Ridge Regression with Optimal Threshold for Youden’s
Index (In-Sample)

0 1

0 90 0

1 1 362

The misclassification rate for this model is 0.0022 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.0110 and 0, respectively.

Table 6.80: Truth Table for LASSO with Optimal Threshold for Youden’s Index (In-
Sample)

0 1

0 70 21

1 21 341

The misclassification rate for this model is 0.0927 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.2308 and 0.0580, respectively.

6.2.2.1 Sparse Logistic Regression with Mean Threshold Results

Using the mean scores of the data as the threshold for sparse logistic regres-

sion yielded the following results. Since the mean scores of the data are being used as

the threshold, there is no way to optimize for the smallest misclassification rate or the

maximum Youden’s Index. Thus, there is only one set of out-of-sample and in-sample

results.
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Table 6.81: Truth Table for Ridge Regression with Mean Threshold

0 1

0 14 27

1 4 69

The misclassification rate for this model is 0.2719 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.2222 and 0.2813, respectively.

Table 6.82: Truth Table for LASSO with Mean Threshold

0 1

0 9 15

1 9 81

The misclassification rate for this model is 0.2105 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.5000 and 0.1563, respectively.

The in-sample results for both of these models are included below.

Table 6.83: Truth Table for Ridge Regression with Mean Threshold (In-Sample)

0 1

0 91 4

1 0 358

The misclassification rate for this model is 0.0088 with response class 0 and re-

sponse class 1 having a misclassification rate of 0 and 0.0110, respectively.
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Table 6.84: Truth Table for LASSO with Mean Threshold (In-Sample)

0 1

0 70 21

1 21 341

The misclassification rate for this model is 0.0927 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.2308 and 0.0580, respectively.

6.2.3 Accelerated Discriminant Analysis Results

ASDA was also performed on this self-driving data with the goal of improving the

overall misclassification rate of the models and to balance the number of misclassifications

occurring in each of the response classes. ASDA with an optimal threshold, ASDA with

the mean scores of the data being used as the threshold, ASDA with an extended range

of λ and γ, and ASDA with ridge regression implemented were all utilized for this data.

The results for each method is detailed in the following subsections.

6.2.3.1 Accelerated Discriminant Analysis with Optimal Threshold Results

In this sub-subsection, the results of ASDA with the implementation of an op-

timal threshold with 80% of the data being the training set and the remaining 20% of

the data being the validation set is detailed. There were two optimal thresholds that

were used within this ASDA method. The first threshold optimizes for the minimum

misclassification error of the model. The second optimal threshold yields the maximum

Youden’s Index. The results for ASDA using the optimal threshold that minimizes the

number of misclassifications is below.

Table 6.85: Truth Table for ASDA with Optimal Threshold for Misclassification

0 1

0 5 2

1 13 94

The misclassification rate for this model is 0.1316 with response class 0 and re-
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sponse class 1 having a misclassification rate of 0.7222 and 0.0208, respectively.

The results for ASDA using the optimal threshold that maximizes Youden’s Index

is below.

Table 6.86: Truth Table for ASDA with Optimal Threshold for Youden’s Index

0 1

0 13 27

1 5 69

The misclassification rate for this model is 0.2807 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.2778 and 0.2813, respectively.

The in-sample results for both of these models are included below.

Table 6.87: Truth Table for ASDA with Optimal Threshold for Misclassification (In-
Sample)

0 1

0 59 9

1 32 353

The misclassification rate for this model is 0.0905 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.3516 and 0.0249, respectively.

The results for ASDA using the optimal threshold that maximizes Youden’s Index

is below.

Table 6.88: Truth Table for ASDA with Optimal Threshold for Youden’s Index (In-
Sample)

0 1

0 72 48

1 19 314

The misclassification rate for this model is 0.1479 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.2088 and 0.1326, respectively.
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6.2.3.2 Accelerated Discriminant Analysis with Mean Threshold Results

The results of ASDA with the implementation of the mean scores of the data as

the optimal threshold with 80% of the data being the training set and the remaining 20%

of the data being the validation set is detailed below. As before, there were two optimal

thresholds that were used within this ASDA method, one to minimize the number of

misclassifications and another to maximize Youden’s Index. Since the mean scores of

the data are being used as the threshold, there is no way to optimize for the smallest

misclassification rate or the maximum Youden’s Index. Thus, there is only one set of

out-of-sample and in-sample results.

Table 6.89: Truth Table for ASDA with Mean Threshold

0 1

0 13 35

1 5 61

The misclassification rate for this model is 0.3509 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.2778 and 0.3646, respectively.

The in-sample results for both of these models are included below.

Table 6.90: Truth Table for ASDA with Mean Threshold (In-Sample)

0 1

0 81 97

1 10 265

The misclassification rate for this model is 0.2362 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.1099 and 0.2680, respectively.

6.2.3.3 Accelerated Discriminant Analysis with Extended Range of λ and γ Results

Extending the range of λ and γ to match the range of those used for the autism

data and performing ASDA with optimal thresholds that minimize the number of mis-

classifications for the model and that maximizes Youden’s Index yielded the results

73



below. The following results are for the extended ASDA with an optimal threshold that

optimizes for the minimum number of misclassifications.

Table 6.91: Truth Table for ASDA with Optimal Threshold for Misclassification

0 1

0 0 1

1 19 94

The misclassification rate for this model is 0.1754 with response class 0 and re-

sponse class 1 having a misclassification rate of 1 and 0.0105, respectively.

The results for the extended ASDA model which an optimal threshold that max-

imizes Youden’s Index are below.

Table 6.92: Truth Table for ASDA with Optimal Threshold for Youden’s Index

0 1

0 0 1

1 19 94

The misclassification rate for this model is 0.1754 with response class 0 and re-

sponse class 1 having a misclassification rate of 1 and 0.0105, respectively.
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The in-sample results for the both optimal thresholds are below.

Table 6.93: Truth Table for ASDA with Optimal Threshold for Misclassification (In-
Sample)

0 1

0 0 1

1 90 362

The misclassification rate for this model is 0.2009 with response class 0 and re-

sponse class 1 having a misclassification rate of 1 and 0.0028, respectively.

Table 6.94: Truth Table for ASDA with Optimal Threshold for Youden’s Index (In-
Sample)

0 1

0 0 1

1 90 362

The misclassification rate for this model is 0.2009 with response class 0 and re-

sponse class 1 having a misclassification rate of 1 and 0.0028, respectively.

6.2.3.4 Extended ASDA with Mean Threshold Results

Utilizing the mean scores as the threshold yielded the results below.

Table 6.95: Truth Table for ASDA with Mean Threshold

0 1

0 15 38

1 5 56

The misclassification rate for this model is 0.3772 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.2500 and 0.4043, respectively.

The in-sample results for the mean threshold are below.

The misclassification rate for this model is 0.1700 with response class 0 and re-

sponse class 1 having a misclassification rate of 0 and 0.2115, respectively.
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Table 6.96: Truth Table for ASDA with Mean Threshold (In-Sample)

0 1

0 89 77

1 0 287

6.2.3.5 Accelerated Discriminant Analysis with Ridge Regression and Optimal Thresh-

old Results

ASDA with ridge regression was also conducted on the autonomous cars sentiment

data with two optimal thresholds and the mean scores of the data as a threshold. The

results for each are as follows. Utilizing ASDA with ridge regression with an optimal

threshold that minimizes the number of misclassifications yielded the results below.

Table 6.97: Truth Table for ASDA with Ridge Regression and Optimal Threshold for
Misclassification

0 1

0 0 1

1 21 92

The misclassification rate for this model is 0.1930 with response class 0 and re-

sponse class 1 having a misclassification rate of 1 and 0.0108, respectively.
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Utilizing ASDA with ridge regression with an optimal threshold that maximizes

Youden’s Index yielded the results below.

Table 6.98: Truth Table for ASDA with Ridge Regression and Optimal Threshold for
Youden’s Index

0 1

0 0 1

1 21 92

The misclassification rate for this model is 0.1930 with response class 0 and re-

sponse class 1 having a misclassification rate of 1 and 0.0108, respectively.

The in-sample results for each of the optimal thresholds are below.

Table 6.99: Truth Table for ASDA with Ridge Regression and Optimal Threshold for
Misclassification (In-Sample)

0 1

0 0 1

1 88 364

The in-sample misclassification rate for this model is 0.1965 with response class

0 and response class 1 having a misclassification rate of 1 and 0.0027, respectively.

Utilizing ASDA with ridge regression with an optimal threshold that maximizes

Youden’s Index yielded the results below.

Table 6.100: Truth Table for ASDA with Ridge Regression and Optimal Threshold for
Youden’s Index (In-Sample)

0 1

0 0 1

1 88 364

This in-sample model has a misclassification rate of 0.1965 with response class 0

and response class 1 having a misclassification rate of 1 and 0.0027, respectively.
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6.2.3.6 Accelerated Discriminant Analysis with Ridge Regression and Mean Threshold

Results

The results of ASDA with ridge regression and the mean scores representing the

threshold are below.

Table 6.101: Truth Table for ASDA with Ridge Regression and Mean Threshold

0 1

0 13 23

1 4 74

The misclassification rate for this model is 0.2368 with response class 0 and re-

sponse class 1 having a misclassification rate of 0.2353 and 0.2371, respectively.

The in-sample results of this ASDA model are below.

Table 6.102: Truth Table for ASDA with Ridge Regression and Mean Threshold (In-
Sample)

0 1

0 92 55

1 0 306

The in-sample misclassification rate is 0.1214 with response class 0 and response

class 1 having a misclassification rate of 0 and 0.1524, respectively.

6.3 Summary of Results for Each Model

The following tables provide the misclassification rates for each analysis technique.

Both out-of-sample misclassification rates and in-sample misclassification rates are in the

following tables. This table shows the misclassification rates for all of the out-of-sample

models.

This next table shows all of the in-sample misclassification rates for each of the

models discussed.
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Table 6.103: Misclassification Rates for All Models

Autism Autonomous Cars

Ridge Regression 0.3766

LASSO 0.3027

Ridge Regression with Optimal Threshold 0.1834

Ridge Regression with Mean Threshold 0.1872

LASSO with Optimal Threshold 0.2731

LASSO with Mean Threshold 0.2698

ASDA with Optimal Threshold 0.2545

ASDA with Mean Threshold 0.2616

Extended ASDA with Optimal Threshold 0.2666

Extended ASDA with Mean Threshold 0.2616

ASDA with Ridge Regression and Optimal Threshold 0.2540

ASDA with Ridge Regression and Mean Threshold 0.2600

80/20 Partitioning of Data

Ridge Regression 0.2783 0.1579

LASSO 0.1553 0.1579

Ridge Regression with Optimal Threshold for Misclassification 0.1197 0.1316

LASSO with Optimal Threshold for Misclassification 0.1230 0.1228

Ridge Regression with Optimal Threshold for Youden’s Index 0.1197 0.1404

LASSO with Optimal Threshold for Youden’s Index 0.1230 0.1228

Ridge Regression with Mean Threshold 0.1262 0.2719

LASSO with Mean Threshold 0.1618 0.2105

ASDA with Optimal Threshold for Misclassification 0.1489 0.1316

ASDA with Optimal Threshold for Youden’s Index 0.1553 0.2807

ASDA with Mean Threshold 0.2330 0.3509

Extended ASDA with Optimal Threshold for Misclassification 0.1748 0.1754

Extended ASDA with Optimal Threshold for Youden’s Index 0.2039 0.1754

Extended ASDA with Mean Threshold 0.2201 0.3772

ASDA with Ridge Regression and Optimal Threshold for Misclassification 0.1521 0.1930

ASDA with Ridge Regression and Optimal Threshold for Youden’s Index 0.1877 0.1930

ASDA with Ridge Regression and Mean Threshold 0.2136 0.2368
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Table 6.104: Misclassification Rates for All In-Sample Models

Autism Autonomous Cars

Ridge Regression 0.3766

LASSO 0.3027

Ridge Regression with Optimal Threshold 0.0032

Ridge Regression with Mean Threshold 0.0078

LASSO with Optimal Threshold 0.1005

LASSO with Mean Threshold 0.0752

ASDA with Optimal Threshold 0.1426

ASDA with Mean Threshold 0.1925

Extended ASDA with Optimal Threshold 0.1717

Extended ASDA with Mean Threshold 0.1426

ASDA with Ridge Regression and Optimal Threshold 0.1432

ASDA with Ridge Regression and Mean Threshold 0.1918

80/20 Partitioning of Data

Ridge Regression 0.0608 0.1766

LASSO 0.0843 0.1700

Ridge Regression with Optimal Threshold for Misclassification 0.0032 0.0022

LASSO with Optimal Threshold for Misclassification 0.0511 0.0773

Ridge Regression with Optimal Threshold for Youden’s Index 0.0032 0.0022

LASSO with Optimal Threshold for Youden’s Index 0.0511 0.0927

Ridge Regression with Mean Threshold 0.0065 0.0088

LASSO with Mean Threshold 0.0956 0.0927

ASDA with Optimal Threshold for Misclassification 0.1337 0.0905

ASDA with Optimal Threshold for Youden’s Index 0.1353 0.1479

ASDA with Mean Threshold 0.1799 0.2362

Extended ASDA with Optimal Threshold for Misclassification 0.1345 0.2009

Extended ASDA with Optimal Threshold for Youden’s Index 0.1345 0.2009

Extended ASDA with Mean Threshold 0.1831 0.1700

ASDA with Ridge Regression and Optimal Threshold for Misclassification 0.1418 0.1965

ASDA with Ridge Regression and Optimal Threshold for Youden’s Index 0.1507 0.1965

ASDA with Ridge Regression and Mean Threshold 0.1872 0.1214

80



CONCLUSIONS

The overall goal for this research was to accurately classify textual data into one

of two categories based on the sentiment that was expressed by Twitter users. Each data

set had far more predictor variables or features than observations, which causes linear

regression and logistic regression to overfit the data due to degeneracy.

In order to combat this issue, regularization was added to the logistic regression

model in the form of ridge regression and LASSO. Due to the misclassification rate

not being as low as expected and the threshold or cutoff for classifying the predicted

probabilities into the appropriate response classes not appearing to be 0.5, which is the

standard threshold for logistic regression, the threshold was adjusted. This threshold

is the value at which the data is classified into one of the two categories. In other

words, if the probability of the data is below this threshold, then it will be placed

into response class 0, and if it is above this threshold, then it will be classified into

response class 1. As previously stated, R was used to conduct this research, and it has an

optimalCutoff command that is part of the Information Value package, which computes

the optimal threshold based on the data. This optimalCutoff command allows the user

to choose the optimal threshold that will optimize the model for the minimum number of

misclassifications or for the maximum Youden’s Index. However, this command uses the

actual labels of data to compute the optimal threshold. In most cases the actual labels

of the observations may not be known, and therefore, the mean of the predicted scores

of the data was used as the threshold. This is what is referred to as the mean threshold

within this research. This technique provided results comparable to those of the optimal

threshold, and should therefore be used if the actual labels of the observations are not
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known.

Linear discriminant analysis (LDA) can also be used to classify data into two

response categories. LDA is especially useful when working with higher dimension data,

as LDA performs dimension reduction on the data and projects it onto one of two re-

sponse classes. Accelerated Sparse Discriminant Analysis (ASDA), a regularized form

of LDA, was used to aid in the classification of this textual data. As with the above

techniques, the goal is to accurately classify as many of the observations as possible,

while also maintaining a small misclassification rate for each response class. Just as with

sparse logistic regression, the optimal threshold, the mean threshold, ridge regression,

and LASSO were incorporated into the ASDA component of this analysis.

Lastly, in an attempt to receive even lower misclassification rates for the models

and each response class, the training data was partitioned into training and validation

sets, and sparse logistic regression and ASDA were conducted on these partitions to

improve the models.

7.1 Autism Sentiments Results

For the data about autism and vaccination sentiments, the training and testing

data was comprised of the same set of tweets manually labeled by two individuals. One

individual’s labeling of the tweets were used as the training data, and the other individ-

ual’s labeling of the tweets were used as the testing data. This preparation of the data

poses potential issues with the classification of the tweets. Some of the misclassifications

within the models of the data could be due to not having the same tweets share the

same labels. For instance, one person could have labeled the first tweet as having an

anti-vaccination sentiment, while the other person could have labeled the same tweet as

having a pro-vaccination sentiment. Due to the contrary actual labeling of this tweet,

this would cause some errors in the machine learning process. Hence, there would be an

increase in the number of misclassifications, and thus raising the misclassification rate
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of the model. Another issue with this data set was that there far more anti-vaccination

sentiments (1) than there were pro-vaccination sentiments (0). The training data, which

contained a total of 1543 observations, had a total of 1003 of those actually labeled with

an anti-vaccination sentiment or class 1 observations. This leaves only 540 actual class 0

observations, which is roughly half of the class 1 observations. The testing data, which

was comprised of 1827 tweets had a total of 1104 anti-vaccination sentiment tweets or

class 1 observations. Hence, there were only 723 class 0 observations, which is a little

more than half of the class 1 observations. Due to this, the machine learning aspect

of this research does a fairly decent job at classifying those tweets that belong to the

anti-vaccination sentiment category, response class 1, but it does a poorer job at clas-

sifying the tweets with a pro-vaccination sentiment, response class 0. Since there are

more anti-vaccination tweets in both the training and testing data sets, if the machine

is not sure how to classify the tweets, then the tweets are usually classified into the anti-

vaccination sentiment category, which is usually accurate since there are more tweets

sharing this sentiment. Due to the large number of anti-vaccination sentiment tweets,

the analysis techniques perform quite well with this class of data. On the contrary, the

analysis performs relatively poorly with pro-vaccination sentiment tweets because they

are being labeled as anti-vaccination sentiment tweets due to the imbalance in the data.

For the autism data, the lowest rate of misclassification was observed when the

training data was partitioned with 80% being the training set and the remaining 20%

of the data being the validation set and sparse logistic regression using the l2-penalty

with an optimal threshold was performed. This technique yielded a misclassification

rate of 0.1197. The same number of misclassifications were calculated regardless if the

optimal threshold was optimized for the minimum number of misclassifications for the

entire model or the maximum of Youden’s Index. Recall that ridge regression uses

all of the features in the model, thus this model may not be too interpretable, but

utilizing the l1-penalty with the same partitioning of the data and an optimal threshold
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produced comparable results. The LASSO model with an optimal threshold yielded a

misclassification rate of 0.1230, regardless of how the threshold was optimized. This

model has a slightly larger misclassification rate, but it is a more interpretable model.

Also, by only using the training data and partitioning it into training and validation sets,

the possibility of having contrary labeling of tweets is no longer an issue. Partitioning

this data in the above manner and performing the same sparse techniques produced fewer

errors than the models that were not partitioned and consisted of the 1543 observation

training set and 1827 observation testing set. This verifies that there were some issues

with contrary labeling of the two sets of data by the individuals.

Of the accelerated sparse discriminant analysis methods, ASDA with ridge re-

gression and an optimal threshold for misclassification performed the best on the autism

data that was manually labeled by two individuals. It should be noted that this optimal

threshold was optimized to produce the lowest number of misclassifications for the entire

model. This model yielded a misclassification rate of 0.2540 with response class 0 and

response class 1 having a misclassification rate of 0.3914 and 0.1639, respectively. The

accelerated sparse discriminant analysis model that performed the best on the autism

data that was partitioned with an 80/20-split was the model that implemented an op-

timal threshold that minimized the amount of misclassifications for the model. This

technique yielded a misclassification rate 0.1489 with response class 0 and response class

1 having misclassification rates of 0.2475 and 0.1010, respectively.

As mentioned above, the fact that the partitioned set of the autism data outper-

formed the data with both training and testing data sets implies our concerns about the

potential issues with contrary labeling were valid. Also, the methods which utilized the

optimal thresholds produced smaller misclassification rates than the same method with

no optimal threshold employed. However, using the mean of the scores of the data as

the threshold performs more poorly, as to be expected, since the optimal thresholds are

computed using the actual labels of the observations. Using the means as the threshold
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also performs more poorly due to the imbalance of the data. Since there are far more

tweets in response class 1 than tweets in response class 0, then the mean of the scores of

the data will be closer to 1, which will make the threshold higher, and hence increases the

amount of tweets that will be classified as response class 1. And as expected, due to the

imbalance of tweets in each response class, response class 1 has the lower misclassification

rates in most cases for the autism data.

7.2 Autonomous Car Sentiments Results

With the data about autonomous car sentiments, users were asked to express their

opinions as to whether or not they agreed with autonomous cars being used. Those who

shared the sentiment of having self-driving cars were classified into response category 1,

and those who expressed the sentiment of not agreeing with having self-driving cars were

classified into response class 0. This data contained a total of 567 pro-autonomous car

sentiments and anti-autonomous car sentiments. Of these 567 observations, 458 of those

had a pro-autonomous car sentiment, which left only 109 observations to have an anti-

autonomous car sentiment. Just as with the autism data set, this set of data is extremely

unbalanced which could lead to potential problems when trying to accurately classify the

tweets. In fact, much like the previous set of data, response class 1 is predicted better

than response class 0 due to the large imbalance of the data.

Because the autonomous car data only consisted of one set of tweets, the data

was partitioned into an 80/20-split with 80% of the data being used as the training set

and the remaining 20% of the data being used as the validation set. The autonomous car

data performed extremely well with sparse logistic regression with the l2-regularization

and an optimal threshold to optimize the minimum number of misclassifications for the

model. This technique yielded a misclassification rate of 0.1316 with response class 0

and response class 1 having a misclassification rate of 0.6111 and 0.0417, respectively. It

can be seen that this model did great at identifying and labeling the observations that

85



belonged to response class 1, but not so well with identifying observations that belonged

to response class 0. The sparse logistic regression with the l1-regularization penalty and

an optimal threshold to optimize the minimum number of misclassifications for the model

performed even better with a misclassification rate of 0.1228, but the misclassification

rates within the response classes were also extremely unbalanced. Taking into account

that the actual response classes of the observations were used in computing this optimal

threshold, the mean value of the predicted scores of the data was replaced as the thresh-

old and performed with the implementation of the l1-penalty and l2-penalty for sparse

logistic regression. The LASSO model with a mean threshold performed better with

a misclassification rate of 0.2105 compared to ridge regression with a mean threshold,

which had a misclassification rate of 0.2719. This highlights the significance of adjusting

the threshold, as the models with an optimal threshold outperformed the models with

the standard threshold of 0.5. On the other hand, using the mean values of the predicted

scores of the data did poorer in terms of misclassification rates. This could be due to the

heavy imbalance of response class 1 observations. Because of the majority of the data

has scores greater than 0.5 when the mean of these values are used as the threshold,

this forces the model to have a larger threshold than necessary, which leads to larger

misclassification rates.

The accelerated sparse discriminant analysis with an optimal threshold that min-

imized the number of misclassifications for the entire model did the best with this self-

driving car data. The method yielded a misclassification rate of 0.1316 with response

class 0 and response class 1 having a misclassification rate of 0.7222 and 0.0208, respec-

tively. Once again there is an imbalance in the accuracy of classification among the

response classes; therefore, the accelerated sparse discriminant analysis model with an

extended range of γ and λ and an optimal threshold for Youden’s Index may be the

better model since is has a more balanced misclassification rate among the classes. This

model yielded a misclassification rate of 0.1754 with response class 0 and response class

86



1 having a misclassification rate of 1 and 0.0105, respectively. However, recall that the

optimal threshold calculated uses the actual labels of the observations, and this infor-

mation may not be known in real-world situations. Thus, having the mean values of

the scores of the data represent the threshold for the accelerated discriminant analysis

method produced a misclassification rate of 0.3509 with response class 0 and response

class 1 having a misclassification rate of 0.2778 and 0.3646, respectively. Despite the

potential issues that this data posed, some version of both sparse logistic regression and

accelerated discriminant analysis performed well.

7.3 Overall Results

The two data sets used in this research both pose potential issues due to the

nature of the data. For both sets of data, each tweet or observation only contains a very

small subset of the dictionary of terms or the predictor variables due to the 140-character

limit per tweet. This means that some tweets could be classified based on a single term,

which makes the classification of each tweet more difficult.

Also, with both sets of data, there were far more predictor variables than ob-

servations, which hindered the performance of linear regression and logistic regression

due to degeneracy. These two regression techniques suffered from overfitting the data,

which caused the number of misclassified response class labels to outnumber the amount

of correct labels. Therefore, sparse logistic regression with an l1-penalty and l2-penalty

were utilized in an attempt to more accurately classify the observations in the data. The

implementation of the l1-penalty, or LASSO, provides some important characteristics,

as it uses variable selection by shrinking some of the model coefficients to zero when

modeling the data, which makes the model easier to interpret. The l1-penalty also pro-

duces a feature list, which will tell which terms in the dictionary of the data most closely

relates to each sentiment. This helps with the interpretability of the model. However,

this penalty sometimes has a larger misclassification rate than ridge regression, which
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uses the l2-penalty. With ridge regression, all of the model coefficients are used, which

can make the interpretation of the model more difficult.

Because this research focuses on correctly labeling or classifying as many of the

observations as possible, while also providing a balance of the number of misclassifications

within the response classes, sparse logistic regression with an optimal threshold was

employed. This technique allowed the threshold or cutoff value in logistic regression

to be optimized for either providing the minimum number of misclassifications for the

model or providing a maximum value for Youden’s Index, which ensures that there is a

balance in the number of misclassifications among the response classes. Since the optimal

threshold uses the actual labels of the data to provide such results, the mean values of

the predicted scores of the data was also utilized as the threshold to compare with the

optimal threshold results. In both sets of data, using the mean scores as the threshold

did not do as well as using one of the two optimal thresholds, but this is expected since

the data was unbalanced and since the optimal threshold is computed using the actual

response classes of the tweets.

As an improvement due to the high dimensions in the two data sets, a sparse

version of linear discriminant analysis, accelerated sparse discriminant analysis, was used

to model the data. Linear discriminant analysis performs dimension reduction on the

data and projects it onto the two response classes. However, this technique can have

issues when there are far more predictors than observations, which is the case with the

two data sets that are used in this dissertation. Thus, accelerated sparse discriminant

analysis was used to combat some of these potential issues. In this research, accelerated

sparse discriminant analysis was used to develop a model that is easier to interpret and

reduce overfitting of the training data. Along with this method of analysis, an l2-penalty

and an optimal (and mean) threshold were implemented to provide better results.

Although the analyses presented in this research did quite well, it should be

mentioned that there are still some potential issues when analyzing social media posts,
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specifically Twitter posts. When performing this type of textual analysis on Twitter

posts, it is imperative to note that the tone of the text poses a potential issue. The

machine may not be able to detect such tones such as sarcasm, but manual labeling of

the tweets would detect such and this could lead to errors in the analysis. Also, Twitter

has a command called "Retweet", which allows users to copy another user’s tweet and

add or delete content from it. This could be an issue since two users who may have

differing sentiments may have a Twitter posts that only differ by one word. Since the

dictionary of the terms in the data is such a small subset of terms, then each term is very

significant in classifying each tweet. Thus, having the same tweet with the exception of

one word could lead to errors in classifying the data.

7.4 Future Work

Improving the overall classification rate for the models can possibly be achieved

by incorporating the following recommendations. To begin with, when performing accel-

erated sparse discriminant analysis for the autonomous car data, the same λ,γ-pairs were

used that were used for the autism data. To get better results for the ASDA methods,

training λ,γ-pairs specific for this data may improve the classification of the data. Also,

since ridge regression and LASSO performed well, incorporating an elastic-net penalty

to each method may lower the misclassification rates for each model since the elastic-net

penalty is a combination of ridge regression and LASSO.

To provide better analysis of textual data of this form, specifically Twitter posts,

employing a method of allowing the document term matrix to consist of phrases or

n-grams rather than single terms will be considered. This will aid in captivating the

sentiment of the tweet or the text. For instance, with the document term matrix only

consisting of single terms, the techniques only acknowledges if the terms appear in the

observation; however, the placement of these terms are not considered. In the case of the

words "do" and "not", the machine cannot distinguish if these two words are placed side
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by side to create the phrase "do not", or if these two words are just present in the text.

Also, allowing the document term matrix to to be binary rather than contain frequencies

of each term may aid in the classification processes. It may be more significant to indicate

whether or not a term appears, rather than the number of times that the term appears

in each observation.

Another improvement that will be considered for future work on this classification

research is to find better ways to fine tune the optimal threshold that does not involve

using the actual classification labels, as well as applying an ordinal version of ASDA that

will add the order of sentiment as a feature in addition to the terms. To combat the

issue of the imbalance of data, resampling will be employed with each set of data.

Each of these plans will be incorporated in an effort to create a better balance

between the misclassification errors of each response class while achieving the smallest

overall number of errors for the models. To confirm the validity of the results, these

techniques will be applied to more data sets to ensure that the results are comparable.
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